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Abstract

The authors give two cohomology vanishing theorems for domains, which are not
pseudoconvex, and characterize the holomorphy of domains with smooth boundaries in
separable Hilbert spaces through cohomology vanishing.
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§1. Introduction

Oka [40] proved that any additive Cousin problem is solvable in a domain of holomorphy
in C". Oka [41)-Cartan [2, 3]-Serre [46] generalized this as the theorem B for analytic
coherent sheaves over Stein spaces. J. P. Serre [47] proved that a domain D in C" is a
domain of holomorphy if H?(D,O) = 0 holds for all positive integer p smaller than n,
O being the structure sheaf of D. G. Scheja [45] proved the bijectivity of the canonical
homomorphism H? (X, F) — HP(X — A, F) of the cohomology of a complex space X with
coefficients in an analytic coherent sheaf F in that of the complement of an analytic set A
with respect to X, when codh,F > dim, A + p + 2 at each point x € X. Andreotti-Grauert
[1] proved the bijectivity of the canonical homomorphism H? (X, F) — HP(X — B., F) of the
cohomology of a complex space X defined by a strongly g-pseudoconvex function ¢ with
coefficients in an analytic coherent sheaf F in that of the complement of a g-convex open
set B, := {z € X; p(z) < ¢} for ¢ < 0 with respect to the complex space X, when p <
dih(F)—q—1. J. Kajiwara [18] proved that a domain D with real 1 codimensional continuous
boundary in a Stein mainfold S is Stein, if and only if , for any analytic polycylinder P in
S, there holds H*(D N P,0) = 0.

In the infinite dimensional case, S. Dineen [8] proved H'(Q,©0) = 0 for the structure
sheaf O over a pseudoconvex domain {2 in a C-linear space E equipped with the finite open
topology. So, the pseudoconvexity implies the cohomology vanishing similarly to the finite
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dimensional case. By L. Gruman [13], pseudoconvex domains are domains of holomorphy
in the locally convex space equipped with the finite open topology or in Hilbert spaces.

Kajiwara-Shon [26] proved, however, for a pseudoconvex domain ) in the C-linear
locally convex space E equipped with the finite open topology, for an analytic subset A of {2
and for any positive integer p < codimA — 2, the cohomology vanishing H? (2 — A, Q) = 0.
The complement A of the open set 2 — A with respect to the open set {2 has no interior point
and in case that codim = oo the cohomology vanishing of all positive degree p does not imply
the holomorphy of the domain. Moreover, S. Ohgai [39] proved, for any positive integers
p and ¢, for a pseudoconvex domain 2 in the C-linear locally space F equipped with the
finite open topology, for a strongly g-convex C*° function ¢ on 2 and for a negative number
¢, the cohomology vanishing H?({z € Q; ¢(z) > ¢},O) = 0. In this case, the complement
{z € Q;(x) < ¢} of the open set {z € Q;p(x) > ¢} with respect to the open set Q may
have interior points € {z € Q; p(x) > c}.

So, in the infinite dimensional case, i.e. for n = co, the theorem of Serre [47] does not
hold and the vanishing of cohomology of all positive degree with coefficients in the structure
sheaf O of the domain 2 assures neither the pseudoconvexity nor the holomorphy of the
domain €.

X. D. Li [34] proved the holomorphy of a domain Q with a continuous boundary from
the validity of Oka’s principle for intersections 2 N P of the domain 2 and polydiscs P in
the C-linear locally convex space E equipped with the finite open topology.

Recently, L. Lempert [33] solved d-equations in pseudoconvex domains of spaces be-
longing to the category of Banach spaces, which are equipped with Schauder basis and satisfy
his hypothesis (X), and gave cohomology vanishing theorems for pseudoconvex domains in
those Banach spaces. The Banach space #P belongs to the above category of Banach spaces
for p > 1.

The aim of the present paper is to establish two cohomology vanishing theorems of
types Scheja and Andreotti-Grauert and to derive the holomorphy, i.e., the pseudoconvexity
of a domain ) from the cohomology vanishing HI(Q N P) = 0 for any pseudoconvex domain
P in the separable Hilbert space, which is isomorphic with ¢2 and is contained in the above
category of Lempert.

8§ 2. Theorem of Scheja’s Type

Let E be a C-linear Hausdorff space and A be the set of finite dimensional affine
subspaces of E/. A complex valued function h on an open subset D of E is said to be Gataux
holomorphic if, for any Sy € A, the restriction of A to D NSy is holomorphic on the open
subset D N Sy of the finite dimensional space Sy. A complex valued Gataux holomorphic
function A on an open subset D of F is said to be holomorphic if A is continuous on D.
The sheaf O of germs of holomorphic functions over F is called the structure sheaf of E.
An open subset D of E is said to be pseudoconvex if, for any Sy € A, the intersection
DSy is a pseudoconvex open set of the finite dimensional complex space Sy. By Ph.
Noverraz [37], the above definition of pseudoconvexity is equivalent to several definitions of
the pseudoconvexity.

We extend the theorem of G. Scheja [45] to a separable Hilbert space in the following
theorem for the structure sheaf.

Theorem 2.1. Let S a separable Hilbert space, Q) be a pseudoconvex domain in S,
O be the sheaf of germs of holomorphic functions over Q and A be an analytic subset of
Q. Assume that there exists a positive integer ng such that in any finite dimensional affine
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subspace Sy, with dimension not smaller than ng, the codimension of AN Sy is larger than

2 at each point of AN Sy. Then, there holds H'(Q — A,0) = 0.

Proof. Convex open coverings are cofinal between open coverings of the locally convex
open set 2 — A. So, let U := {U;;i € I} be an open covering of 2 — A such that each U; is an
open convex set in Q — A and {f;;;¢,7 € I} be a 1-cocycle of the covering U with coefficients
in the structure sheaf 0. Since each U; is pseudoconconvex, for any positive integer p and
non negative integer s with s < p — 1 and for each ig,i1, -+ ,is € I, we have

HM(UZ‘O NU; N ﬂUlb,O) =0
by [33]. So, U is a Leray covering of Q — A and, by Lemma L,, of [45], we have
H'(U,0)=H'(Q— A,0).

To begin with finite n pieces of orthonormal vectors of .S, which span the affine subspace
S¢, we put them in the opening of a complete orthonormal basis of S, we regard S as the
space £ of sequences z = (21,22, , 2k, - ) of complex numbers z; which satisfy

regard C™ as its subspace
{z= (21,20, ,2n, ) €L% 2, =0 (k >n)}
and regard Sy as an affine subspace of C". Without loss of generality, we may assume that
—_n
& 1\(;OVK;, we put Qp, := QN C™ and U, := {U; N C";i € I'}. Let O,, be the sheaf of germs

of holomorphic functions over Q,, and d,(z) be the distance between a point z € €, and
the boundary 912,,. Since we have

H'U,,0,) =H(Q, —A,0,) =0 for n > ng

by [45], for any ¢ € I, there exist holomorphic functions f; ,, on U; n, and g; no+1 o0 U ne41
such that we have

fij = Fino — fimo on each Ujny NUjn,,
fij = Gjmo+1 = Gimo+1  oneach Ui pngr1 NUjpg41-

Put fr, := fing — Gino+1 o0 U; n,. Then f,, is a well-defined holomorphic function on €,,,.
For any positive integer n with n > ng, we put

Qi ={z=(2) €Q;2, =0v>n)},
K, = {z € Qi —logd,(2) +log|za| < —1,Y [2,]? < 1%, —log dy(2) < logn}. (2.1)
p=1

Following the method of L. Gruman [13], which proved that a pseudoconvex domain in
S is a domain of holomorphy in S, we use a solution vy,+1 with L? estimate of a d-equation
OUpg4+1 = 27702+13¢n0+1 A fno © Tng+1 for the canonical projection mpg4+1(21, 22, ; Zng+1) =
(21,22, ,2n,) and for a real valued function ¢, of class C* on Q,,,+1, which takes the
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value 1 in a neighborhood in €, 11 of the union of the compact set K, 41 and the subset
Qy,, of Q41 and the value 0 in a neighborhood of the subset €,,,41 — ’/T7:01+1(Qn0) of Qpyt1,
and we construct a holomorphic function

. 2
fno+1 = ¢no+lfn0 O Tno+1 — Zpg+1Une+1 on Qno-i-lv

which is a revision of C* extension ¢y, 41 fn, ©Tng+1 t0 441 0f the preceding holomorphic
function f,, on Q,, by 0-analysis of Hormander [16] and satisfies

|fno © 7rno+1(zlv 22yt 7Zno+1) - fno+1(z17z27 T 7Zn0+1)| < ‘zno+1|2 (2'2)

for (z1,22, -+, Zng+1) € Kpgp1 N 7r,701+1((2n0). We revise the cochain {g; n,+1;% € I} €

Z°(Ung+1,Ong+1)s a8 {fimg+150 € I} € Z°(Ung+1,Ong+1) by PUtting fing+1 1= Gimg+1 +
frot+1 on U; no41 for each ¢ € I. Then, the revised cochain {f; n,4+1;¢ € I} satisfies

|fi,no o 7r’n0+1(zlv 22y 7Zn0+1) - fi,no+1(zl7 2y 7Z’ng+1)| S |ZTL0+1|2 (23)

at each point (21,22, -, Zng+1) € Ui ng+1NEKng+1 DW;01+1(QnO) for any ¢ € I, the majoration
|2no+1]? being independent of i € I.

Now, as an assumption of induction with respect to n > ng, we assume that there exists
asequence {{fim;i € I};m =ng+1,n9+2,--- ,n} of 0-cochains { f; m;i € I} € CO(Up,, O,)
such that we have fi; = fjm — fi,m on each U;, N Ujy, and the preceding 0-cochain
{fi,m;i € I} and the rear 0-cochain {f; m+1;¢ € I} satisfy the inequality

| fim © Tmg1(21, 22, Zma1) — fim+1(215 22, 5 Zmg1)| < J2mga | (2.4)

at each point (21,22, , Zm+1) € Uims1 N K1 N W;L(Qm) for any 7 € I.
Since we have
H' (Un+1,Opt1) = H (g1 — A, Opy1) =0

by [45], for any ¢ € I, there exist holomorphic functions ¢; n41 on U; 41 such that we have

fij = Gjnt1 — Gint1 on U;ng+1 NUjng+1-

Put f,, := fin — gin+1 on Ui . Then f, is a well-defined holomorphic function on £2,,.

Again, following the method of L. Gruman [13], we use a solution v,;; with L2
estimate of a 5—equation 5‘1}n+1 = Z;ilé(bn_lrl A fn o mpy1 for the canonical projection
Tnt1(21, 22,y Znt1) = (21,22, -, 2z,) and for a real valued function ¢, of class C* on
Q,,4+1, which takes the value 1 in a neighborhood in €,,41 of the union of the compact
set K41 and the subset €, of €,,1 and the value 0 in a neighborhood of the subset
Qg1 — W;il(Qn) of Q,,+1, and we construct a holomorphic function

2
S+l = Png1fn © Tt — 25 4 1VUn1 on 41,

which is a revision of C* extension ¢p41fn © i1 to 2,41 of the preceding holomorphic
function f, on €, by 0-analysis of Hormander [16], and satisfies

|fn O7Tn+1(217223 s 7Zn+1) - fn+1(21,22,"' aZn+1)| < |Zn+1\2 (2'5)

at each point (21,22, -+, 2pt1) € Knip1 N, (). We revise the cochain {g; ni1;i € I} €

Z2°Upt1,0n41), as { fins1;1 € I} € Z°(Upy1, Ong1) by putting fni1 := gin41 + fag1 on
Ui n+1 for each i € I. Then, the revised cochain {f; ,41;¢ € I} € C'Up 41, Ony1) satisfies

|fi,n OW(Zl,ZQ,"' ;Zn+1) - fi,n+1(21,22,"' ;Zn+1)| < |Zn+1|2 (2'6)



COHOMOLOGY VANISHING IN HILBERT SPACES 91

at each point (21,22, -+, Znt1) € Uiny1 N Kpy1 N 71';41_1(9”) for any ¢ € I, the majoration
|2n+1|? being independent of i € I.

Thus, by induction, we have constructed a sequence {{fim;i € I};m = ng + 1,ng +
2,---,n,---} of O-cochains {f; ;i € I} € CO(Z/{m7(’)m) such that f;; = fjm — fi,m on each
Uim NUj m and the preceding 0-cochain { f; ;¢ € I} and the rear O-cochain {f; 1157 € I'}
satisfies the inequality (2.4). Then, for each i € I, the sequence {{f; ;i € I};n > ng} of
holomorphic functions f; ,, on U, ,, converges to a holomorphic function f;(z) on U; and the
O-cochain {f; n;i € I} satisfies f;; = f; — fi on each Uj.

§ 3. Theorem of Type of Andreotti-Grauert

Let E be a C-linear Hausdorff space and O be its structure sheaf. Let D be a domain
of E. A real valued C* function ¢ on D is said to be strongly g-convex if there exists
a positive integer ng such that, for any integer n with n > ng and for any n-dimensional
C-linear subspace Sy of E, the Levi form of the restriction ¢|D NSy of the function ¢ to
the n-dimensional open set D N Sy has at least n — ¢ + 1 pieces of positive eigenvalues at
every point of DN Sy.

Theorem 3.1. Let Q be a pseudoconvexr domain in a separable Hilbert space S, O
be its structure sheaf, q be a positive integer and ¢ be a strongly q-convex function on 2
such that, for positive numbers c1 and co with ¢1 < co, and for any finite dimensional affine
subspace Sy of S, the set {z € QN Sy;c1 < p(z) < ca} is relatively compact in QN Sy. Let
¢ be a negative number. We put Y := {z € Q;¢(z) > ¢}. Then we have

HY(Y,0) =0. (3.1)

Proof. Taking a complete orthonormal basis of .S, we may assume that the separable
Hilbert space S is the space of square summable sequences z := (21,29, - ,2p, ) of
complex numbers z,, with the norm

Il =

[eS)
> lanl?
n=1

as in the preceding section. For any positive integer n, we regard the complex space C" as
the n-dimensional subspace

{z= (21,22, 20, +) €S2, =0 (k> n)}

and we put , := QN C". Under these notations, by the assumption of the existence of
the strongly ¢-convex function ¢ on €, there exists a positive integer ngy such that, for any
integer n > ng, the Levi form of ¢ has at least n — ¢ + 1 pieces of positive eigenvalues at
each point of §2,,.

Let U = {U;;i € I} be an open covering of € such that each open set U; is convex.
Then, for any positive integer p and any integer r with 0 < r < p — 1 by L. Lempert [33],
we have

v~ "(U;; NU;, N---NU;, ,0)=0
for the pseudoconvex domain U;, N U;, N --- N U;, of the separable Hilbert space S = (2.
Then, the cannonical homomorphism H? (U, O) — HP(Q, O) is bijective by Lemma L, of G.
Scheja [45], in other words, U is a Leray covering of §. So, it suffices to prove the vanishing
HP(U,O) = 0 of cohomology of the covering U with coefficients in the structure sheaf O.
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Let {fij;i,5 € I} be an element of 7' (U, 0), i.e., a 1-cocycle of the covering U with
coefficients in the structure sheaf O. For any positive integer n, we put U;, := U; N C"
for each ¢ € I and U,, = {U;n;i € I}. We prove by induction with respect to an integer
n > ng a proposition P, which asserts that there exists a sequence {{fim;i € I};m =
no + 1,no +2,---,n} of {fim;i € I} € C°(Uyn, O,) such that, for any integer m with
no < m < n, the restriction {fi;m;i,j € I} of the 1-cocycle {fi;;i,j € I} to the covering
Up, := {U; N C™;i € I} is the coboundary of a O-cochain {f;.,;i € I} of the covering U,,
and that, for any m < n, each rear {f; m41;¢ € I} € CO(L{erhOmH) is an extension of
the preceding { f; m;i € I} € C°(Up,, O,,) satisfying (2.4) at each point (21, 22, , Zmi1) €
Uismt1 N Ky Nty Q) for any i € 1.

We assume the validity of the proposition P, and prove the validity of the rear propo-
sition P,41. Since the Levi form of the restriction of the function ¢ to 2,41 has at least
n+1—q+1 pieces of positive eigenvalues at every point of Q,,.1, we have n+1—qg+1> 1,
ie., 1 <dih(Op4+1) — ¢+ 1. By [1], we have the isomorphism

HP (i1, Opt1) = HP(Qpyy MY, Opis). (3.2)

Since the pseudoconvex covering U, 41 is a Leray covering from Lemma L, of G. Scheja [45]
by the theorem B of Oka [41]-Cartan [2, 3]-Serre [46], we have the cohomology vanishing

H'(Qn41,0pp1) = 0.

Hence the 1-cocycle {fijni1} € Z'Uns1, Ony1) = BP(Upi1,Ony1) is the coboundary of a
O-cochain {g; n11;% € I} of the covering Uy 41, i.e., there holds

1
fijnt1 = Gjns1— gint1  oneach Uijnyr:=U;NU;NCH

The preceding function f; , is holomorphic in U;,, := U; N C". We put f,, := fin — Gint1
on U;,. Then f, is a well-defined holomorphic function on Y N €2,. Since we have the
isomorphism

H(Q,,0,) 2 H (Y NQ,,0,)

by [1], fn is holomorphically continued to a holomorphic function on Y N C”, which is
denoted by the same symbol f,,. Now, under the same notations in the proof of the preceding
theorem, we extend the holomorphic function f,, to a holomorphic function f,,+1 following
the method of L. Gruman [13] and using 0-analysis of Hormander [16], so we have

|foom(z1, 20,y 2ns1) — fas1 (21522, Zng1)| < |znga [? (3.3)

at each point (21,22, -, 2n41) € Kpy1 N W;il(Qn). We revise the cochain {g; n+1;i € I} €

CO'Un41,Ont1) as {fins1:7 € I} € Z9(Ups1, Ony1) by putting f; ni1 = gint1 + fnt1 on
Ui n+1 for each i € I. Then, the revised cochain {f; ,4+1;% € I} satisfies

|fimom(21,22, s 2nt1) — fimt1 (21522, s Zng1)| < |znga ? (3.4)

at each point (21,22, ,2p+1) € Uny1 N Kpy1 N W;il(Qn) for any 7 € I, the majoration
|2n+1|? being independent of i € I.

Thus, we have proved the proposition P, for any integer n > ng and we have con-
structed a sequence {{fim;i € I};m =ng+ 1,ng+2,---,n,---} of 0-cochains {f; ;i €
I} € co(um,om) such that fi; = fjm — fi,m on each Uj;, and the preceding 0-cochain
{fi,m;i € I} and the rear O-cochain {f; ,+1;% € I} satisfy the inequality (2.4). Since our

o0

space is equipped with the norm |zk|?, the sequence {f;,;n > mo} converges to a
k=1

holomorphic function f;(z) on each U;. And the coboundary of the 0-cochain {f;;i € I} €
CU, 0) is the 1-cocycle {fi;;4,j € I} € Z' (U, O).
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§ 4. Characterization of Holomorphy of Domain

Let E be a C-linear Hausdorff space and D be a domain of E. The boundary of D
is said to be smooth, if, for any boudary point x of D, there exist an open neighborhood
U of 2 in FE and a real valued function 3 of class C' on U such that d3 # 0 at = and that
DNU ={z eU;p(z) < 0}.

Theorem 4.1. Let S be a separable Hilbert space and £ be a domain with smooth
boundary in the space S. Then Q is a domain of holomorphy if and only if, for any pseudo-
convex domain P in S, we have H'(Q N P,0) = 0.

Proof. Firstly, we prove that the domain €2 is a domain of holomorphy in the Hilbert
space S. Let Sy be any finite dimensional affine subspace of S. Taking a suitable complete
orthonormal basis of the separable Hilbert space S as in the proof of Theorem 2.1, we can

identify S with the space ¢? of sequences z = (z1, 29, -+ , 2k, - ) of complex numbers zj
such that
(o)
Izl := 4| D lzk[? < o0
k=1

and regard C™ as its subspace
{Z:(Zl,ZQ,"' ,Zk,"')€£2;2k20 (k>n)}

and regard Sy as an affine subspace of C". Without loss of generality, we may assume that
Sy =C".
Let p,, : S = (2 — C" be the projection defined by

pn(zl7z2a Tt 7Znazn+17' ° ) - (21722, e 7Zn) S Cn (41)

We put €, := QNC". Let Q,, be a pseudoconvex domain in C". Let 20" := (2§0)7 zéo), cee
zy(LO)) € C™ be a boundary point of €, in Q,,. We put z(? := (250)7%0)7 e ,27(10),0,0, S ).
Then, 29 is also a boundary point of the domain Q in S = ¢2. There exist an open
neighborhood U of 2(%) in S and a real valued function § of class C! on U such that U is
contained in p;(Q,), that d3 # 0 at 2(®) and that QNU = {z € U;3(z) < 0}. There
exists a positive integer j such that either 05/0x; # 0 at 20 for the real part xj of z; or
06/dy; # 0 at 20 for the imaginary part y; of z;. In the latter case, we replace z; by iz;.
Moreover, we exchange z; and z; and replace U by a closer neighborhood of 20 We may
assume j < m. Thus, without loss of generality, we may assume that Sy = C™ and that
there exists a real valued function g(y1, 22, 23, -+ ) of class C! on a neighborhood V', which
is a subset of U and is the ball of radius 3ry centered by z(?), of the boundary point z(9) of
S so as there holds

QNV ={z= (21,292,253, ) € Via1 < g(y1, 22,23, "+ ) }. (4.2)

Let B be the ball of radius 2rq centered by 2(°). We put B,, := p,(B) and will show that
Q, N B, is regular in the sense of [18], i.e., intersections of €2,, and polycylinders in C" are
Cousin-I. In order to do so, for the given arbitrary pseudoconvex domain @Q,, in C", we will
prove Hl(Qn N B, NQn,0,) =0.

For any non negative number ¢ smaller than 1/2, we denote by T; and T}, the trans-
lations

Tt(217227' tt s Rny Rn4ly ) = (Zl +T0t,227 Tty Zny Rndly ')1 (43)

Tt,n(zlyz27"' 7271) = (Zl +7"0t,22,"‘ 7271) (44
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and put
oo
Pri={(e1 22, ) € S5 ok — 271 < 41— )13}, (4.5)
k=1
P, = {(zl, 2o, -, 2n) € C™ Z |21 — 2:120)|2 <4(1- t)%g}, (4.6)
k=1
E =T, (QNBNp, (Qn)NP), (4.7)
Epp =T (QNByNQuNP,).

Then, for any positive number ¢ smaller than 1/2, E; ,, is a relatively compact open
subset of Ey,, = Q, N B, NQy, =, NB,.

Now, let U,, := {U; ;i € I'} be any pseudoconvex covering of Ey ,, and {fij ;4,5 € I'}
be any 1-cocycle of the covering U,, with coefficients in the structure sheaf O,, of Sy, which
is regarded as C". Since the n-dimensional subset E, ,, is relatively compact in the infinite
dimensional open set N B in S for any positive number ¢ smaller than 1/2; there exists a
positive number 7 such that, for the open convex set

Wt:{z:(z1,22,23,~--)65; 3 |zk\2<72} (4.9)
k=n+1

in S, for any positive number ¢ smaller than 1/2, p,, ! (E; ) N W; is contained in 2N B. We
put Ui ; := p, (Uin) N Ey N Wy Then, Uy := {Uy;;i € I} is a pseudoconvex covering of
Ey N W,. For any i,j € I, each function f;;, o py, is holomorphic in Uy ; N Uy ; N Ey N Wy,
Since Ty maps E; N W; biholomorphically onto Q N B N p~1(Q,) N Py N W; and there
holds
HY(QNBNp Q) NP,NW,;,0) =0

for the intersection of €2 and the pseudoconvex open set B N p~1(Q,) N P, N W; by the
assumption of our theorem, we have

HYE,NW;,0)=H(QNBNp 1 (Q,) NP,NW;,0) = 0.

Since the canonical homomorphism H* (¢4, ©) — H'(E, N W;, ©) is injective by Lemma Lg
of [45], the 1-cocycle { fijn © pnlu, .U, ;nE.AW,;1,J € I} of the covering U; is a coboundary.
Hence, there exists a 0-cochain {f; ;i € I} € (U, O) such that fj, 0 pn = ft;j — fr; on
Ui NUsj N E, N W, for any 4,5 € I. For any ¢ € I and any positive number ¢ smaller than
1/2, we put Uy ; p :=U; , N Ey . Then, Uy, := {Us; n;i € I} is a pseudoconvex covering of
E,NW;. For any ¢ € I and any positive number ¢ smaller than 1/2, let f;; », be the restriction
of fi; to Upin. Then, the coboundary of the 0-cochain {fi;n;i € I} € 0N (Utm, Op)
is the 1-cocycle {fiijlv,..nE} € Z'(Usn, On), which is the restriction of the 1-cocycle
{fij,n;i»j S I} S Zl(unv(gn)
Now, we take a sequence {t(v);v = 1,2,3, -} of positive numbers ¢(v) smaller than
1/2 such that t(v) > t(v+1) for v =1,2,3,--- ,t(v) — 0 as v — oo and that the preceding
open set Ejy(,), is relatively compact in the rear open set Fy(,41),- Since the canonical
homomorphism
H'(Eo.n, On) — lim H'(Ey().0. On) (4.10)

is injective by Lemma 6 of [19], the 1-cocycle {fijn;4,j € I} is a coboundary. Thus, we
have proved Hl(Qn N Bp, N Qn,On) = 0. As stated above, by [18], Q, N B, is a domain



COHOMOLOGY VANISHING IN HILBERT SPACES 95

of holomorphy in C". Hence, the open set €2, is Cartan-pseudoconvex in the finite n-
dimensional complex space C™. And, by [37], © is pseudoconvex in the infinite dimensional
Hilbert space S. Lastly, by [13], € is a domain of holomorphy in the Hilbert space S.

Finally, we prove that the cohomology vanishes. For any pseudoconvex domain P in

S, the intersection 2 N P of the pseudoconvex domain €2 and the pseudoconve domain B is
also pseudoconvex. So, we have H'(Q2 N P, ©) = 0 by [30].

References

Andreotti, A. & Grauert, H., Théorémes de finitude pour la cohomologie des espaces complexs, Bull.
Soc. Math. France, 90(1962), 193-259.

Cartan, H., Idéaux de fonctions analytiques de n complexes variables, Bull. Soc. Math. France,
78(1950), 28-64.

Cartan, H., Fonctions analytiques de plusieurs variables complexes, Séminaire E. N. S., Paris,
4(1951/1952).

Coeuré, G., L’équation (0)u = F en dimension infinie, Université Lille Publ. Int., 131(1968), 6-9.

Colombeau, J. & Perri, B., The () -equation in D. F. N. spaces, J. Math. Anal. Appl., 78:2(1980),
466-487.

Colombeau, J. & Perri, B., L’équation (9) dans les ouverts pseudo-convexes des espaces D. F. N., Bull.
Soc. Math. France, 110(1982), 15-26.

Deville, R., Godesfroy, G. & Zizler, V., Smoothness and Renormings in Banach Spaces, Longman
Scientific & Technical, Essex, 1993.

Dineen, S., Sheaves of holomorphic functions on infinite dimensional vector spaces, Math. Ann.,
202(1973), 337-345.

Dineen, S., Cousin’s first problem on certain locally convex topological spaces, Acad. Brasil. Cienc.,
48:1(1976), 229-236.

Dineen, S., Complex Analysis in Locally Convex Spaces, North Holland, 1981.

Fujimoto, H., Vector-valued holomorphic functions on complex space, J. Math. Soc. Japan, 17:1(1965),
52-66.

Gross, L., Potential theory on Hilbert spaces, J. Funct. Anal., 1(1967), 123-181.

Gruman, L., The Levi problem in certain infinite dimensional vector spaces, [llinois J. Math., 18(1974),
20-26.

Henrich, C. J., The 0 -equation with polynomial growth on a Hilbert space, Duke Math. J., 40:2(1973),
279-306.

Hitotumatu, Sin, A note on Levi’s conjecture, Comm. Math. Univ. Sancti Pauli, 4(1955), 105-108.

Hoérmander, L., An Introduction to Complex Analysis in Several Variables, Van Nostrand, Princeton,
N. J., 1966.

Kajiwara, J., Note on a Cousin-II domain over C2, Kodai Math. Sem. Rep., 17:1(1965), 44-47.

Kajiwara, J., Some characterization of Stein manifold through the notion of locally regular boundary
points, Kodai Math. Sem. Rep., 16:4(1964), 191-198.

Kajiwara, J., On the limit of a monotonous sequence of Cousin’s domains, J. Math. Soc. Japan,
17:1(1965), 36—46.

Kajiwara, J., Some extensions of Cartan-Behnke-Stein’s theorem, Pub. RIMS Kyoto Univ., 2:1(1966),
133-156.

Kajiwara, J., La réciproque du théor éme d’annalation et de finitude de cohomologie dans ’espace
produit d’une famille dénombrable de sph ére de Riemann, Bull. Soc. Math. France, 103(1975), 129—
139.

Kajiwara, J., Le principle d’Oka pour certaines espace de dimension infini, C. R. Paris, 16(1975),
1055-1056.

Kajiwara, J. & Kazama, H., Oka’s principle for relative cohomology sets, Mem. Fac. Sci. Kyushu
Univ., 23:1(1969), 33-70.



96 J. KAJIWARA, LI, X. D. & K. H. SHON

[24] Kajiwara, J. & Kazama, H., Two dimensional complex manifold with vanishing cohomology set, Math.
Ann., 204(1973), 1-12.

[25] Kajiwara, J. & Nishihara, M., Characterisierung der Steinschen Teitgebieten durch Okasches Prinzip
in Zwei-dimensionaler Mannigfasltigkeit, Mem. Fac. Sci. Kyushu. Univ., 33(1979), 71-76.

[26] Kajiwara, J. & Shon, K. H., Continuation and vanishing theorem for cohomology of infinite dimensional
space, Pusan Kyongnam Math. J., 9:1(1993), 65-73.

[27] Kurzweil, J., On approximations in real Banach spaces, Studia Math., 14(1954), 214-231.

[28] Lempert, L., The Dolbeault complex in infinite dimensions I, J. Amer. Math. Soc., 11(1999), 485-520.

[29] Lempert, L., Analytic cohomology in Banach spaces, Proceedings of Hayama Symposium on Several
Variables , Shonan Village, 1998, 51-55.

[30] Lempert, L., The Dolbeault complex in infinite dimensions II, J. Amer. Math. Soc., 12:3(1999), 775—
793.

[31] Lempert, L., Approximation de fonctions holomorphes d’un nombre fini de variables, Ann. Inst.
Fourier, 49:4(1999), 1293-1304.

[32] Lempert, L., Approximation of holomorphic functions of infinitely many variables II, Ann. Inst.
Fourier, 50:2(2000), 423-442.

[33] Lempert, L., The Dolbeault complex in infinite dimensions III, Invent. Math., 142(2000), 579-603.

[34] Li, X. D., Characterization of holomorphy by validity of Oka’s principle, Bull. Hong Kong Math. Soc.,
2(1998), 223-235.

[35] Li, X. D., Characterization of Domains of Holomorphy, East Asian Math. J., 14:2(1998), 249-257.

[36] Mazet, P., Un théoréme d’hyperbolicit é pour 'opérateur 9 sur les espaces de Banach, C. R. Paris,
292(1981), 31-33.

[37] Ph. Noverraz, Pseudo-Convexité, Convexité Polynomiale et Domaine d’Holomorphie en Dimension
Infinie, North-Holland Math. Studies, 3(1973), 112.

[38] Ohgai, S., Cohomology vanishing and validity of Oka’s principle for infinite dimensional domains,
Proceedings of the Third International Colloquium on Finite or Infinite Dimensional Complex Analysis,
Seoul Korea, 1995, 283-288.

[39] Ohgai, S., Cohomology vanishing and g-convex functions on infinite dimensional domains, Proceeding
of the 7th International Colloquium on Differential Equations, 1997, VSP (Netherland, Utrecht), 277—
282.

[40] Oka, K., Sur les fonctions analytiques plusieurs variables: II Domaine d’holomorphie, J. Sci. Hiroshima
Univ., 1'7(1937), 115-130.

[41] Oka, K., Sur les fonctions analytiques plusieurs variables: VII Sur quelques notions arithmétiques,
Bull. Soc. Math. France, 78(1950), 1-27.

[42] Patyi, I., Analytic cohomology vanishing in infinite dimensions, Thesis Purdue Univ., August, 2000.
Visit his home page : http://www.math.uci.edu/ ipatyi/

[43] Raboin, P., Résolution de I’équation df = F sur un espace de Hilbert, Bull. Soc. Math. France,
107(1979), 225-240.

[44] Ryan, R. A., Holomorphic mappings in £*, Trans. Amer. Math. Soc., 302(1987), 797-811.

[45] Scheja, G., Riemannsche Hebbarkeitssitze fiir Cohomologieklassen, Math. Ann., 144(1961), 345-360.

[46] Serre, J. P., Dans Séminaire H. Cartan, 3, Fcole Normare Supérieur Paris (1951/1952), 1953.

[47] Serre, J. P., Quelques Problémes Globaux Relatifs aux Variétés de Stein, Coll. Fonct. Plus. Var.
Bruxelles, 1953, 57-68.

[48] Soraggi, R. L., The d-problem for a (0,2)-form in a D. F. N. space, J. Func. Anal., 98(1991), 380-402.



