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Abstract In this paper, the convergence of time-dependent Euler-Maxwell equations to
compressible Euler-Poisson equations in a torus via the non-relativistic limit is studied.
The local existence of smooth solutions to both systems is proved by using energy esti-
mates for first order symmetrizable hyperbolic systems. For well prepared initial data the
convergence of solutions is rigorously justified by an analysis of asymptotic expansions up
to any order. The authors perform also an initial layer analysis for general initial data and
prove the convergence of asymptotic expansions up to first order.
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1 Introduction

Let n and u be the density and velocity vector of the electric particles in a plasma, E and B
be respectively the electric field and magnetic field. They are functions of a three-dimensional
position vector # € T3 and of the time ¢ > 0, where T = R/27 is the torus. The fields E and
B are coupled to the electron density through the Maxwell equations and act on electrons via
the Lorentz force. Let ¢ = (eouo)_% be the speed of light, where ¢y and 1y are the vacuum
permittivity and permeability. The dynamics of the compressible electrons for plasma physics
in a uniform background of non-moving ions with fixed density b(z) obey the (scaled) one-fluid
Euler-Maxwell system (see [1, 4, 13])

On + div(nu) = 0, (1.1)
8u(mu) + div(nu & u) + Vp(n) = —n(E + %u ) (1.2)
OE —cV xB=nu, OB+cVxE=0, (1.3)
divE = b(z) —n, divB =0 (1.4)

for z € T3 and t > 0, subject to initial conditions
t=0: (n,u,E,B)=(n§,ug, ES, B§) (1.5)
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for € T3. In the above equations, p = p(n) is the pressure, assumed to be smooth and
strictly increasing for n > 0, j = nu is the current density and E + %u X B represents the
Lorentz force. Equations (1.1)—(1.2) are the mass and momentum balances for the electrons,
respectively, while (1.3)—(1.4) are the classical Maxwell equations. It is a well-known fact that
equations (1.4) are redundant with equations (1.3), as soon as they are satisfied by the initial
conditions. However, we keep them in the system because this redundancy may be lost in the
asymptotic limit.

There have been a lot of studies on the Euler-Poisson equations and their asymptotic analysis
contrarily to the study on the Euler-Maxwell equations. See [2, 3, 6, 10, 11, 15, 18] and the
references therein. In particular, the convergence of compressible Euler-Poisson equations to
incompressible Euler equations is shown independently in [12, 17]. The first mathematical study
of the Euler-Maxwell equations with extra relaxation terms is due to Chen et al [5], where a
global existence result to weak solutions in one-dimensional case is established by the fractional
step Godunov scheme together with a compensated compactness argument. The paper [5]
exhibits also some applications of the model (1.1)—(1.4) in semiconductor theory. Since then
few progress have been made on the Euler-Maxwell equations.

In this paper we are interested in the non-relativistic limit ¢ — oo in the problem (1.1)-
(1.5) for the Euler-Maxwell equations. In the case that the problems are confined in a torus,
we prove the existence of smooth solutions to the problem (1.1)—(1.5) and their convergences
to the solutions of the compressible Euler-Poisson equations in a time interval independent
of c¢. For this propose, we use the method of asymptotic expansions constructed by solving
the compressible Euler-Poisson equations and a linear curl-div system. The convergence of
the expansions is achieved through the energy estimates for error equations derived from the
asymptotic expansions and the Euler-Maxwell equations. Here we have to deal with some
coupling and singular terms. For the variables n and u, we adapt the techniques of Majda
[9] for symmetrizable hyperbolic equations. For the fields E and B we observe that from the
Maxwell equations (1.3) E and B satisfy the relation

4 (E? + B*)dx = 2/ nuFdz.
dt Jos T3

Together with the Euler equations this yields uniform energy estimates for £/ and B with respect
to c.

This paper is organized as follows. In the next section, we derive formal asymptotic ex-
pansions of the problem (1.1)—(1.5). The existence of the expansions is proved in Section 3.
Section 4 is devoted to justify the asymptotic expansions up to any order under the condition
that the initial expansions are well prepared which exclude the formation of initial layers. In
the last section, we perform an initial layer analysis of the problem (1.1)—(1.5) for general initial
data. The constructed initial layers do not decay to zero and are even non-local with respect
to fast variables. Due to the special structure of the systems, we justify the convergence of the
expansions up to first order for general initial data. Finally, the proof of Lemma 4.1 used in
Sections 4 and 5 is given in Appendix.

2 Formal Asymptotic Expansions

For smooth solutions of the Euler-Maxwell system (1.1)—(1.5), the second equation (1.2) is
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equivalent to

8tu+(u-V)u+Vh(n):—(E—k%uxB),

where the enthalpy h(n) is defined by

as
Oyn + div(nu) =0, (2.1)
Oru+ (u- V)u+ Vh(n) = - (B + %u % B)., (2.2)
OE —cV xB=nu, 0B+cVxE=0, (2.3)
divE = b(xz) —n, divB =0, (2.4)
t=0: (n,u,E,B)=(ng,ug, Ef,Bj). (2.5)

Denote by (n¢,u¢, E¢, B€) the classical solutions to the problem (2.1)—(2.5). In this section,
we are going to study the formal expansions of (n¢, u¢, E¢, B€) as ¢ — oo. To this end, we
assume that the initial data (n§, u§, E§, B§) have the asymptotic expansion with respect to the
speed of light c¢:

(ng, uf, E§, B§) =Y _ ¢ (nj,u;, Ej, B;) + O(c™™),
j=0

with (E}, Bj)o<j<m being determined by (n;,u;)o<;j<m and b(z) (see Remark 2.1).

Take the following ansatz:

(n,u, B, B°) = > ¢/ (n?,ul, B, B), (2.6)
Jj=0

in terms of ¢ for the solutions to the problem (2.1)-(2.5). Substituting the expansions (2.6)
into the system (2.1)—(2.5), we obtain

(1) The leading profiles (n°, u®, E°, B®) satisfy the following problem:

0n® + div(n®u®) = 0,
u® + (u® - V)ul + Vh(n) = —E°,

divE® = b(z) —n®, V x E° =0, (2.7)
div B =0, V x BY=0,
t=0: (n°u®) = (no,uo).

This is the so-called Euler-Poisson system in plasma physics because the equation V x E® =0
implies that the electric field is the gradient of some potential function.

(2) For any j > 1, the profiles (n?,u’, 7, B7) satisfy the following problem for linearized
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equations:

j
opn? + Zdiv(nkujfk) =0,
k =0
Opu? —|—Z Vw8 £ V(R (n®)n? + BN (n7)k<jo1) Zu x BI=1=F
Jj—1 (28)
OETN -V x BT =Y "nkudT 7 9,87 4V x BT =0,
divE! = —nd,  divB) =0,

t=0: (n/,u!) = (nj,uy),

where h® = 0 and for j > 2, h¥=1((n*),<;_1) is defined by

h(no—i—Zc*jnj) =h(n°) + 1 (n Zc ind +Zc*5hj (nF)r<jo1).

j=1 jz1 j=2

The fact that A7~! depends only on (nk)kgj,l can be obtained from the following relation:

— W (n%n?, with A=¢!

. 1 d7 o
—1 k _ 0 i, 1
hJ ((TL )kgjfl)— ﬁ@h(n + E )\TL)

i>1

Remark 2.1 From (2.7)3 4 and (2.8)3 4, we see that cach order profile of (B¢, E°) is given
by profiles of (n¢, u¢) explicitly, and hence each order profile of the initial data (B¢, E€) given
in (2.5) should be determined by (n§, u§) and b(z) completely. Thus, in Section 4, certain well-
prepared initial value conditions are imposed for (E¢, B®)(t = 0), i.e, (Ej, B;)(z) = (E7, BY)(x,
0), 7=1,---,m (refer to Remark 3.1 in Section 3 and the assumption (4.11) given in Section
4), which avoid the presence of initial layers. Of course, it is an interesting problem to study
the case of general initial data where an initial layer will occur (see Section 5).

Remark 2.2 The system (2.8) for j > 2 is new in plasma physics, where the magnetic field
B satisfies the linear curl-div equation

—V x B = fi((n*,u* E*)o<p<j_1), divBI =0,

but the electric field is a rotational one with the rotation V x EJ = —9,B7~! for j > 2.

Remark 2.3 For the fixed integer m > 1, (2.8)4 for j < m —1 can be obtained from (2.8)3
by taking div of equations (2.8)3, but when j = m, it is no longer redundant for solving E™
and B™. This is the reason why we keep it in the system (2.1)—(2.5).

3 Determination of Formal Expansions

3.1 Preliminary

From the equations (2.8), we know that once (n%, u°, E°, BY) are solved from the problem
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(2.7), (n*,u!, B, B') are solutions to the following problem for a linearized equations:

ot + div(n®ul + ntu®) =0,

Ot + (u® - Vyul + (ut - V)u® + V(' (n%)nt) = —E' —u® x B,

divE! = —n!, V x E' = —8,B, (3.1)
divB' =0, V x B!'=09,E° —n%0,

t=0: (n'ul)=(ny,u).

Inductively, suppose that (n*,u®, E¥, B¥),<;_1 are solved already for some j > 2, from (2.8)
we know that (n?,u/, E7) satisfy the following linear problem

on? + div(n®uw + niu Zdw (nFui=F)

Opu? + (u® - V)ud + (u? - V)u? +V( "(n°)n)

. . izt L - (3.2)
=B = V(W (n")e<jor) = D (" V)ud~ Zu x B~
k=1 k=0
divF! = —n/, V x B9 = -9,B 1,
t=0: ()= (njuy)
and B7 satisfies the linear curl-div equations
j—1
~Vx B =0, B/~ + ) nfu/ 7R, divB) =0. (3.3)
k=0

Thus, in order to determine the profiles of (n¢, u¢, E°, B¢) we require to solve the nonlinear
problem (2.7) for (n° u® E° B°), the linear system (3.2) and the linear curl-div equations
(3.3).

Remark 3.1 It follows from (3.1)—(3.3) and Remark 2.1 that for any fixed j € N,
(B, B7)(x,0) will be determined by b(x) and (ng, ug)o<k<j-

For convenience, for a given scalar or vector function v(z, t), denote the mean value of v(z, t)

1
m(v) = @y /T3 v(zx,-)d.

In the following, we look for the profiles (n’,u’/, E7, B7) satisfying m(E’) = m(B7) = 0. The
main assumptions on the data are as follows:

in T3 with respect to x by

(H) the ion density b and the initial data (n;, u;);>0, satisty the following conditions:
bynj,u; € HY(T?) fors>N+2, N>j and ng>4, m(ng—b) =m(n;)=0 forj>1
for some integers s, N > 1 and constant § > 0.

3.2 Existence and uniqueness of solutions (n°,u%, E°, B?)

Let us begin with the following result.
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Lemma 3.1 Let s > 0 be an integer. Assume that f(-,t) € (H*(T?))3, g(-,t) € H*(T?)
with divf(-,t) = 0 and m(g) = 0 for t > 0. Then there exists a unique classical solution
2(-,t) € (H*FL(T?))? to the following linear curl-div equations

Vxz=f (3.4)
dive =g (3.5)

for x € T3 and t > 0, with m(z) = 0. Moreover, for all t > 0, the solution z satisfies the
following estimate

12C s )l e crzy < CLULFC O ae sy + 9C )l e (rs)) (3.6)

for some positive constant Cy independent of t.

Proof Uniqueness
Let z1, zo be any two solutions of the equations. Then z = z; — 2o solves

VxZ=0, (3.7)
divz = 0, (3.8)
m(z) = 0. (3.9)

Acting VX on (3.7) and using (3.8) and the vector analysis formula
V x (V x 2) =Vdivz — AZ,

we get
—AZ =0,
which, together with (3.9), yields zZ = 0. This proves the uniqueness.

Existence
The proof of existence is constructive. Since the system (3.4)—(3.5) is linear, it suffices to
prove the existence of smooth solutions of the following two linear systems:

Vxz =f, divz =0, (3.10)
VXxzg=0, divza=g (3.11)

for z € T3 and t > 0, with m(z1) = m(z2) = 0.
First, let p be the unique periodic solution of the Poisson equation

_Ap:fa xETB,tZOa m(p):O

Then it follows from the Poisson equation that divp = r(t) for some r(¢) independent of = due
to divf = 0 and the periodicity of the vector potential p, and hence z1 = V x p — m(V x p)
solves the linear system (3.10).

Next, let ¢ solve the system

~Ag=g, z€T? t>0, m(q)=0.

Then zo = —Vq — m(—Vq) solves the system (3.11).
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Finally, noting that
||VZ||2L2(T3) = [V x Z”%2(T3) + ||diVZ||2L2(T3)v

we can easily establish the estimate (3.6) by using (3.4)—(3.5) and the Poincare’s inequality due
to m(z) = 0. Notice that C; does not depend upon f(z,t) and g(z,t). Hence C} is independent
of t.

The proof of Lemma 3.1 is complete.

Now we turn to the existence and uniqueness of smooth solutions to the nonlinear problem
(2.7). Using Lemma 3.1, we get
BY =0,

due to V x BY = 0,divB® = 0 and m(B°) = 0.
Since V x E° = 0 with m(E®) = 0, we get

EY = —Vy' + m(VyY), (3.12)

and hence
—AY? =b—n°. (3.13)

By Green’s formulation, it follows from (3.13) and (2.7); that
t
Vil (z,t) = ~VAT (b(x) — no(z)) — VAfldiv/ (nu®)(x, s)ds. (3.14)
0

Hence, together with (3.12), (3.14) and BY = 0, the system (2.7) can be reduced to the equiv-
alent form of the following equations with a non-local source term

9yn® + div(n®u®) = 0, (3.15)
A + (u° - V)u + VA(n®) = — (m*l(b(x) — no(z))+ VA~ div / t(nOUO)(x, s)ds)
0

m “L(b(z) = no(x ~ldiv t n%u®)(z, s)ds .
+m (VA7 (bla) = o)) + VA div [ (100) @, 9)ds). (3,10
t=0: (n°u") = (no,uo). (3.17)

Thus, to solve the system (2.7), it suffices to solve the system (3.15)—(3.17). Since the
non-local source term VA~ldiv fg (n%u%)(x, s)ds is a sum of products of Riesz transforms of
fg(nouo)(x, s)ds, we have, by the L? boundedness of the Riesz transformation (see [16]),

t t
—1 9 00 0,0
fractan [ o] o, <6 {00 .,
for some constant Cs > 0 independent of .
Also, since VA~! is a linear bounded operator from V = {v € L?(T?) | m(v) = 0} into
H'(T?), we have
VAT (b = no)ll ge+1(1s) < Csllb— noll = (r9)

for some constant C3 > 0. Noticing the above two crucial facts, using the standard iteration
techniques of local existence theory for symmetrizable hyperbolic systems (see [9]), we have
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Proposition 3.1 Under the assumption (H), the periodic problem (3.15)—(3.17) has a
unique smooth solution (n°,u®) with n® > g, well-defined on T2 x [0, Ty) for some 0 < Ty < 400

depending only on ng and ug. Hence the nonlinear periodic problem (2.7) admits a unique so-
lution (n°,u®, E°, BY) satisfying

N N+1
n® € () CH([0,Tp), HH(T%)), E°€ () C'([0,T0), H*'7H(T?%)), m(E°)=B"=0.
1=0 =0

The regularity of (n”,u°) stated above is easily obtained from (3.15)-(3.17) while the reg-
ularity of E° is easily obtained from the Poisson equations (3.12)(3.14), which improves the
regularity of E° with respect to the time t.

3.3 Existence and uniqueness of solutions (n?,u?, E9, BY) for j > 1

Now, let us briefly describe the solvability of (n?,u’, 7, B7) for any j > 1 from the problems
(3.1)~(3.3) provided that we have known (n*,u*, E* B¥),;_1 already. Obviously, from (3.1)
and B? = 0 we know that (n',u', E') satisfy the following linearized Euler-Poisson system

ot + div(n®ul + ntu®) =0,

Out + (u® - V)ul + (ut - V)ul + V(' (n%)nt) = —EL,

3.18
divE! = —n!, V x E!' =0, (3.18)
t=0: (ntu')=(ny,u)
and B! satisfies
~V x B = —9,E° + n%", divB' =0. (3.19)

Similarly to Lemma 3.1 and Proposition 3.1, we have

Proposition 3.2 Let Ty € (0,Ty) and the assumption (H) hold. Then the periodic problem
(3.18)—(3.19) or the periodic problem (3.1) has a unique smooth solution (n*,u', E', BY), well-
defined on [0,Th], satisfying

N
n' ut € () CH([0, 1], H'7H(T?)),

=0
N+1 N
E' e () CY((o,1a), H*THT®)), B' e[ C'(0,Th], H7HT?))
=0 =0

in the class m(E') = m(B') = 0.
The rest is to solve (3.2) and (3.3) with j > 2. For (3.3), we get from Lemma 3.1 that (3.3)

has a unique smooth solution B = BI(E/~1, (n*, uF)g<j<;_1) satisfying

j—1
j -1 Z k j—1—k
1B llcr-s(0.13 o100y < Ca(T) (112 |Cl<07T1;Hsl<T3>>+Hk_on O PT—

in the class m(B?) = 0 provided that we have known E/~1 and (n*,u*)g<k<;—1, where Cy > 0
is a constant.

Notice that the system (3.2) with j > 2 is no longer the linearized Euler-Poisson system
because, generally speaking, E7 is not the gradient of some potential function due to the fact
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BI~1 £ 0. But the existence of the smooth solution to (3.2) can be constructed by so-called
Hodge decomposition and some techniques as same as those to establish the well-posed theory
for the Euler-Poisson system. Let us outline some main ideas.

First, recall the Hodge decomposition as follows. For any vector field E/ € (L?(T?%))3,
denote by PE’ and QF’ respectively the divergence-free part and gradient part of £7. Then
QF’ = VA~!(div E?) and PE? = E9 — QFJ.

Thus, using the Hodge decomposition, we can rewrite (3.2) as

j
on? + div(n®uw? + niu®) = — Z div(n*u’/=F),

O + (u® - V)ud + (- V)u® + V(' (n%)n)
J*l Jj—1
= —QF —PE — V(W (n*)r<j1) V)u™F =3 "uk x BITE L (3.20)
] ] ] k:l k=0
divQE/ = —nJ, V x QEJ =0,
divPEI =0, V xPE/ =B~

t=0: (n/,uw)=(nj,u;).

Since the equation of PE7 is independent of the others in the system (3.20), it follows from
Lemma 3.1 that (3.20)4 has a unique smooth solution PEJ = PE’ (9, B~1) satisfying

||7)EjHcl—l([o’Tl];Hs+17l(’ﬂ‘3)) < C5(T1)HBj_1||Cl([O,T1];H3*l(T3)) (3.21)

in the class m(PE7) = 0 provided that B/~ € CY([0,T1]; H*~(T?)), where C5 > 0 is a
constant.

Only if PEJ is determined, (3.20) becomes a linear Euler-Poisson system for the unknown
variables (n?,u/, QE7). Thus, as for Euler-Poisson system (3.1), it is easy to prove that the
problem (3.20) has a unique smooth solution (n’,u’, QFE7) satisfying

N2
nd,ul € () CH([0,Ty], H*~(T%)),
=0
No—1
QE’ e () C'([0,Ty], H*H(T*)) nCN2([0,7y], H*~ N~ 1(T%))
=0

in the class m(QFE7) = 0 provided that we have, for all k < j — 1 and Ny > Ny, that

Ny
n* uk e ﬂ CH([0,T1], H*H(T?)),

=0
N2 Ng—l
B e (Yo, 1v], H*7HT?)), PE € () C'([0,Th], H*!(T%)).
=0 =0

In summary, we obtain

Proposition 3.3 Let Ty € (0,7y) and the assumption (H) hold. Then the problem (3.2)-
(3.3) with j > 2 or the problem (2.8) with j > 2 has a unique smooth solution (n?,u’, EJ, BY)
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satisfying
. . N_(j_Q) .
e () CH0,1y], HTI(TY),
1=0
N-G-2) |
Ee () C4o, 1, H 07T,
1=0
NG '
Bl e ﬂ ([0, 1), H*==U=2(T%)), if j is an odd number;
1=0
nowle () CH0,Ty], HTI(TY),
1=0
N-G-D) |
Ee () C4o, 1), H 07T,
1=0
N-G-?) |
Bl e ﬂ CH[0,T1]), H==U=2(T%)), if j is an even number
1=0

in the class m(E7) = m(B7) = 0.

4 Justification of the Expansions

In this section, we rigorously justify the asymptotic expansions of solutions (n¢, u¢, E¢, B¢)
to the periodic problem (2.1)—(2.5) developed in Section 2 under the assumption of well-prepared
initial data. As a consequence, we obtain the existence of exact solutions (n¢, u¢, E¢, B¢) to
(2.1)—(2.5) in a time interval independent of ¢, and the convergence of (n¢,u®, E¢, B¢) to the
solution (n%, u®, E°, BY) of the compressible Euler-Poisson equations (2.7) as the light speed ¢
goes to infinity.

In the following, we denote by C' various generic constants independent of the light speed
¢, which can be different from one line to another one.

4.1 Derivation of error equations

For any fixed integers m > 1 and sg > g, let the assumption (H) hold with N = m and
s =m+ sy + 3. Set
m
(M > U s B s Boym) = Y ¢/ (0 0/, BY, BY),
j=0
with (n?,u/, B/, B7) being given by Propositions 3.1-3.3. From the asymptotic analysis in
Sections 2-3, we know that (n¢ E¢

am7 am’ a,m’

By ,,,) satisfy the following problem:
ong , +div(ng ug ) = Ry,

8tua,m + (u(czm : V) U, m + Vh’( (cz,m) = _E(i,m - cilu(cz m X Bc m T+ chu
81‘/E2,m —cV X B((.z,m = nz,muz,m + R(.E7 leEg’m - b( ) a,m7
0B, +cV x ES, =R, divBe, =0, (4.1)

m(E; ) =m(Bg,,) =0,

t=0: (ngﬁm,u;m, am7 Z n]?“J’ 4('70)’Bj("0))7
7=0
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where the remainders RY,, RS, R and R satisfy
divR; = —R;, divR5 =0 (4.2)
and for any 0 < s1 < sq,

sup H(RfvaRju CEvRCB)( 7t)||H51 (T3) < Cc™™. (43)
0<t<Ty

Let (n¢,u®, E° B¢) be the unknown solutions to the problem (2.1)—(2.5), and denote by
(ch Uca Fca GC) = (nc - n(cz,mv u’ — U’(cz,mv E° — E{i,mv B¢ — B(im) (44)
Obviously, (N¢,U¢, F¢, G) satisfy the following problem:

ON¢ + div(Ne(U® +u ,,,) +nt,,US) = — R,
QU +[(U +ug ) - VU + (U V)ug , +F + V(R(N+ng ) —h(ng ,,))
=—c (U +u,,) x G°+U°x BS,,) — R,
O F¢ — ¢V x G¢ = (N +ng ) U® + N°uS ,, — Ry, divF® = —N°,
8,G¢ 4 ¢V x F¢ = —RS,, divGe =0, (4.5)

t=0: (N¢U°F°G% = (ng — Zc_jnj,ug — Zc‘juj,Eg
j=0 j=0

- ic’jEj(-, 0), BE — Em:c’ij( : ,0)).
j=0 7=0

Set

)

nS—Zc*jnJ
c Ne c j=
We = (UC) . WE = T

- m
u§ — g ¢ uj
Jj=0

(FOCvGS) = (Eg - zm:cijEj('vo)aBg - Xm:cijj(_,O))’
j=0 7=0

C C C 0 (NC + ng m)e;r
AWE) = (U + g )il + <h'(NC+nC Jes 0 ) ’
o (W"’) B (UC . V)ngm + Nediv U’(Cz,m

BT\ W Vg, + (W(NE 0, = W (0,)) VG )

c _Rgz c 0 c e 0
= <—R2> - R = <F> V6 = <(U0+u;,m) X G+ U° x B;,m)’

where (e, e, e3) is the canonical basis of R3 and y; denotes the i-th component of y € R3.
Also, note that from (4.2) and (4.5)1, the redundant equations divF¢ = —N¢ and divG® = 0
in the system (4.5) hold only if they are satisfied by the initial conditions. Thus the problem
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(4.5) for the unknowns (W€, F'¢, G°) can be rewritten as

3
W+ Ai(W)Dy, W + Hi (W) + Hy(F) = —c™ " Hy(W*°,G) + R°,
1=1

O F° —cV x G° = (N° +ng ., )JU® + Nug ,, — R, (4.6)
9,G¢ 4 ¢V x F¢ = —RS,,

t=0: (We Fe,G°) = (WE Fe,GS),

with div F¢(x,0) = —N¢(z,0) and div G¢(x,0) = 0.
It is not difficult to see that the equations of W€ in (4.6) are symmetrizable hyperbolic, i.e.
if we introduce

Ay(7°) = (MNC ) ; ) ,

0 (V€ + 1) 33

which is positively definite when N°+ng ,, > C' > 0 for ¢ > 1, then Aj(We) = Ag(We) Ay (W)
are symmetric for all 1 < ¢ < 3. Here the condition N¢ + nflm > C for ¢ > 1 follows from
n® > % (see Proposition 3.1) and the estimate (4.15) (see Theorem 4.1 below).

4.2 Convergence of the expansions

It is clear that the existence and uniqueness of smooth solutions of (2.1)—(2.5) is equivalent
to that of (4.5) or (4.6). Then in order to rigorously justify the asymptotic expansion (2.6),
it suffices to prove the existence of the smooth solutions to (4.5) or (4.6) and to obtain their
uniform estimates with respect to the light speed ¢. This will be done by the iteration techniques
for symmetrizable hyperbolic problems.

More precisely, we solve the nonlinear problem (4.6) by the following iteration for linear
problems (see [9]):

3
8twc,k‘+1+ZAi(Wc,k)amiwc,k-i-l+H1(Wc,k)+H2(Fc,k) —R¢ — c—lHB(WC,k, Gc,k),
i=1
8th,k+1 — ¢V x Gc,k+1 — (Nc,k + n{im)Uc’k + Nc7ku2,m _ RPE7 (47)

OGO 4 eV x POkt — —Rg,
t=0: (Wektl pektl gektly — (W, F§,G5), k=0,1,--

with
Wc,o(tv .23) = W()C(x)v (FC,O, GC’O)(Z‘) t) = (F()ca G(c))(x)

For studying the problems (4.6) and (4.7), we introduce the Sobolev’s norms

1

Wl = (3 10EW O Ras) " IW)

o<1

0= sup |[[W()|;, €N
0<t<T

The key point for proving the existence of smooth solutions and the convergence of the expan-
sions as ¢ — oo is the following a priori estimate.
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Lemma 4.1 Let so and l be two integers such that % <1 < sg. Assume (H) holds with
N=m, s=m+so+3 and
|(Wg, F§,G8)lli < Dye™™ (4.8)

for some integer m > 1 and constant D1 > 0 independent of c. Then there are constants Dy > 0,
D3 >0, co >0 and Ty € (0,T1], such that for all ¢ > cq the solutions (W* Fek Gek) of (4.7)
satisfy

[(Wek Bk GoRY||r, < Dac™™, VEkEN, (4.9)
10:WF|_1 1, < D3c™™, VEkeN. (4.10)

As the proof of Lemma 4.1 involves only elementary calculations it is postponed to Appendix.
Returning to the problem (2.1)-(2.5) or (4.5), we conclude

Theorem 4.1 For any fized integers so > g andm > 1, let the assumption (H) with N =m
and s = m + sg + 3 hold. Furthermore, suppose that

(Ej, Bj)(x) = (B, B7)(2,0), 0<j<m (4.11)

with ((E7, B7)(z,0))o<j<m being given as in Sections 2-3,

divE; =b—n§, divBf=0, x&T? (4.12)
|, w5, 5, B) — ic—j(nj,uj,Ej, By)|| <cem. (4.13)
=0 >

Then the problem (2.1)—(2.5) has a unique solution

(n,u, B¢, B¢) € C([0, T3], H*(T*)) n C*([0, T3], H**~*(T?)) (4.14)
satisfying
H(nc,uc,Ec,Bc) - ioc_j(nj,uj,Ej,Bj) s <Cc™™, (4.15)
iz :

where (n?,u?, B9, BY)o<j<m are solutions to the problems (2.7)-(2.8) and C > 0 is a constant
independent of c.

Proof First, the uniform estimates (4.9)—(4.10) together with (4.7) yield the bounded-
ness of the sequence (W&F Fek GokY oy in L*°([0, To], H*0(T?)) N W2 ([0, Ty], H°~1(T?)),
since m > 1. Or the injection H*(T?®) C C*(T?) is compact due to sy > 3. Then Aubin’s
lemma (see [14]) implies that (W Fek Gek) oy is compact in C([0, T3], C(T?)). Conse-
quently, up to a subsequence, (We*, Fek GF), cy converges to some (W€, F¢, G) in the space
C([0,Ty],C*(T3)) as k — +o0o. Combining this with the boundedness results (4.9)—(4.10), we
obtain (W¢, F¢,G¢) € C([0,Tz], H*°(T3)) N Lip([0, T3], H**~*(T?)). In addition, a similar ar-
gument as in [9, Theorem 2.1(b)] gives (W€, F¢,G¢) € C1([0,Ty], H**~(T?)). Passing to the
limit & — oo in the system (4.7) shows that (W€, F¢,G) is a classical solution to the problem
(4.6). By the transform (4.4), this shows the existence and uniqueness of smooth solutions
(n¢,uc, B¢, B°) € C([0,Tz], H*(T?)) N C* ([0, Ts], H**~*(T?)) to the problem (2.1)—(2.5). The
uniqueness of smooth solutions follows from a standard argument, and implies the convergence
of the whole sequence (W&* [k GeF), y to (We, F¢,G®).
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Next, from (4.3), we know that to have the estimate (4.15), we need

(G s W g B s Bo ) = D> ¢ (00?7, BY) € CY([0, Th], HH(T?)),
j=0

which can be guaranteed by the assumption s = m+ sg+ 3 and Propositions 3.1-3.3. Moreover,
the assumptions (4.11) and (4.13) imply (4.8) while the assumptions (4.11) and (4.12) give
divF¢(xz,0) = —N€¢(x,0) and divG(z,0) = 0 according to the transform (4.4). Finally, the
estimate (4.15) can be easily derived from the estimate (4.9). This ends the proof of Theorem
4.1.

5 A Study of Initial Layers

5.1 Asymptotic expansions

In Theorem 4.1, the compatibility condition (4.11) is made on the initial data (E§, BS). This
condition means that the initial profiles (E7, BY)(-,0) are determined through the resolution
of the problems (2.7)—(2.8) for (n’,u/, B9, B7). Then (E§, BS) are not given explicitly. If the
condition (4.11) does not hold, the phenomenon of initial layers occurs. In this section, we
consider the limit ¢ — 0 in the problem (2.1)—(2.5) with general initial data. We show that the
condition (4.11) can be removed by constructing a first correction of the initial conditions.

Let the initial data (n§, u§, E§, B§) have the asymptotic expansion of the form:
(ng, ug, ES, BG) = (no, uo, Eo, Bo) + ¢ Yny,uy, By, By) +O(c™h). (5.1)

In view of the Euler equations, there do not exist first order initial layers on the variables (n,w).
Then we may take the following ansatz:

(n°,uf)(z,t) = (n°,u) (2, 1) + (0" u') (@, 1) + (nf, up)(z, 7)] + O(c ™), (5.2)
(EchC)(xat) = (EO,BO)(xat) + (E(I)vB?)(xaT)
+c (B, BY)(,t) + (B}, B])(z,7)] + O(c™), (5.3)

where 7 = ¢t € R is the fast variable and the subscript “I” stands for the initial layer variables.
Notice that the Maxwell equations (2.3)—(2.4) are linear for E and B. Then the profiles (E7, B7)
and (E}, B}) can be treated separately for j = 0, 1.

Substituting the expressions (5.1)—(5.3) into the problem (2.1)—(2.5), we have

(1) The leading profiles (n°,u®, E°, B?) satisfy the problem (2.7) in which B® =0, i.e.,

9n® + div (n®u®) = 0,

u® + (u® - V)ul + Vh(n) = —E°,

divE® =b(x) —n®, VxE°=0, (5.4)
B =0,

t=0: (n%u") = (no,uop).
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(2) The leading initial layers (E?, BY) satisfy

0,E9 —V x BY =0,
0, B9 +V x EY =0,

(5.5)
div E(I) =0, diVB(I) =0,
t=0: (E?vB?):(EO_EO(aO)vBO)
for which we need
div EY(x,0) = div BY(x,0) = 0.
Therefore
diVE() =b— no, diVB() =0. (56)

(3) The second order profiles (n!,u!, E', B!) satisfy the equations in (3.1). Since B® = 0,
we may take
nt=0 w'=0E'=0. (5.7)

Then B! is determined by
divB' =0, Vx B'=09,E°—n%?". (5.8)
(4) The second order initial layers (n},u}, E}, B}) satisfy
n}:O7 8-,—U}+E?:O, U,}(',O):U,l, (59)

0,E! —V x Bl =0,
8,B} +V x E} =0,

(5.10)
diVEIl =0, divB} =0,
t=0: (E}aB}):(E17Bl_Bl(7O))
for which we need
divE, =0, divB; =0. (5.11)

5.2 Convergence
According to the asymptotic expansions discussed above, set

né(z,t) = nl(z,t), u(z,t) =ul(z,t) +c tul(z,ct),
E¢(z,t) = E°(x,t) + EY(z, ct) + c L E}(z, ct), (5.12)
B&(z,t) = B%(x,t) + BY(z,ct) + ¢ (B (z,t) + Bi(z,ct)).

Then a straightforward computation gives

Ot + div (nul) = RS,

oput + (u€ - V)us + Vh(nS) = ES 4+ ¢ 'ul x B + RS,

O E; — cV x By = ngul + RE, divE; =b—ng,

0 BS + ¢V x ES = R, divBS =0,

m(E7) = m(Bg) = 0,

t=0: (nuS, ES, BE) = (no,up + ¢ tuy, Eg + ¢ Ey, By + ¢ 1 By),

a’ 'a’

(5.13)




598 Y. J. Peng and S. Wang

where the expressions of the remainders R, RS, R}, and R% are given by

RS = ¢ 'div(n®ut) = ¢ 'Vnl - ug, (5.14)
RS = ¢’ - V)ub + (ub - V)u® + E} +u® x BY]

+e?[(ug - V)ug + (u° + ¢ lug)(B' + BY) +up x By, (5.15)
RS = —c 'n%uj, % =c 'oBt. (5.16)

Now we seek for an error estimate similar to (4.3) for (RS, RS, R, R). To this end, let us
interpret the regularity assumptions made in Theorem 4.1 as

(H') s> %, n1 =0 and
b, no, uo, Eo, Bo, u1, E1, By € H(T?), ng>6 inT m(b—ng)=0.

Then Proposition 3.1 and Lemma 3.1 show that there are unique functions (n°, u°, E°, BY) with
B° = 0 and B!, such that

n?, u® € C([0, Ty], H*(T?)) N CH([0, Ty], H*~(T?)),
E° € C([0, To), HsTH(T?)) n C* ([0, To), H*(T?)), (5.17)
B € C([0,T1], H*F1(T%)) n C([0, Th], H*(T?)),
with m(E°) = m(B*) = 0 and n° > £ in T3 x [0, Tp]. Note that the assumption s > I is needed
to guarantee that the injection H*~(T3) C C'(T?) is compact (see the proof of Theorem 4.1).
On the other hand, the initial layers (EY, BY) and (E}, B}) satisfy the same linear Maxwell

equations. Then there exist global solutions (E?, BY) and (E}, B}) of the problems (5.5) and
(5.10). They satisfy the energy estimates

/Ts(waE}'(x,T)F +|0°Bi (2, 7)|*)dx = /quaaE}(x, 0)[> +[0° B} (2,0)*)dz, Y7 >0
for j = 0,1 and all « € N? with |a| < s. Then we deduce that
(E7,B]) € C([0, +00), H*(T?)), j=0,1, (5.18)
with the uniform estimate
BT )b rsy + I1BHC- Dl sy < Kiy V7 >0, j=0,1, (5.19)

where K37 > 0 is a constant independent of 7.
Finally, from (5.9) we obtain

ub(z, 7) = uy(x) — /OT EY(x, s)ds, (5.20)

which is non-local with respect to the fast variable 7. In order to establish a uniform estimate
of u} with respect to 7 > 0, we set

E(x, 1) = /OT EY(x,s)ds, n(z,T)= /OT BY(x, s)ds. (5.21)
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From (5.5), it is easy to verify that £ and 7 solve the problem on T3 x [0, +00)
0,6~V x 5= EY(-,0),
0+ V x &= BY(-,0),
divé =divn =0,
t=0: &=n=0.
Since
div EY(z,0) = div EY(z,0) = 0,
there exist functions ¢, ¢ € C([0, +00), H*T1(T3)) such that
BY(2,0) = V x é(x), B0 = —V x (a).
Therefore, & and 7 satisfy, in T? x [0, +00)
Or(§+9(x)) =V x (n+ ¢(z)) =
Or(n+ o)) +V x (+¥(x)) =
divé =divn =0,
t=0: &=n=0.

0,
0

)

This yields the energy estimate
/w(laa(f(w) + (@) +10%(n(z, 7) + ¢(a))*)dx = /Ts(Ia‘*qS(x))l2 +10%9(2))[*)dx

for all 7 > 0 and o € N3 with |a| < s+ 1, from which we deduce a uniform estimate of ¢ with
respect to 7. Thus, from (5.20) we have

lur(-, D)l gsrs) < Koy V7 >0, (5.22)

where K9 > 0 is a constant independent of 7.
From (5.14)—(5.19), (5.22) and Moser-type inequalities (see [9, p. 43]), we obtain the fol-
lowing error estimate.

Lemma 5.1 Let the assumptions (H'), (5.6) and (5.13) hold. Then we have

sup H(Rfv’RZ’ CE’RCB)("t)Hsfl < K3Cilv (5'23)
0<t<Ty

where K3 > 0 is a constant independent of c.
Repeating the same arguments as in Section 4, we obtain finally

Theorem 5.1 Under the assumptions of Lemma 5.1 and
” (nga US, Ega BS) - ((nOa uo, Eo, BO) + 0_1(07 uy, B, Bl))”S—l < K4C_1, (524)

there is Ty € (0,T1] such that the problem (2.1)—(2.5) has a unique solution (n°, u°, E¢, B¢) €
C(0, ToJ; H1(T%)) (1 CN([0, Tel; H>(T%)) satisfying

”(nc,uc,Ec’Bc) - (nc ug ES’BS)HS—L'JE < K5C_1, (525)

a’ ar

where K4 > 0 and K5 > 0 are constants independent of c.
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Appendix Proof of Lemma 4.1
Let a € N3 with |a| <, from (4.7) we know that
(Wc,k-i—l Fc,k-{—l Gc,k-{—l) — 804(Wc,k+1 Fc,k+1 Gc,k+1)
satisfies the following problem
3
Ap(WEROWEEE 45 A(WER)0, Wikt = Ry,

i=1

OFSHT — eV x G&F+ = RyY (A1)
e
t=0: (Wohtl Foktl Goktly = go(Wwe, FS, GS),

where

RYE = Ag(Wek)a (R = Hy(WF) = Hy(F*Y) = — Hy(WF, G ’k>)

3
+ D AW (A (WER) D WERTT — 9 (A (WeR) 0, o),
i=1
RyG = 03 (NOF 40, )USF + NoFug | — RE).
Estimates (4.9)—(4.10) are obviously true for k = 0 with any 75 > 0. By induction on k, suppose

(4.9)-(4.10) hold for some k > 1 where Dy > 0 and T» > 0 are to be fixed, and we want to
prove (4.9) for k + 1, i.e.,

H(Wc’kJrl,Fc’kJrl, Gc’kJrl)Hl,Tg < DQCim,
which implies, together with (4.7);, that

[0:WF |21 1, < Dge™™.

In what follows we let D; (i > 4) be various positive constants independent of ¢, k € N, Dy and
Ds.

First, (4.9) implies that the matrix Ag(W®F) is positively definite uniformly with respect
to ¢, k and Dy and

|‘(WC7k,FC7kaGC7k)Hl7T2 <1, ||8tWC7kHl—17T2 <1

for all ¢ > ¢g with some ¢g > 0. It follows that,

3
divA(WEF) = 0, Ag(WF) + 3~ 0, A; (W)
i=1
satisfies
HdiVA(WC7k)HLDO([O7T2]><T3) S 1)47
since [ > g Employing the classical energy estimate of symmetric hyperbolic equations to the
problem (Al);, we obtain

Ts
sup ||W(§’k+1(t)||L2(’]I‘3) < D56D5T2(H8§‘W5HL2(T3) + / HR?I;(T)HL%Ts)dT). (A2)
0<t<T> 0
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Next, by the vector analysis formula

div(f xg) =(Vx[f)-g=(Vxg)-f

the singular term O(c) appearing in Sobolev’s energy estimates vanishes, i.e.,

/ (—cV x GEFFLL pektl 4oy x For L. qekbtde = ¢ | div (FSF x GEFhYde = 0.
T3 T3

Hence, we get from (A1), 3 that

sup [[(FSMH GG ()| 2 (e
0<t< Ty

T
< D5 (102 (F5. G )lxern + [ I(R5A O RE) () o). (A3)
Combining (A2) and (A3) together, we get

sup | (Wb FSMHL GEM Y (@)1 2 s
0<t<T,

Ts
< Do108 (5, o) oceny + [ 15505 RE) () s on)
T> k
+D56D5T2 (||83W0CHL2(’]I‘3) +/ ||R§ZQ(T)|‘L2(T3)CZT). (A4)
0

By the definition of Rfs (1 =1,2), (4.3), the classical Moser-type inequality (see [7, 8]) and
Sobolev’s embedding lemma with [ > g, we deduce

T>
/ |(RSE, 02 R, )(r)l| 2 raydr < C(Da)Toe™, (A5)
0
T> &
/ IR (D)l p2eydr < DeToc™™ + C(Da)Ta(c™™ + |[WOF | 1), (A6)
0

Here the constant C(D2) > 0 may depend on D,. Substituting (A5)—(A6) into (A4) and using
(4.8), we get

+ D52 C(Do)To(c™™ + W, 1,).

H(I/Vc,k—i-l,Fvc,k—i—l,ch,lc—i-l)”LT2 < (Dg(l T €D5Tg) —|—D5D76D5T2T2)C_m 4 DGC(DQ)TQC_m

Now we choose T5 > 0 such that

ePsTe <9 ePsTaTy <1, CO(Do)Ty <1, DsePs20(Dy)Ty <

N —

Then

H(Wc,kJrl’ Fc,k+1’ Gc7k+1)||l,T2 < DQCim,
with Dy = 2(3Dg + D5D7 + Dg + 1). This completes the proof of Lemma 4.1.
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