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Stochastic Hy/H,, Control with Random Coefficients

Meijiao WANG!

Abstract This paper is concerned with the mixed Hy/H control for stochastic systems
with random coefficients, which is actually a control combining the H2 optimization with
the Hs robust performance as the name of Ha/Ho reveals. Based on the classical theory of
linear-quadratic (LQ, for short) optimal control, the sufficient and necessary conditions for
the existence and uniqueness of the solution to the indefinite backward stochastic Riccati
equation (BSRE, for short) associated with Hoo robustness are derived. Then the sufficient
and necessary conditions for the existence of the Hy/H, control are given utilizing a pair
of coupled stochastic Riccati equations.
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1 Introduction

H, control is an important robust control design for eliminating the effect of disturbance
efficiently, and has been widely employed to deal with the robust performance control problem
with uncertain disturbance. There may be more than one solution to H., control problem
with desired robustness. In engineering practice, the ideal control is not only to attenuate
external disturbance, but also to minimize a desired control performance when the worst case
disturbance is imposed, which naturally leads to the mixed Hs/H, control, see [1, 8, 13, 17]
for deterministic systems.

In recent years, the study on H., and mixed Hs/Hs controller designs for stochastic It6
systems has attracted great attentions, see [3-6, 19-20] and the references therein. In [6], Hoo
control for general linear stochastic It6 systems was discussed very extensively. Moreover, a
very useful lemma called the “stochastic bounded real lemma (SBRL, for short)” was given
therein using linear matrix inequalities. Later, Zhang and Chen [19] investigated the nonlinear
H, control for stochastic affine systems, where a nonlinear SBRL was obtained. As for the
H,/H control, Chen and Zhang [3] studied the mixed Hs/Ho, control with state-dependent
noise, and then a further discussion on the case of (z, u, v)-dependent noise was given in Zhang
et al [20], both of which extended the deterministic Ha/Hoo control results of Limebeer et al
[13] to the stochastic setting.

It should be pointed out that the above mentioned works are concerned only with the
stochastic system with deterministic coefficients. To the author’s best knowledge, the case of
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random coefficients, except Zhang et al [21], seems to be unsolved. The objective of this paper
is to develop an Hy/H,, control theory for stochastic It6 systems with random coefficients. A
motivation for random coefficients comes from the observation that in many situations, system
coefficients are estimated using historical data (e.g. the past and present system information),
and not every element in those matrices can be directly observed. Moreover, there exist param-
eter perturbations in those obtained data due to measurement errors, identification errors and
the variations of environment and operating conditions, etc. Therefore, it is more reasonable to

assume the system parameters to be random processes rather than deterministic functionals.
Consider the following linear system governed by It6 stochastic differential equations:

da; = [Ayxy + Blog + B2ug|dt + [Az, + Bdv,]dW,, t e [0,T],
xo = 20,

Cix (1.1)
2 = Dtlvt ,

D?uy

where W; is a one-dimensional standard Brownian motion defined on a given probability space
(Q,F,P), and {F;,0 < t < T} is the augmented natural filtration of the standard Brownian
motion W. u is viewed as the control input, v as an external disturbance and z as the controlled
output, respectively. We also assume that all the coefficients are Fi-adapted bounded matrix-

valued processes with suitable dimensions.
We discuss a Nash game approach to the state feedback Hs/H, control problem for the

system (1.1). Given a disturbance attenuation level v > 0 satisfying 421 — (D})'D} > el for a
sufficiently small constant ¢ > 0, we consider two cost functionals as follows:

T
Ji(u,0) = E / 2l — |zt
0 (1.2)

T
Ja(u,v) = E/ | 2¢|?dt.
0

According to the analysis in the next section, the Hs/Hy, control problem can be converted
into finding the Nash equilibria point (u*,v*) such that

Ji(ut,0*) < Ji(uv),  Jo(ut o) < Ja(u,v").

To this end, we approach the Hs/Ho, control problem as a linear quadratic (LQ, for short)

optimal control problem and obtain the solution by studying the associated Riccati equations.
It should be noted that minimizing Ja(u, v*) with respect to v under the constraint (1.1) is a

standard LQ problem, which means that the state weighting matrices are positive semi-definite
and the control weighting matrix is positive definite in the cost. According to Peng [16] or Tang
[18], the existence and uniqueness of the solution to the associated Riccati equation can be
obtained, by which the optimal control can be constructed explicitly as a linear state feedback.
While minimizing Ji(u*,v) with respect to v under the constraint (1.1) is an indefinite LQ
problem whose cost involves a positive definite control weighting matrix and a negative semi-
definite state weighting matrix. Such an indefinite LQ problem leads to an indefinite backward
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stochastic Riccati equation (BSRE, for short) in the following form:

dP, = —[A\P, + P, A, + (AY)Y B AY + (AY)' L, + LAY — C)Cy

—(P.Bt + (A) P.BY + LyBY)(v*I — (D})' Dy + (BY) Pi(BY)) ™"

(B} P+ (BYY P,AY + (BY) Ly)|dt + L dWr, (1.3)
Pr =0,
v?I — (D{)' D} + (BY) P(BY) > 0.

The first two equalities constitute a nonlinear backward stochastic differential equation (BSDE
for short) and the last inequality serves as a constraint. The unknown of the BSRE is a pair of
matrix-valued F-adapted stochastic processes (P, L).

The general form of the indefinite BSRE is a matrix-valued BSDE with high nonlinearity
and possible singularity. Several recent papers were devoted to the stochastic LQ problem with
random coefficients and the associated indefinite BSRE. Chen and Yong [2] proved the local
existence and uniqueness results with the additional regularities of the coefficients (i.e., the
conditions on the Malliavin derivatives of the coefficients). Kohlmann and Tang [9-12] used the
typical approximation scheme to construct a solution when the control weighting matrix was
possibly singular. A scalar-valued indefinite BSRE, which arose from a mean-variance portfolio
selection problem for a market with random coefficients, was resolved in [14] for a complete
market and in [15] for an incomplete market. In [7], the existence and uniqueness of solutions
to certain special indefinite BSREs were established. However, our BSREs in this paper go
beyond their discussions.

Noting that the drift of (1.3) is quadratic in L and has a singularity in P, we are not able
to prove the existence of the solution in a direct way. Instead we will first treat the case where
only B® = 0. In this case, the generator of BSRE (1.3) depends on the second unknown variable
L in a linear form. We prove the existence and uniqueness of the solution by using Bellman’s
quasi-linearization and a monotone convergence result of symmetric matrices, which is inspired
by Peng [16]. To some extent, this result extends the SBRL of Hinrichsen and Pritchard [6]
to the counterpart for stochastic systems with random coefficients. Furthermore, this crucial
result enables us to obtain sufficient and necessary conditions for the existence of finite horizon
mixed Hy/H, control for stochastic systems with random coefficients, which is an extension
in comparison with the result of Chen and Zhang [3].

The rest of this paper is organized as follows. In Section 2, some preliminaries about
stochastic Ho, and Hs/H, control are stated. The relationship between the H, robustness
and the solvability of indefinite BSRE is presented in Section 3, which plays an essential role
in this paper. Based on the results presented in Section 3, we then derive the necessary and
sufficient conditions for the existence of stochastic Ha/Ho, control in Section 4. Concluding
remarks are presented in Section 5.

Finally we end this section by introducing some notations.

M’ is the transpose of the vector or matrix M. |M| denotes the square root of the summa-
rized squares of all the components of the vector or matrix M. (M;, Ms) is the inner product of
two vectors My and M. M~ is the inverse of a nonsingular square matrix M. R™ stands for the
m-dimensional Euclidean space. S™ is the space of all n x n symmetric matrices. E*2 denotes
taking conditional expectation with respect to filtration F; for random variable z. C([0,T]; H)
is the space of H-valued continuous functions on [0, 7], endowed with the maximum norm for a
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given Hilbert space H. L%(7,T; H) is the space of H-valued {F;,7 <t < T'}-adapted square-
integrable stochastic processes f on [, T], endowed with the norm || f|| = [E fTT | f:|2dt]= for a
given Euclidean space H. L¥ (0, T; H) is the space of H-valued F;-adapted, essentially bounded
stochastic processes f on [0, T], endowed with the norm || f|| = esssup|f(¢)| for a given Euclidean

space H. L*(Q, F, P; H) is the space of H-valued norm—square—iiltegrable random variables on
the probability space (Q, F, P). L>(Q,F, P;C([0,T];R™)) is the space of C([0,T]; R™)-valued,
essentially maximum-norm-bounded random variables f on the probability space (92, F, P),
endowed with the norm || f|| = esssup max |f(¢,w)].

weN SNAS

2 Preliminaries

In engineering practice, Ha/H, control is employed to attenuate the effect of external
disturbance and obtain the desired optimality performance. Let us consider the flight control
system, and take the longitudinal movement model of a small aircraft as an example.

Example 2.1 The flight movement system is always a nonlinear system with uncertainty
and sensitivity to external perturbation. By linearization and introducing It6’s stochastic dif-
ferential equations, the longitudinal movement system can be described as (1.1), where W;
denotes the unmodeled uncertainty such as the impact from the transverse movement, the mo-
ment of force from propulsion or other neglected small perturbations. Let x = (o, @, q,9)’, 2z
and u = (d.,dr)" represent deviations from desired fixed values of the state, the output, and
the control, respectively. Here o, «, q, %, 0., 67 represent velocity, angle of attack, pitch rate,
pitch attitude, deflection angle of elevon and deflection of rudder, respectively. Denote by v
the wind gusts and atmospheric turbulence, which adversely affects the signal output z (whose
ideal value is represented by 0). The coefficient matrices A, A°, B®, B!, B? are always assumed
to be constant in the conventional model for simplicity. In fact, not every element in those
matrices can be directly observed and there exists parameter perturbation. For instance, the
parameters related to the aerodynamics may have a significant change as the plane flies at
different altitudes. Therefore, it is rational to assume the matrices to be random processes. For
such a system, the Ha/H, control design is necessary to ensure flight safety and stability, and
meanwhile to minimize the energy input like aircraft fuel and the loss of aircraft components
when the plane suffers the worst case of uncertainty and atmospheric disturbances.

Consider the following stochastic linear system:

dl’t = [Atxt + Btl’l}t —+ Bfut]dt + A?xtth, te [OvT]a
o — J)O,
2.1
oo (2.1)
Zy = Dtlvt ,
D%Ut

where we assume (D?)'D? = I. W, is a one-dimensional standard Brownian motion defined
on a given probability space (2, F, P) and {F;,0 < t < T} is the augmented natural filtration
of W. All the coefficients are assumed to be bounded matrix-valued processes with suitable
dimensions. For all 0 < T < oo and (u,v,2°) € L%(0,T;R") x £%(0,T;R™) x R", there
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exists a unique solution z; = z(t,u,v,2%) € LZ(0,T;R") to the state equation of system (2.1).
In applications, such models are often obtained by linearization. We view v as an external
disturbance which adversely affects the to-be-controlled output z € R™ (whose desired value is
represented by 0). The disturbing effect is to be ameliorated via control input u € L:%_-(O, T;R™).
The effect of the disturbance on the to-be-controlled output z of system (2.1) is then described
by the perturbation operator L.: v +— z which (for the zero initial state) maps disturbance
signals v into the corresponding output signals z of the closed loop system. The size of this
linear operator is measured by the induced norm. The larger this norm is, the larger the effect
of the unknown disturbance v on the to-be-controlled output z in the worst case is. Then the
H, control problem is to determine whether or not for each v > 0 there exists a control input
u* achieving || L~

< 7. Obviously, there may be more than one solution satisfying the required
condition. In engineering practice, as pointed out in Example 2.1, we want the control not only
to guarantee robust stability, but also to optimize system performance. That is, we wish to:

(1) Find a feedback control u* € £%(0,T;R™) such that the norm of the perturbation
<.

(2) We require the control «* to minimize the output energy z when the worst case distur-
bance v* € £Z%(0,T;R™) is applied to the system (2.1).

As we will show, this problem may be formulated as an L(Q nonzero sum game. The two

operator of system (2.1) is less than some given number v > 0, i.e., || L,

cost functions we use are defined as (1.2). The first is associated with an H, robustness, while
the second reflects an Hy optimality requirement. The aim is to find equilibrium strategies u*
and v* defined by

J1(u*,v")
Jo(u*,v*)

< Ji(u*,v), Yo e LZ(0,T;R™),
< Jo(u,v*), Yu € L(0,T;R™).
If Jy(u*,v*) > 0 with 29 = 0, certainly |z|*> < ¥2|v|? for all v € £L%(0,T;R™), which ensures
”Eu*

the input disturbance is at its worst v*. Clearly, if the Nash equilibria (u*,v*) exists, then u*

< 7. The second Nash inequality shows that «* minimizes the output energy z when

is our desired Ha/H, controller, and v* is the corresponding worst case disturbance.

In Example 2.1, u* represents the minimum control effort and sensitivity of the control
response to the worst-case atmospheric disturbances. v* means the worst-case weather under
the requirement of system stability (|| Ly« || < 7).

In the following, we will give sufficient and necessary conditions for the existence of the
linear state feedback pair (u*,v*). To this end, we will make some preliminaries in the next

section.

3 The Stochastic Bounded Real Lemma with Random Coefficients

Let (2, F, P) be a given probability space and {W;,0 < ¢t < T'} is a one-dimensional standard
Brownian Motion on it. {F;,0 < ¢t < T'} is the augmented natural filtration of the standard
Brownian motion W. Note that we assume the Brownian motion to be one-dimensional just
for simplicity, and there is no essential difficulty in the analysis below for the multi-dimensional
cases. Consider the following stochastic linear system:

{d.l?t = (AtJTt + Bt’l)t)dt + A?l‘tth, te [0, T],

3.1
2o — 2 (3.1)
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o Ctxt
Zt = (Dt’[)t) . (32)

Here we assume that all the coefficients A, A, B, C' and D are {F;,0 < t < T'}-progressively
measurable bounded matrix-valued processes, defined on 2 x [0, T], of dimensions n X n, n x n,

and

n X m, ¢ X n and | X m, respectively. We also denote v € R™ as the external disturbance and
z € R4t the controlled output. We use (3.2) rather than the more natural z; = Ciay + Doy to
avoid the appearance of cross terms when computing z'z.

Definition 3.1 The system (3.1)~(3.2) with the initial state zero is said to be externally
stable or L? input-output stable if, there exists a constant v > 0 such that

l2() <A()], Yo € L%(0,T;R™). (3.3)
Definition 3.2 Suppose that the system (3.1)—(3.2) is externally stable. The operator L:
LZ(0,T;R™) — LZ(0,T;RIM) defined by

(Lo)(t) = (Cm:%:;;to,O)), W(t,v) € [0,T] x £2:(0, T5 R™)

is called the perturbation operator of (3.1)—(3.2). Its norm is defined as the minimal v > 0 such
that (3.3) is satisfied, i.e.,

T 1
£ = sup (Ev)l _ sup {E [y (#1C{Cuxe + viDDyvy)dt}
Ueﬁi(%gﬂ;Rm) |v] U&_L;(g&’gﬂ;Rm) {E f()T Ugvtdt}%
v v
2z9=0 20=0

L] is a measure of the worst effect that the stochastic disturbance v may have on the to-be-
controlled output z of the system. Therefore, it is important to find a way of determining the
norm ||L||. The stochastic bounded real lemma with random coefficients provides a method for
computing ||L||.

We proceed by associating a finite time quadratic cost functional with the problem param-
eterized by the initial data (7,¢) € [0,T] x R", v € L%(7,T;R™) and z € L% (7, T; R7):

T
J(vir,€) = B / 2 el — |af2Jat

T

T
= E}—T / [<(’)/2I — D;Dt)’l}t,’l}t> — <Ct'Ctxt, (Et>]dt, (34)

where = denotes the solution of (3.1) with z, = &, for any 7 € [0,7]. Note that for a given
v > 0, the cost J(v;0,0) is nonnegative for all v € £%(0,T;R™) (at 2° = 0) if and only if
|£]| <. In order to examine whether or not J(v;0,0) > 0 for all v € £LZ(0,T;R™), we will

analyze the finite horizon optimal control problem gs(s inf )J (v;7,€). Formally, the problem
veLL (T, T;R™

of minimizing J(v; 7, £) has the form of an optimal control problem and so in our development
in this section we will refer to the disturbance v as a “control” and the perturbation operator
L as an “input-output” operator. The value function is defined as

V(r,§) = ve[;%S(SQ%me)J(”; 7,§), Y(7,§) €[0,T] x R™. (3.5)
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It is known that the above stochastic LQ problem (3.1) and (3.4)-(3.5) is associated with
the following BSRE:

dPt - —[Agpt —+ PtAt + (Ag),PtA? + (A?)/Lt + LtA? - Ct/Ct
—PtBt (’)/2.[ - Dth)ilBépt]dt + Ltth, (36)
Pr=0.

This equation is a nonlinear BSDE, the unknown of which is a pair of matrix-valued stochastic
processes (P, L).

Definition 3.3 A stochastic process (P, L) € [LF(0,T;S™)NL>*(Q, Fr, P; C([0,T];S™))] x
L2.(0,T;S"™) is called a solution to the BSRE (3.6) if it satisfies the first equation of (3.6) in
the Ité sense as well as the second (the terminal condition). A solution (P, L) of (3.6) is called
bounded if P € LF(0,T;S™), and is called negative (negative semi) definite if P < (<) 0.

Next, we will prove that ||£|| < « is equivalent to the solvability of the BSRE (3.6), which is
called the stochastic bounded real lemma with random coefficients and plays an essential role
in this paper.

3.1 Sufficiency for the solution of the BSRE

In this subsection, we will show that the solvability of (3.6) is sufficient for the solvability
of the LQ problem (3.1) and (3.4)—(3.5). Moreover, the optimal linear state feedback control
can be obtained via the solution to the BSRE. Meanwhile, the perturbation operator can be
rendered less than v (appearing in the BSRE).

Theorem 3.1 Let (P,L) be a solution to BSRE (3.6) with P being almost surely and
almost everywhere (abbreviated hereafter as a.s.a.e.) negative definite and uniformly bounded,
and v2I — D} Dy be uniformly positive for a.s.a.e. (t,w) € [0,T] x Q. Then, the LQ problem
(3.1) and (3.4)—(3.5) is solvable with the optimal control vy = Wy and | L] < 7, where

U, = —(v*I — D,D;) "' B, P,.

Proof Suppose that BSRE (3.6) has a solution, and let = be the solution of (3.1) with
¢ = x,, for any 7 € [0,T]. Applying It6’s formula to (Prx, x¢), in view of (3.4) and using the
completion of squares, we have

T
J(v;7,8) = J(v;T,€) + E}—T{/ d(zy Pixy) — xlp Prao + x'TPTxT}

T
= f'P-rf + E]:T{ / <(’)/2I — DiDt)(fUt — \I/txt), VUt — \I/tl't>dt}

T

> ' Prg, (3.7)

where
U, = —(v*I - D,D,) ' B, P,.

It follows immediately that the optimal feedback control would be v; = ¥,x; and the optimal
value is V (1, &) = ¢’ P&, provided that the corresponding solution to the system equation exists
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under such a feedback control. In fact, when v, = ¥z, the system (3.1) is reduced to

{dxt = [A; — By(y*I — D\D,)" B} PJa,dt + Az, dW,, t € [r, T, 58)

rr =E&.
As v2I — DiD; > el, (v*I — D,;D;)~! is bounded. Moreover, since P is negative definite
and uniformly bounded, the coefficients of (3.8) are uniformly bounded. Therefore, SDE (3.8)
indeed has a unique strong solution z € £%(0,T;R"), and thus, v; = Uz, € LZ(0,T;R™).
From (3.7), we derive that J(v;0,2%) > (2°) Py2®. In particular, if 20 = 0, then J(v;0,0) > 0,
which is equivalent to ||£|| < v. To show ||£]|| < 7, we define an operator

I: [,‘27_-(0, T,Rm) — ;CQ]_-(O,T,RT”), Ty = 5,5 = v — Wy

with its realization
d(Et = (At(Et + Bt’l)t)dt + A?xtth,
zo =0,
U = vy + (21 — D,D;) "' B} Pa;.

Then I'~! exists, which is determined by

dl‘t = {[At — Bt(’}/QI — D;Dt)_lBQPt]l‘t + Bt:l\)'t}dt + Agxtth,
o = 07
Ve = —(’)/2_[ - D;Dt)ilept(Et —+ ”ljt.

According to the inverse operator theorem in functional analysis, [|[T~!|| is bounded. There
exists a positive constant ¢ = W such that

T
J(v;0,0) = E/ (v¢ — W) (V2T — D) Dy)(v; — Wy )dt
0

T
_F / (Twr) (42T — D.Dy)(Twy)dt
0

> elTv)? > clve)® > 0,

which is equivalent to [|L]| < 7.
The proof of Theorem 3.1 is complete.

The preceding theorem implies that if the BSRE (3.6) (including «y) is solvable, the norm
of the input-output operator is less than ~.

3.2 Necessity for the solution of the BSRE

In this subsection we shall show that if || £|| < +, then the corresponding BSRE (3.6) admits a
unique solution by using Bellman’s principle of quasi-linearization and a monotone convergence
result of symmetric matrices.

The following lemma establishes a lower bound for the cost functional, which depends only
on the norm of the initial state.
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Lemma 3.1 Suppose that ||L|| < ~v. Then there exists p > 0, such that for any (7,§) €
[0,T] x R" and any v € L%(7,T;R™), we have J(v;T,&) = —pl¢|*.

Proof From the assumption of || £|| < 7 and the definition of || £||, there exists a sufficiently
small constant § > 0 such that

T
J(v;0,0) = E/ [{(v*I = DiDy)ve, ve) — (CiCr(t, v;0,0), (¢, v:0,0))]dt
0

T
> (52E/ (v, v)dt, Yo € L2%(0,T;R™).
0

It follows immediately that

T T
E/ [(v*I — D}Dy)vy, vi) — (CiCy(t,v;7,0), 2(t, v; 7,0))]dt > 52E/ (vg, vy )dt.

T

We deduce from the last inequality that for a.s.a.e. (t,w) € [7,T] x £,
(v*I — D}Dy — 621wy, vs) — (C)Cyx(t,v;7,0), 2(t,v; 7,0)) > 0.

Finally we obtain

I(wir,0) = E7{ [ {61 = DiDiyus,w) ~ (CiCa(t,vim0),aft, i o))t

T or
> 257 / (v, vt} (3.9)
On the other hand, denote by P the solution of the following equation:

{dPt = (AP, + PAy + (AYY BAD 4+ (AQY L, + LAY — CIC) At + LedWs,
Pr—0.

By linearity, the solution x(t,v; 7, &) of the system equation (3.1) satisfies
z(t,v;7,8) = a(t, v;7,0) + a(t, 057, §).

By Ito’s formula, we have
T
J(v;7,§) = J(v;7,6) + Ef*{ / d[xépz,ta?t]} + 2, Py, — xp Py rar

T
=& Puot B [ 1071 - DD )

T

+ {ve, By Paga(t v57,€)) + ((t, v:7,€), Po Bron)dt . (3.10)

According to the estimate for SDE, there exists a constant g > 0 such that

T
57 { sup [} < aoB™ {je + [ JuPar}.

TtLT T

Then, there exists a constant oy > 0 such that

T
E’T{/ Ix(t,O;T,f)Ith} < onfé)? (3.11)
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In addition, taking v = 0 in (3.10), we get

P06 = 1076 = 57| [ (0l (0,7, 8) 210,057 )} > ol
where [y is a positive constant. Therefore,
—fol < P, <0, Vrel0,T]. (3.12)
From (3.10), it is easy to check that for any (7,€) € [0,7] x R™ and any v € L%(7,T;R™),
J(v;7,€) = J(v;7,0)

T
:5/p2,75+Eﬂ{/ [@t,B;PQ,tx(t,o;T,g»—<x(t,0;7,5),P2,t3tvt>]dt}.

In view of (3.9), we get

T
T(v;7,€) > Ef{/ [0ve + 87 B Poga(t, 057, ) [2dt§

T

T
=B { [ 157 Bl 057 )Pt} + € Pag

T
> Py 6~ BT { / |67 B} Py 4x(t, 0; 7, £)|2dt}. (3.13)

T

By virtue of (3.11) and (3.12), there exists 31 > 0 such that

T
B [ 157 BiPasa(t, 0 Oty < Bl (3.14)
Hence, through (3.13) and (3.14), we obtain

J(v;7,€) = —(Bo + B)IE[* == —ul¢l.
The proof is complete.

The following lemma concerns the solvability of the matrix-valued linear BSDE, which can
be found in [16].

Lemma 3.2 Let X, C be R™*" _yalued, and R be S™-valued, Fi-adapted processes. Assume
that they are all bounded. Let @ be a bounded Frp-measurable random variable with values in
S™. Then there exists a pair (K, M) satisfying the following linear equation:

{—th = [AK, + K, A, + CIK,C) + (M,C, + CIM,) + R]dt — M, AW,
Kr=0Q.

Moreover

sup|Kt(w)|2 < ko,

t,w

where the constant ko depends only on sup(|A;| + |Cy|) and sup(|Q[% + fOT R2dt)(w).

t,w
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In addition, there exists a representation: for any (t,h) € [0,T] x R™,

(K¢h, h) = Eft{ /T<§sy37ys>d8 +(Qur, yT>}

t

with y being the solution of

dys = Agysdt + CoydW,, s € [t,T),
ye = h.

If R and @ are negative (positive) semi-definite almost surely, then K is also negative (positive)
semi-definite almost surely.

We are now in a position to prove necessity.

Theorem 3.2 If ||L|| < 7, then there exists a unique solution to (3.6) such that P is
negative semi-definite and uniformly bounded and L is square integrable. Moreover, there exists
a deterministic constant 3 such that

T
E/ |L|?dt < 5.
0

Here, 8 depends on the uniform lower bound of P and all the coefficients.

Proof From the assumption of ||£|| < 7 and the definition of ||£||, there exists a sufficiently
small constant € > 0 such that y2I — D'D > I.
(i) Existence: We define U(P): S” — R™*™ by

UP)=—-(*I-D'D)"'B'P

and A(P): S" — R"™ " by

A(P)=A+BU(P)=A—B(y*I - D'D)"'B'P.

We also define F(P, L; P): S" x S" x S® — S" by

F(P,L; P) = A(P)'P + PA(P) + AyPAy + A)L + LAy — C'C + U'(P)(v*I — D'D)U(P).

With these notations, we can rewrite (3.6) as

—dPt == F(Pt,Lt,Pt)dt - Ltth,
Pr=0.

It is seen that
F(P,L; P) — F(P,L; P) = (P — P)B(»*I — D'D)"'B'(P — P) > 0,
ie.,

F(P,L;P) > F(P,L; P). (3.15)
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We now iteratively construct a sequence of approximating solutions. First, we define (P1, L)
by solving the following linear BSDE:

—dPyy = F(P1y, L14;0)dt — Ly (dW,
Pl,T =0.

By Lemma 3.2, the last equation has a unique solution P; with the representation: For any
(7,€) €10, T] x R,

T

(P1,:€,6) = E}-T{/ <_C£Ctxt;xt>dt}a

T

where x; satisfies

dl‘t = At$tdt + Agl‘tth, te [7’7 T],
Ty =E&.
Since all the coefficients are bounded, P; is bounded and negative semi-definite. Therefore,
U(Pyy) = —(v2I — D}D;) "' BPy ;4 is bounded. Then, we define the pairs (Py, Ly) to be the
solution of BSDE

—dPy; = F(Pay,Loy; Py i )dt — Lo dWy,
P27T =0.

Again from Lemma 3.2, for any (7,&) € [0,T] x R", there is a unique bounded solution (P, Ls).
Thus U(P,,) is well-defined and bounded. Inductively, we can define (Pj41, Lj+1) by the unique
bounded solution of

—de+1,t = F(Pj+1’t, Lj+1,t; Pj’t)dt - Lj+1,tth7 (3 ]_6)
Pj+17T:05 .7:1725
Furthermore, by virtue of a classic estimate for BSDE, we have
T
E sup [Pjy]* + E/ | Lyl *dt
te[0,7] 0
T A~ A~
< E/ [~C1Cy + U'(P;4)(¥*I — D, Dy)U(P; )] dt. (3.17)
0

We claim that the sequence {P;,} is nonincreasing. Indeed, we have

—d(Pjt — Pjv1e) = [F(Pje, Lje; Pj-14) — F(Pjy1e, Lja,e; Pie)ldt — [ — Ly, |dW,
= [F(Pju, Ljt; Pi-1t) — F(Pju, Ljw; Pjt) + F(Pj, Ljt; Pj)
—F(Pjs1,t, Ljg,e; Pje)ldt — [Lje — L1, ]dWe
= [F(Pjt, Lj; Pj-1t) + F(Pjt — P14, Lje — Ljy1,05 Pjt)
—F(Pjt, Lje; Pje))dt — [Lje — Ljy1,]dWe,

Pjr = Pjt1,0r =0

with R; ¢ 2 F(Pji,Lj; Pi—14) — F(Pj4, Lj4; Pjy). From (3.15), R;, is nonnegative. Thus,
according to Lemma 3.2, Pj; — Pjy1, is also nonnegative, which implies that {P;;} is a non-

increasing sequence.
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In addition, according to Lemma 3.1, J(v; 7, &) = —pl¢|?, that is, for any v € L%(7,T;R™),
T
7 { [ (071 = DD ) = (CiCha(t, v, ), ol vim e} > —pléP. (319
Setting v; = ﬁ'(Pj,t)xt = —(v%I — D, D) "' B, P; ;1 in (3.18), where z, satisfies

{dxt = A(P],t)xtdt + AOxtthv V(T, 5) c [O’ T] X Rn,

Tr = ga
we conclude
T A~ A~
(Pyorr6&) = B { [ (€0 + D (B (071 = DLDOT (P )it
> —ul¢l.
As seen from the afore-mentioned information, we can get
0z2P>2Pz2--2P > 2> —ul

It follows that {P; .} converges almost surely to a negative semi-definite S™-valued process P;.
According to Lebesgue’s convergence theorem, we have

T
E/ |Pj ¢ — P|%dt — 0, asj— o0, Vg>0.
0

Thus {P;,}, and then also U(P;,) is a Cauchy sequence in the above sense. We have also
almost everywhere

E|Pj, —P|?"— 0, asj— oo, Vg>0.
By the definition (3.16), we can apply It6’s formula to |P;; — Pj+|?,
T
E|P;o — Pjol* + E/ |Liy — Lj|*dt
0
T
= 2E/ tr(Pie — Pyo){[245(Pi — Pjo) + (AY) (Pit — Pit) AY + 2(A9) (Lie — Lit)
0
— U'(Py) (3T = DD)U (P, 1) + U'(Py1)(v2T = DD)U (P )]dt + (Liy — Ly )d Wi}
1 T T
< §E/ |Li,t — Lj7t|2dt =+ ClE/ |Pi,t — Pj7t|2dt
0 0
T A~ A~ A~ A~
+ CzE/ U (Pi.t)(¥?T = D;D)U (Pye) — U'(Pje) (321 — DyD)U (Py )| dt,
0

where “tr” denotes the trace, ¢; and ¢ are positive constants. Thus {L;,} is a Cauchy sequence
in £2.(0,T;S™). Passing to the limit in (3.16), we obtain that (P, L;) is a solution of (3.6),
with

Ly = lim L;; in £3%(0,T;S™).

J—00
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(i) Uniqueness: Let (P, L) and (P, L) be two pairs in
[£5(0,T8™) N L>(Q, Fr, P;C((0,T];8™))] x L5(0,T3S")

satisfying (3.6), such that P and P are negative semi-definite and uniformly bounded. Now
applying It6’s formula to [P, — P,|? and using their respective equations, we have

d|P; — P,|? = 2(P, — P,)dA(P, — P;) + |L, — L,|*dr
= |LT - E7'|2d7-- (319)

On the other hand, from the proof of Theorem 3.1, we obtain V(7,¢) = &'P.§ = f’JBTf, for all
[,£] € [0,T] x R™, which implies P, = JST, a.s. w, for all 7 € [0,T]. Putting this equality into
(3.19), we have L, = L,, a.s. w, a.e. 7 € [0,T].

(iii) Boundedness: Passing the limit in (3.17) and by the boundedness of P and all the
coefficients, we immediately get F fOT |L:|?dt < 3 for some constant 3, which depends on the
uniformly lower bound of P and the upper bound of all the coefficients.

The proof is complete.

From Theorems 3.1 and 3.2, we see that ||£|| < v is equivalent to that (3.6) has a negative
semi-definite and uniformly bounded solution, which tells us that the minimal ~ satisfying (3.6)
can be taken as an estimate of ||£||. Moreover, this result to some extent extends the stochastic
bounded real lemma in [6] to the case of random coefficients.

4 Solvability of the Stochastic H»/H,, Control

In this section, we shall give necessary and sufficient conditions for the solvability of the
stochastic Ha/Hs control problem in terms of a pair of coupled Riccati equations. Consider
the stochastic linear system (2.1), and the finite horizon stochastic Ha/H, problem can be
stated as follows.

Definition 4.1 Given a scalar v > 0, we want to find, if possible, a state feedback control
u* € L%(0,T;R™), such that with the constraint (2.1), we have that

(1)
Lo (v)]

= sup e
veLZ(0,T;R™v) v
v#£0
2°=0

Hﬁu*

B GICC w4 (DL Dl

veﬁi((;g;wv) {E fOT vgvt)dt}%
v
z9=0

7

where Lo+ (v) == ((Coa(t, u*,v,0)), (Dive)'s (Diug)')';
(2) When the worst case disturbance v* € L%(0,T;R™), if it exists, applied to (2.1), u*
minimizes the outpul energy

T
Tau.v) = B [ @C{Cran + s + () (DY) Dhi .
0
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Here, the so-called worst case disturbance v* means that for any v € E%—(O, T;R™) and any
20 e R,

T
v* = argminJ; (u*,v) = argminE/ (Yojvp — zpz¢)dt.
v v
0

If the previous (u*,v*) ewxists, then the finite horizon Hy/Hs control has a pair of solutions
(u*,v%).

In the following two theorems, we shall give a necessary and sufficient condition for the
existence of the linear state feedback pair (u*,v*). It generalizes the result of Chen and Zhang
[3] to the case of stochastic systems with random coefficients.

Theorem 4.1 Let Py, P> be the uniformly bounded solutions of the following coupled Riccati

equations:
APy = — [ AL Py + ProAs + (AD) PAD + (A9 Ly + Ly A9 - CLCy
Ny BY(BE)'\ [ Prs (4.1)
—\ P Py ") |dt+ Ly (AW, :
( ) <Bt2(Bt2)/ B} (B?)' ) \ P, }
Pl,T - 0
and
APy, = — [A;Pu 4 Py Ay + (AD) Py AY + (A% Loy + Loy A? + CICy
M; Ny Py (4.2)
N (Pl,t Pz,t) (Nt B?(B?)’> <P21t> }dt+L27tth,
P27T = 0.
Here

M = —Bl(’}/QI _ (Dl)lDl)_l(Dl)lDl(’yQI _ (Dl)/Dl)_l(Bl)/,
N = Bl('yQI _ (Dl)/Dl)_l(Bl)/.
Suppose further that v*I — (DY) D' is uniformly positive for a.s. a.e. (t,w) € [0,T] x Q. Then,

we have that

(1) the Nash equilibrium strategies are uniquely specified by

{U,z< = —(BE)/PQ,txh (4 3)

vi = —(y*I = (Dy)'Dy) " (B}) Prya,

(2) in the case that u = u* with 2° =0, || L,

<7.

Proof Suppose that the coupled Riccati equations (4.1) and (4.2) have solutions. Let us
consider the cost functional J; (u, v) first. Applying Itd’s formula and the completion of squares,
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we have

T
Ji(u,v) = E/ [(Y2vjvy — z)2)dt + day Py gy + (2°) Ppoadt — ol Py papdt]

-5 / DY DYv+ (721 — (DY DY L (BL) Py,
v*1 - (D} Dtl)’l(Btl)’Pl,tm
— wjug + x} Poy B (B?) Py + x) Poy BE(B?) Py sy + v, Py B2(B?) Py 4
+ ui(Bf)’Ptht + xiPLthut]dt + (xo)’PLoxO
T
= (&%) Py oa® + E / (2T = (DY) DY)y — vf), (w0 — 7)) — g
+ @} Py BE (uy — up) + (up — up) (BF) Praae + (uf) ugdt, (4.4)

where u* and v* are defined as in (4.3). Setting v = u*, we obtain
T
Ji(u*,v) = (%) Pyoa’ + E/ (v*1 = (D) D) (ve = v7), (v — vp))dt.
0

Therefore, it follows immediately that Ji(u*,v*) < Ji(u*,v) and Jy (u*,v*) = (%) P 02°. We
then conclude that v* is the worst case disturbance with respect to u*. Moreover, by the
discussion in the proof of Theorem 3.1, we obtain ||L,«|| < 7.

Similarly, we have

T
Ja(u,v) = (2°) Proz° + E/ [((ur = up), (ue = ui)) + @i Py By (v = vy)
0
+ (vr = v;)(B}) Powr + vy(D}) Djve — (v7)(Dy) Dyvf]dt. (4.5)
Setting v = v* results in Jo(u*,v*) < Ji(u,v*) and Jo(u*,v*) = (2°)' Py z®. It means that

minJz(u, v*) = Ja(u*,v*). By Definition 4.1, the afore-mentioned information implies that the
u

finite horizon Hs/Hs, control has a pair of solutions (u*,v*) with
u; = —(B}) Py,
vi = —=(v*I = (D;)'Dy)" (B}) Prae.
This completes the proof of Theorem 4.1.

Remark 4.1 We establish the signs of P; and P, as follows:
(i) Using the completion of squares similar to that which lead to (4.4), we derive that

T
E}—T{/ (Y2 vjv; — zgzt)dt}

=& Przr+ B7 {071 = (DYDY — o). (00 = 7))

T

— ujuy + Py B (ug — up) + (ug — up)' (B7) Pryae + (Uf)lut]dt}-

Setting u; = u; and v; = 0 yields

2 Py oy = B2 / UG- (DY DD ) Szldt} <0,

T
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Thus, Py r <0, as. ae. (w,7) € Qx[0,T].
(ii) By the similar calculations that lead to (4.5), setting u; = u} and v; = v}, we finally
obtain

T
TPy, = EF*{/ zéztdt} > 0.

Consequently, P, ; > 0,a.s. a.e. (w,7) € Q x [0,T].

Remark 4.2 If the coupled BSREs (4.1) and (4.2) have solutions, then by

T
2, (Prr + Por)ar = B / P2 (0) (1)t} > 0,

we see that Py + P> - >0, as. ae. (w,7) € Q x [0,T].
Notice that by adding Ji (u*,v*) to Jo(u*,v*), we prove that the energy in the worst case
feedback disturbance is given by |[v*|? = y=2(2°)/ (P + Pao)a°.

Theorem 4.2 Assume that the finite horizon Hay/Hy, control problem admits a pair of
solutions (u*,v*) with v} = Klzy, uf = K}x,, where K* and K? are bounded adapted processes.
Then the coupled stochastic Riccati equations (4.1) and (4.2) have solutions Py, Py on [0,T]
respectively, with Py being negative definite and uniformly bounded and P> being positive definite
and uniformly bounded.

Proof Assuming that an admissible Nash equilibrium strategy pair exist, we will show that
the coupled Riccati equations (4.1) and (4.2) have solutions Py ; < 0 and P, ; > 0, respectively.
(i) Implementing uj = K}z in (2.1), we obtain

dxt = [(At —+ BtQKtQ)(Et —+ Btl’l}t]dt —+ Agxtth, To = (EO,

o (46)
2= <D?Kf> |, (oypE-1.

D%’Ut

Since the finite horizon Hs/H. control is solvable, by Definition 4.1, we have ||L,-

< 7.
Moreover, by Theorem 3.2, there exist constants A\; > 0 and x; > 0 such that the following
BSRE

dpP, = —[(A: + BEKE)’Pt + P(A + BEKE) + (A?)’PtAg + (A?)’Lt + LtA?
—CiCy — (KYK? — B,BN(y*I — (D}YD})~\(BLY P)dt + L,dW,, (4.7)
Pr=0

has a unique solution (P, L1) with —A\ I < Py <0, EfOT |L1¢|*dt < k1. It now follows from
Theorem 3.1 that the control problem

min Ji(u*,v)
vELZ(0,T;Rm)

has a unique solution v; = —(v2I — (D})'D})~Y(B}) Py 4x,. Therefore,

K} = —(*T - (D} D}) (B} Py
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(ii) Substituting v; = v; = —(v2I — (D})' D})~Y(B})' Py 4, into (4.1), we have

{dx(t) =[(4; — B{(*1 — (D})' Dy)~ (B} ) Pz + B u]dt + Afa,dWy,
0

xo =1
and
o= <—D§(721—(Dic)’tDtl)_l(Btl)'PL) ). whypi=r
D%ut
Since
min JF (u, v*)

uEE%-(O,T;R"u)

is a standard stochastic LQ problem, according to Peng [16] or Tang [18], there exists a unique
optimal control uj = —(B?)' Paa¢. Here Py is the unique nonnegative solution of

AP, = =[(A = B} (v*I — (D{)'D})" " (B{)'P1t) Py + Pi(Ar = B{ (v*I = (D})'Dy)~1(B}) P1r4)
+(AY PAY + (A9Y Ly + LAY + C/Cy — P,B(B}) P,
+P1B1i(v ] — (D)D)~ (D}) Dy (v2I — (D})' Dy )~ (B}) Py g]dt + LydWr,

Pr = 07

which is the coupled Riccati equation (4.2). Moreover, there exist constants Ay > 0 and k2 > 0
such that 0 < Py < Aol EfOT |L27t|2dt < kg. By uniqueness, K? = —(Bf)’PZt. Substituting
for K7 in (4.7), we obtain the required BSRE (4.1).

The proof is complete.

Remark 4.3 Theorems 4.1 and 4.2 tell us that, to some extent, the existence of a stochastic
Hy/H state feedback controller is equivalent to the solvability of a pair of coupled BSREs
(4.1)-(4.2). However, generally speaking, it is hard to solve the coupled BSREs (4.1)—(4.2)
analytically. We can only obtain its approximating solutions by decoupling the equations under
very special conditions. For example, for the one-dimensional case, by selecting some special
random matrices to decouple the equations such that (4.1) and (4.2) being two independent
BSREs, we then need to solve these BSREs which has the following form (the variable ¢ is
suppressed ):

{dP = —[aP+BL+ Q- PB(y’I — D'D)"'B'P]dt + LW, (4.8)

Pr =0.

We first consider the linear BSDE (with @ being some symmetric random matrix)

dP, = —[aPy + fL1 + Q|dt + L1dW4,
Py =0,

whose solution is

T
Py = Eﬂ[ / ergds}, Vs € [t,T]
t
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with T, satisfying
dr} = Tifagds + SudW,], T} = 1.

We then follow the lines of the proof of Theorem 3.2 to obtain the approximating solution to
(4.8).

5 Concluding Remarks

In this paper, we have studied the mixed Hs/Ho, control for stochastic It6 systems with
random coefficients when only the state appears in the noise. We approach this problem as an
LQ optimal control problem and focus on the associated BSREs. A key part of our derivation is
the proof of the existence and uniqueness of the solution to the indefinite BSRE associated with
the H. robustness. This pivotal result enables us to present sufficient and necessary conditions
for the existence of Ha/Hs control in terms of a pair of coupled stochastic Riccati equations.

However, when state and control appear in the noise term, the indefinite BSRE takes the
form (1.3). The existence of the solution is hard to prove due to the following reasons. First of
all, it is a highly nonlinear BSDE, especially in view of the matrix inverse term (y2I—(D')' D'+
(B°Y P(B°))~1. Secondly, the indefiniteness of parameter matrixes gives rise to the singularity
of the term 721 — (D)’ D'+ (B°)' P(B°) when one tries to use the typical approximation scheme
to construct a solution. Thirdly, due to possible unboundedness of the martingale term L, the
Bellman’s quasi-linearization principle finds a difficulty in solving this problem. Finally, (1.3) is
a matrix equation. Hence certain terms do not commute, which adds substantial difficulties to
the analysis. For these reasons, the solvability of (1.3) stands out on its own as an interesting
theoretical problem and merits further studies.

The case of state-dependent noise presented in this paper serves as a preliminary discussion
on the Hy/H,, control for the stochastic system with random coefficients. The more general
case of state- and control- dependent noise will be studied elsewhere.
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