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ON A PROBLEM OF WHITNEY"
. GAN DANYAN (FHE)*

Abstract

In 1944 H thtney raised a problem Let M be an open smooth n—ma,mfold Does
there exist an imbedding of M into R** with no limit point set? Introducing & sort of Morse
number for open manifolds:and usmg Whltney trick, -the a.uthor gives a direet proof of
the affirmative answer to it. '

In[8] H. Whitney proved the famous harder imbedding theorem: every
smooth n-dimensional manifold M can be 1mbedded m 2n—d1men~S1ona1 Euohdean

space R?", And he raised the followmg |
PROBLEM: Does there exist an 1mbeddmg. for M 0pen, w1th no hm:t set?

- It is regarded to be solved™ as a corollary of a theorem of M. W. Hirsch'™, ‘

But J. Milnor®™»120 gti1] reminds us $o prove it.
Usmg Morse theory and Whltnoy trick we will g1ve a d.u'eot proof of if. And

as a byproduct and a preparamon we will obiiam a necessary and sufﬁment

cendition for an open manifold to be bounded

| -~§ 1. Morse -Function .and Being- Bqu?nded e

mvery smooth manlfold in quesblon is assumed o be probably Wlth boundary,
and we suppose ‘the boundary is compa,ot exoep’a for § 4, :

Let M be a connected open n~dimensional smooth manifold. Take the one-

point-compaotification of M, it will be denoted by M=2M | {*}, where # is the
infinite point. Since M has countable basis, its one-point-compactification M is
metrizable, and {«} is a closed subset and hence a @, set in M. By Urysohn
lemma™, there exists a continuous funotion f:M—>[0, 1] with £~*(0) <0M and
FA@) =« -

Define s: M—[0, 1) by

8(@): ——mm {f@, 1- f(w)}
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Taking'a'smooth g/2—approximation of f on M, and then'extending it to {«}—»
{1}, we obtain g: M—[0, 1]. g is continuous on M and smooth on M with g~*(0)
=0M and g~*(1) =#. By Theorem 3. 1.2 of [38] we ocan' take a smooth &/2—
approx:rmatron of g over M with no degenera.te critical points, and extending it to
. M continuously we then obtain h:M—>[0, 1] with #™*(0) =0M and ht(1) =+, Sinoce
nondegenerate oritical points are ‘isolated oritical points, funotion 'k has a most
countably many oritical points. Therefore, we have ' ‘

Lemma 1, For every connected open smooth manifold M, there ewists a fqutworn.
f:M—[0, 1], such that

(a) f bs continuous;

(b) f|M ds smooth over M; .

(o) f has no degenemte cmtwal pomts amd at most countably many nondegenerats

frfbtfwal potnis; '

(@) f7(0) =oM wndf‘l(i) =* | :

" A funoetion satisfying the oondltlons in Lemma 1 is called a Morse funotron
on M The Morse number w of M is the minimum over all Morse functrons f on
M of the number of oritical points of f. If w(M) is finite, M is said to-be of finite
type; otherwise M is said fo be of infinite type. :

An open smooth n-dimensional manifold M is said to be boundable, 1f there -
exists a compact smooth n—dimensional ‘manifold N and a smooth 1mbedd1ng %
Me>N such that NV \¢(M)ON. Such a manlfold N is unique up to h-cobordism
and is called a bounded manifold of M. For simplioity we rega,rd M as a
submanifold of its bounded ma,nlfold by 1denh1fy1ng M and i(M). Thus we have
N\McoN. S .

Theorem 2. A connetod opan smooth mamnifold is boundwble if and only of 4t is
of . finite type :

Proof Olearly every boundable ma,mfold is of ﬁnﬂie type _

 Let M be a- connected open smooth n—-drmensmnal ‘manifold and let M be of
finite type. Take the one—pornt—compao’arﬁeatron Mof M and a Morse function f
on M with only finitely many non-degenerabe oritidal points. Let @ be .a.regular
value of f with 0<a<(1. Denote M®= £71[0, ] and Lt=fa). ‘Mo is a compaot
submamfold of M; L¢isan (n—1)— dlmensmnal submanifold of M; and 8M ° =M
‘_]_LL" 'We need a lemma, . : L
"+ ‘Lemma 3. For a<l and bzgger than all amtwwl tmlues of it f‘i[w, 1) is
dzﬁeomorphw to Lex[a, 1). R : :

. Proof + Forievery b with a<<b<1, Theorem 3.4 of [4] 1mphes f 1 [a, b] is
.dlffeomorphle to L% {a, b]: Extend.mg this. dlﬁ'eomorphlsm as b1 we -obtain.the

2 ox{a; 1),

“Fequired d1ﬁ'eomorphlsm, written’ f 1[ 1) —
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Corollary 4. For o as assumed above f 1[a 1] s hmneomorpim to the cone
O(x, L®) with vertew % vnd bass L°.

Continue the proof of Theorem 2. Using Lemma 3, we have
®
fa b)

Thus f‘l[O b) DITF. S0, 1). Therefore M?=7-1[0, b] can-be oconsidered as the
bounded manifold of M = f-1[0, 1), i. e, M is boundable,

DIET. 7o [, b)2LEE: I [a, 1) 2L DIFF. f7ile, 1.

§2. Closed | Imbedding of Finite Type Mahifolds

An n~dimensional cobordism is a triple (W, V. V:l.) where W is a compaot
n-dimensional smooth. manifold, Vo and V5 are two compact boundaryless (n—1) -
—dimensional smooth manifolds, such that W =V, LV, '

Lemma 6. Lot (W, Vo, V1) be an n-dimensional ooboo*olfbsm Let 4, (0= 0, 1) be
@ smooth imbedding V>R 1 x {a} provided n+2 and a smooth tmbedding V,~>R?
X{O}X {a} such that each component (topalogwwl circle) of i, (Va) contains no other
component. in its interior region, provided n=2. Then the imbedding o]l 41 can be
ewtended t0 & neat smooth smbedding (W, Vo, Vi) (R2-1x [0, 11, R*1x {0}, R?»t .

X{1}), which is pefrpendwulwr to R* % {0} [|R**x {1} over V|| V3.

Proof For n=1, the lemma is trivial.,

For n=2, we assume that W is conneoted Wlbhout loss of generality. W ocan be
considered as the result of punoturing finite holes on a ‘oonnected closed surface
W. The boundaries of the holes are circles and eonsbﬂ;ute VollVa. We assume
that Vo and V1 are contained in discs Dy and Dy of W respeciuvely Using the
results in seetion 5 of [7], we imbed the sphere, prOJeotuve plane, Klein botitle

- and add the necessary number of handles $o obtain W. We may get an imbeddiny

of W into R3x (0, 1) perpendloular to R3><{3} and R“’x{é-} such that the

porhons in R2x [0, —%—} a;nd Réx [ 2 » 1] are Dy and D, respeotively, and with 3Do .

cR2x {0} x { 1} and 2Ds R? x {0} x{ } The restriction of this imbedding o

| W\Int (Do_LLDl) is a neat imbedding into R3x [ ; é] and perpendzcular over

oD, 118D, Furthermore, we ocan extend it over W ‘and obtain a reqturec? ‘
imbedding. Since the domain D,NW (a=0, 1)’ of the extension is a ‘punctured
sphere, one of the boundary circles of which is @D, and the others constitute V.

- Now we suppose n>2. Take collars (for simplicity, ‘we omit the symbol of
-« smooth:imbeddings) VX [0, 8] and Vix [1=3, 1] of ¥, and V3 in W-respeotively,
where 3>0 is small ‘enough, Map Vox [0 8] and V';x [1 9, 1] into Ran-1yx [0,
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8/2] and R 1% [1— /2, 1] parameter-preservingly with respeot to the parameter
t for € [0, 6/2] and [1-8/2, 1] r.espeo’ﬁively, into two cones in R2"1sx [6/2, 83
and R*3x[1-5, 1-5/2] with bases the imbedding images 4,(V) X {8/2} in
R**x {8/2} and 41 (V1) X {1—8/2} in BR* 1% {1-5/2} and vertices in R*~*x {5}
and R*~*x {1~3} parameter-preservingly for #C[8/2, 8] and [1-9, 1-35/22
respeotlvely Then extend the map defined on Vyx [0, 8] [IV1x[1-8, 1] 10 a
continuous map W—>R*1x [0, 1] such tha t the image of W\ (Vex [0, 8]V
X [1-9, 1]) is contained in R**x (5, 1—8). By: Theorem 6 of [9], there is a
sufficiently close smooth approximation leaving fixed on VX [0, 81) UV 1x (1—84,
1] for some 61 Wlth 0<8:<9d, which is an immersion. Then delete the selfintersec-
bions as in Theorem b of [8], we obtain a smooth 1mbedd1ng, which leaves fixed
- and maps parameter—preservmgly on Vo x [0, 1) lIVax (1~8y, 1]. Therefore this
imbedding is neat and perpendloular over VollVs.

' Using this lemma, ‘We oan prove :

Threoem 6. Lot M be a connected open smooth n—-mani fold of ﬁmte type. Then
M can be imbedded in BR*" with empty limit set. '

Proof By Theorem 2, M is boundbale, and let W be the bounded manifold
of M, which is compact and connected. Denote Vo=8M and V1=8W\8M, we obtain:
an n—dimensional cobordism (W, Vo, V1). We imbed ¥,y and V4 into R21x {0}
and R**'x {1} respectively satisfying the hypotheses in Lemma 5. Lemma 5
implies that W ocan be imbedded smoothly into R tx [0, 1], so that the
imbedding is perpendmula,r to R**~*x {1} over V1. Then pushing the hyperplane
R*1x {1} in BR* along the 2n~th axis to the infinity, we obtdin a smooth neat
4 imbedding from M mto ]3."'""‘1 % [0, o0).. This 1mbedd1ng has no hmﬂ; point in R,

§3. Closed Imbeddmg of Inflnfte Type Mamfolds

'Lex_nma. 7. Lot Mbea connected open n—mwm:fold of infinite type. Let M be the
ong—point-compacts fication o f M. Then there exists @ Morse function f on M such that
T has distinct values at distinet cmtwwl po'mts amZ all eritical points can be numbered:

@1, Bz vy Ty =0y SO that '
o e <) <- <f (25) <or2,

Proof Since the critioal points of a Morse funotion on M are. 1solated oritical
and. oountably many, and have no limit pomt in M we see that the eribical -
Values of a Morse funoton constitute & seqnenoe convergmg 01, and each oritical
" value corresponds 1o only ﬁmte many crifioal points in M, : :

' Take a Morse fnnohon on TZ By means of the method in Lemma 2 8 of [4],
we oan mod1fy it shghtly and obtain a new Morse funohon with the same oritical
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points such that each oritical value corresponds 0 only one critical p‘oinf ‘Denote

it by f. Then we oan label all oritical points {w;} according to the order of their
eritical values, so f(wi) <f. (@g) oo <f (a:g) Loromsl,

As a corollary, we have:

Lemma 8. Let M be a connected open smooth n«mwmfold of infinite typs. Then
M can be expressed as a composition of countably many cobordisms c1, €z, <=+, Cxy ***:

. S , M =e105:Cpe e ‘
whm”s each ¢y has only one eritical point.

Proof Take the Morse funomon f in Lemma 7. Then take {a@;} such that
Go=0; f(my) <ap<f(@res), for k=1, 2, +o». Sob Wi=f"[ap-1, @l, Vi=F(av),
ex= Wy, Vi1, V), k=1, 2, ..o, Similarly to § 4 of [4] we can then prove Lemma 8.

Theorem 9. Let M be aconnected open smooth n-manifold of mﬁmte type.
Then M is imbeddable in B2 with empty Limit set. o

Proof Take cy, k=1, 2, «+« in Lemma 8. For each %>0, choose a’ smooth
imbedding V>R~ x {¥} satisfying the hypotheses in Lemma 5. By Lemma 5
then take a smooth imbedding ju: ev= (Wi Vi1, Ve>@®1x k-1, k], R™?
‘% {k—1}, R**1x {k}) whioh is parpendlcular to R21x {lh— 1} and B> 1x {k} on
Vi1 and Vy respectively. Define _
by . . jr M =cyco ey —>R

' Jlex=17% b=1, 2,
Then 3 is a smooth 1mbeddmg with no limit ponlts

§4 The Case of N oncompact Boundary

Let M be a conneoted open ‘smooth n—manlfold w1th noncompact boundary
dM. Doubling M we obtain an open manifold without boundary. The preceding
results imply that the doubled'maiﬁifold oan be imbedded into R* with no limit
points, the restriction of this imbedding to M is desired,
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