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【Abstract】 Inthispaper,anoptimizationdesignmethodforhighfieldsuperconductingmagnetwithferromagnetic

shieldisdiscussed.Firstly,theanalyticalformulaforcalculatingthemagneticfieldatanyspacepointisderived

basedontheequivalentmagneticchargemodel.Thenthevalidityandaccuracyoftheformulaarediscussedby
comparingtheresultswiththatofthefiniteelementmethod (FEM)forthesame model.Finally,ajoint

optimizationofMRImagnetsystemwithferromagneticshieldingiscarriedoutinordertoimprovethehomogeneity
ofmagneticfieldintheDSV(diameterofsphericalvolum)regionandenhancethefieldintensityinthecenter.
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【摘要】 本文提出了一种带铁磁屏蔽的高场超导磁体的优化设计方法.首先基于等效磁荷模型推导了空间中任意

一点磁场强度的解析计算公式,然后与有限元方法计算结果相比较,验证了解析公式的准确性.最后,本文对一个

带铁磁屏蔽的核磁共振磁体系统进行了联合优化设计,提高了中心磁场强度和均匀性.
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1 Introduction

Inthedesigningofhighfield magnetsfor

MRI,ferromagneticmaterialsarewidelyusedfor
theshieldingofleakagefieldsothatequipment
nearbywillnotbeaffected.Inpreviouswork,A.

IshiyamaandH.Hirooka[1]adoptedfiniteelement

andboundary-elementmethodforthecalculationof
magneticfieldofaxiallysymmetricferromagneticma-
terialsandamathematicalprogramming method
for solving the corre-sponding optimization

problem.IntheworkofS.NoguchiandA.Ishiy-

ama[2],theytookequivalentmagnetizationcurrent

methodtocalculatethemagneticfield,andthe
simulatedannealingalgorithmtosolvecorrespond-
ingoptimizationproblem.HuaweiZhaoandS.

Crozier[3-5] derived the analytic for-mula of

magneticfieldgeneratedbyacircularringofferro-
magneticmaterialunderarbitraryexternalmagnet-
izingfield.However,itseemsthattheirformula
didn'ttakeintoaccounttheinteractionbetweenthe
magneticrings,thusmaynotaccurateinthecalcu-
lationofmagneticfieldwithnonlinearmaterials.
Besides,thederivationprocessoftheirformulas
mayhavesomedefects,werededucetheformulaof
HuaweiZhaoetal.andgetadifferentform (see
Appendix).Anyway,theirformulaisexpressedas
sumofinfiniteseriesratherthanin-tegral,andis
notconvenientinuse.

Infact,inalltheresearchesabove,theaccu-
racyofthemethodsusedtocalculatethemagnetic
fieldintensityarenotverified.Inthispaper,the
analyticalformulaforcalculatingthemagneticfield
intensityatanyspacepointisderivedbasedonthe

equivalentmagneticchargemodel[6],whichtakes

thenonlinearmagneticmediumasthesecondary
fieldsource.Thenwecomparethecalculationre-
sultswiththatofthefiniteelementmethodforthe
samemodel.Afterthatwediscussedthejointop-
timization methodsforthe designing of MRI
magnetsystemwithferromagneticshield.

2 Analyticalformulaformagneticfield

Whenthesolutiondomaincontainsmagnetic
conductive medium, the equivalent magnetic
chargemodalregardsthenonlinearmediumassec-
ondaryfieldsource:

H
→

=H
→

f+H
→

m

B
→

=B
→

f+B
→

m (1)

wherevectorswithsubscript"f"and"m"represent
theexcitationfieldandthederivativefieldrespec-
tively.

AccordingtoMaxwellequations,theequations
forexcitationfieldandderivativefieldcanbeex-
pressedas:

∇×H
→

f=σ→fτ

∇·B
→

f=0

B
→

f=μ0H
→

f

(B
→

f1-B
→
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→
0=0

(H
→
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→
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H
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→
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(3)

whereσ→fτ(σ
→
fs)representsthefreevolume(surface)

currentdensitydistributionfortheexcitationfield,

andρ
→
mτ(ρ

→
ms)denotestheequivalentmagneticvol-

ume(surface)chargeforthederivativefield.
Magnetization of the medium can be

writtenas:

H
→
(P)=

1
μr(P)-1

M
→
(P) (4)

  whereμr(P)isrelativepermeabilityofthe
mediumatfieldpointP.

Whenthemagneticconductivemediumisdis-
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sectedintoNequalunits,theintegralequationof
the magnetization distribution inside of the
mediumcanbeexpressedas[7]:

1
μr(i)-1

M
→
(i)=

1
4π∑

N

j=1∭τ -∇·M
→
(j)

r→ji-r→jq
r→ji-r→jq 3

dτ 
+∬

S

M
→
(j)·n

→
0

r→ji-r→jq
r→ji-r→jq 3

dS +H
→

f(i),

i,j=1,2,…,N (5)

  vectorsr→iandr
→
jarecoordinatevectorsofthe

geo-metriccentersofmagnetizationunits"i"and
"j"res-pectively,andr

→
j* =r→* -r→j ,seeFig.1.

Foreverymagnetizationunitsweset:

λ(i)=
H(i)
M(i)=

1
μr(i)-1

,i=1,2,…,N (6)

  WeexpectM(i)=M *(i),whereM *(i)(see
Fig.2)isthecoordinateoftheintersectionpointof
thestraightlineM(i)=λ-1(i)H(i)andtheactual

magnetization characteristic curve M(i) =
f(H(i)),ifM(i)≠M *(i),thenweneedtofix
thevalueofλ(i)through:

λ(n+1)=
λ(n)

M+ (n)
f(λ(n)M+ (n))

λ(n)
M- (n)

f(λ(n)M- (n))












(7)

whereλ(n)istheinitialvalueoftheniteration,

andλ(n+1)therevisedvalue.Thecoordinatesof
eachpointareP*:(H *,M *),Q±:(λ(n)M±

(n),M± (n)),P±: (λ(n)M± (n),f(λ(n)M±

(n))

Foracylindricalsymmetrysystem whichis
dividedintomagnetizationringsalongr-andz-di-
rectionasshowninFig.3,thediscretizationform
ofequation(5)writeas:

1
μr(i)-1

M
→
(i)+

1
4π∑

N

j=1

{[∭
τ(j)

r→i-r→q(j)

r→i-r→q(j)3
dτ]Mρ(j)-[∬

Sr+(j)

r→i-r→q(j)

r→i-r→q(j)3
dS-

∬
Sr-(j)

r→i-r→q(j)

r→i-r→q(j)3
dS]Mρ(j)+[∬

Sz+(j)

r→i-r→q(j)

r→i-r→q(j)3
dS-∬

Sz-(j)

r→i-r→q(j)

r→i-r→q(j)3
dS]Mz(j)}=H

→

f(i)

(8)

Fig.1 Dissectionofequalmagnetizationunits Fig.2 Nonlinearmagnetizationcharacteristic

oftheferromagneticmaterial

Fig.3 Dissectionofmagnetizationring
incylindricalsymmetrysystem

wherer→q(j)isthevectorofmovementpoint"q"in
the"j"unit,inzylindricalcoordinatesystemwe
write:

r→i-r→q(j)=(ri-rq(j)cosϕ)e
→

x -rq(j)sinϕe
→

y +

(zi-zq(j))e
→

z (9)

where
dτ=ρqdφdρqdzq

dSR =(rj ±a(j))dφdzq

dSz =rqdφdrq







 (10)
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  Substituteeq.(9)and(10)intoeq.(8),the
radialandaxialcomponentsofthemagneticfield

canbewrittenasacolumn matrix,whenfield
point"p"isoutsidethemagneticmedium:

Hr(p)  
Hz(p)    = ξrr(p,j)  ξrz(p,j)  

ξzr(p,j)  ξzz(p,j)    Mr(j)  
Mz(j)    + Hfr(p)  

Hfz(p)    (11)

whereξ**(p,j)  and M *(j)  aren-dimensionalrowandcolumnvectorsrespectively.Insideofthe
magneticmedium,itwrites:

Hr(p)  
Hz(p)    = 1

μr(p)-1




 




 Mr(j)  

Mz(j)    (12)

thecoefficientsabovearedeterminedby:

ξrr(i,j)=
1
2π∑

4

k=1

(-1)k∫
π

0

-rk·zk(ri-rkcosφ)
(r2i +r2k -2ri·rkcosφ)r2i +r2k +z2k -2ri·rkcosφ +

sinφarctan
zk(rk -ricosφ)

risinφ r2i +r2k +z2k -2ri·rkcosφ
-

cosφ·ln -zk + r2i +r2k +z2k -2ri·rkcosφ   dφ (13)

ξzz(i,j)=
1
2π∑

4

k=1

(-1)k∫
π

0

-zk(r2i +z2k -ri·rkcosφ)
(r2isin2φ+z2k)r2i +r2k +z2k -2ri·rkcosφ

dφ (14)

ξrz(i,j)=
1
2π∑

4

k=1

(-1)k∫
π

0

r2isin2φ(2rkcosφ-ri)+z2k(rkcosφ-risin2φ)
(r2isin2φ+z2k)r2i +r2k +z2k -2rirkcosφ -

cosφ·lnrk -ricosφ+ r2i +r2k +z2k -2ri·rkcosφ   dφ (15)

ξzr(i,j)=
1
2π∑

4

k=1

(-1)k∫
π

0

rk

r2i +r2k +z2k -2ri·rkcosφ -

lnrk -ricosφ+ r2i +r2k +z2k -2ri·rkcosφ   dφ (16)

  whererkandzktakethefollowingvalues:
Tab.1 rkandzkfordifferentkvalues

k 1 2 3 4

rk rj+a(j) rj+a(j) rj-a(j) rj-a(j)

zk zi-zj+c(j) zi-zj-c(j) zi-zj-c(j) zi-zj+c(j)

3 Treatmentofsingularities

It'simportanttonotethattherearesomecases
whensingularitiesemergeinthecoefficientsa-
bove:

Case1:φ→0,ri=rk,zk ≠0,(i≠k)

Leadsto:ξrr(i,j)→ ∞
Case2:φ→0,ri ≠rk,zk=0,(i≠k)

Leadsto:ξzz(i,j)→ ∞
Case3:φ→0,ri=rk,zk=0
Leadsto:ξzr(i,j)→ ∞andξrz(i,j)→ ∞
Themethodswetaketotreatsingularitiesis

differentfromthatof[8],weassignringsinthe
samelayeralongther-direction withthesame
radialparameter,bywhichwecouldavoidri=rk

(i≠k).Sinceparameterswithdifferentsubscripts
haveincrementsotherthanzero(seetable1),if
we divide the cylinder into proper layers
(dependingonthewayweassigntheinitialvalues)

alongz-direction,thenthecasezk=0willbeavoi-
dedtoo.

Wecomparetheresultsoftwodifferentcalcu-
lationmethodsforthemagneticfieldofthesame
model,asshowninFig.4andFig.5.
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Theparametersofthecylindricalironscreen
aresetasfollows:innerdiameter1.0m,outerdi-
ameter1.5m,Z-axiscoordinate[-1,1].When
calculationiscarriedoutwithanalyticalmethod,

theironscreenisdividedinto11×77(r-direction
×z-direction).

Fig.4 Nonlinearmagnetizationcharacteristic
oftheferromagneticmaterial

Fig.5 Analysisoftheresultsoffieldcalculation
inz-directionbytwodifferentmethods

The magnetic field of axial symmetrical
current-carryingcoilswascalculatedbytheBiot-
Savartlaw,andtheGauss-Legendre24-nodenu-
mericalintegration method wasadoptedforthe
calculationoftheintegral[9].Theinitiallayoutof
oursuperconductingcoilswasdeterminedbythe
currentdensity mapping method (CDM)[10,11].
Whencalculationiscarriedoutwithfiniteelement

method, we adopt the edge element-based
magneticvectorpotentialmethod,inwhicha20-
nodehexahedronelementisusedintheelement
section,andthereisan edgeflux degree of
freedomatthemiddlenodeofeachedge.Element
sizeofcoilsissetas0.04m,thatofferromagnetic
materialandairis0.1m.Inordertomeeten-
gineeringneeds,theconvergencecriteriais10-10upto
30 equilibrium iteration. Nonlinear magnetization
characteristicsof magnetic medium wasconsidered
throughanonlineariterativemethod[7].

AsshowninFig.5,Theresultsofthetwo
methodsareverycloseinmostregionsexceptfor
thatoftheferromagneticarea.

Hereweproposedthat,whencalculationis
conductedwithfiniteelementmethod,thereisan
accuracylostontheinterfaceofmaterialswithdif-
ferentpermeability[12]basedonthefactthatthe
normalcomponentsofthemagneticvectorisvery
largeontheinterface,thusaffectsthecomputa-
tionalaccuracy.

Beyondmagneticconductiveareas,theresults
ofboth methodsarehighlyreliable.However,

whenwehavetoconsidertherotationofthemodel
andcon-structionerror,themodelneedstobefur-
therrefined,whichmakesthemodelingmorediffi-
cultfortheanalyticalmethod,thenitismorecon-
venienttouseFEMformodelingandoptimization.
Because ofthe convenience offinite element
methodincomplexmodelbuildingandmeshing,

wetake3Dfiniteelementanalysis,combinedwith
computersearchtechniquesforouroptimization
process.Atlast,duetotheaccuracylostonthein-
terfaceofmaterialsbytheFEM,itisnecessaryto
useanalyticalmethodtoverifyandanalyzethecal-
culationresults.
4 OptimizationdesignofMRImagnetsys-

tem
Inouroptimizationtaskfora9.4 T MRI

magnetsystem,weaimtokeepthemagneticfield
intensityin the center of DSV (diameter of
sphericalvolum)between9.45Tand9.46T,

whileincreasingtheuniformityoffieldinDSVre-
gionasmuchaspossible.Inaddition,therangeof
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5Glines(1G=1Gauss=10-4Tesla)shouldbe
limitedwithin6.5mfromthecenterofDSV.The
objectivefunctionisdefinedas:

Z=ω1·(B0-Bobj)+ω2∑
m

j=1

(d-
j +d+

j)+ω3∑
l

j=1
Dz

(17)

0≤ Ji  ≤Jmax,i=(1,2,3,…,n)(18)

whereB0 representsthefieldintensityofthe
centerofDSVregion;d+

j andd-
j arepositiveand

negativebiasvariables;ωi(i=1,2,3)areweight
coefficients;landm arethenumberofcontrol
nodesthatconstrainthemagneticfieldintensity;

Dzisthedistantof5-Glinesfromthecenterof
DSVregioninz-direction;Constraint(18)taking
intoaccountoftheH-Icharacteristicsofsuper-
conductingmaterial,whereJiarecurrentdensity
ofsuperconductingcoils.

Nowconsidertheapplicabilityofsomecommon
optimizationalgorithms:

Sequentialquadratic programming (SQP)

method[13]is mainlyappliedto problems with
smoothcontinuouslydifferentiableobjectivefunction
andconstraints,whichhaspoorglobaloptimizationa-
bilityformulti-variableproblems.

Simulatedannealingalgorithmisarandom
searchmethod,whichisageneralandeffectiveap-
proximationalgorithmsuitableforsolvinglarge-
scalecombinationoptimizationproblems,anddoes
notdependonthechoiceofinitialconditions.
However,aspointedoutbyG.Drago[14],thecon-
vergencerateofthesimulatedannealingalgorithm
inthelaterstageofoptimizationisalsoaproblem
worthconsidering.

Multi-objectiveparticleswarm[15,16]iswidely
usedintheprocessofoptimizationwhichinvolves
multi-variable,multi-constraintand multi-objective
problems,which hasastrong parallelsearch
abilityandgoodconvergingabilityforcomplexop-
timizationproblemswithmultiplevariables.

Multi-islandsgenetic[17,18]isessentiallyaran-
domsearchalgorithm,whichhasastrongparallel
searchabilityandgoodconvergingabilityforcom-

plexoptimizationproblemswith multiplevaria-
bles.

Bycomparingseveraloptimizationalgorithms,

weselectmulti-objectiveparticleswarm method,

whichshowsastrongmulti-peakoptimizationabil-
ity.

Optimization process takes several steps,

firstly,themainmagneticbodyparametersareop-
timizedwithinawiderangeasalinearglobalopti-
mizationproblem,thenthegeometryparameters
of main magnetic body andtheferromagnetic
shieldarecooptimizedasanon-linearlocaloptimi-
zationproblem.Thenthefinalmodelisdissected
morefinelyandrecalculatedtoensuretheaccuracy
andreadyforfurtheroptimization.Theoptimization
resultsareshowninFig.6~Fig.7.

Fig.6 Magneticfieldintensity
contoursbeforeoptimization

Fig.7 Magneticfieldintensity
contoursafteroptimization

ThehomogeneityoffieldintheDSVregion
·4900·
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hasim-provedfrom4600ppmto200ppmovera
DSVof38cmindiameter,andreaches9.4538T
inthe center of DSV region and ready for
shimmingdesigninthenext.Togiveprioritytou-
niformityoffieldinDSVregion,therangeof5G
linesenlargedfrom5.99mto6.24m,whichisan
acceptablesacrifice.

5 conclusion

Inthispaper,aneffectivewayforsolving
com-plicatednonlinearoptimizationproblemshas
beenproposed,duringwhichthevalidityandaccu-
racyoftheanalyticalformulaforcalculatingthe
magneticfieldis discussed by comparing the
resultswiththatofthefiniteelementmethod.The

approachweadoptedhereisprovedtobefeasible,

andcanbereadilyspreadtosolvegeometricaland
structuraloptimizationproblemsinotherengineer-
ingareas.
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Appendix

Were-deduceformulas(19)and(20)inliter-
ature[4],hereweonlygivethefinalresultsofour
deduction:

Bmr =

μ0

r20∑
∞

n=0

(r
r0
)
n+1

P1
n+1(cosθ)[(n+3)Pn+3(cosα)Mz +P1

n+3(cosα)Mr],(r<r0)

μ0

r2∑
∞

n=0

(r0
r
)
n+1

P1
n+2(cosθ)[-(n+1)Pn(cosα)Mz +P1

n(cosα)Mr],(r>r0)












(19)

Bmz =

μ0

r20∑
∞

n=0

(n+1)(
r
r0
)nPn(cosθ)[(n+2)Pn+2(cosα)Mz +P1

n+2(cosα)Mr],(r<r0)

μ0

r2∑
∞

n=0

(r0
r
)
n+1

Pn+2(cosθ)[(n+1)(n+2)Pn(cosα)Mz -P1
n(cosα)Mr],(r>r0)












(20)

Fig.8 Comparisonofresults:distributionofmagnetic

fieldatz=0mbytwodifferentmethods

where

Mr =(1/2)ds·r0sin2α χrBρ

(χr +1)

Mz =(1/2)ds·r0sin2α χzBz

(χz +1)

χrandχzaremagneticsusceptibilityinr-andz-di-
rectionrespectively.

Thecalculationresultsforthesamemodalin
ourpaperaccordingtoeq.(19)and(20)areshown
inFig.8.Wedonotgettheexpectedresultsas
thatinFig5,themethodsproposedinref.[4-6]

forthecalculationofmagneticfieldwithironshiel-
dingisdoubtworthy.

Inaddition,theirformulaisexpressedassum
ofinfiniteseriesratherthananintegral,andhow
tocontroltheaccuracyoftheformulaisalsoa
problemworthconsideration.
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