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GLOBAL SOLUTIONS TO THE EVOLUTION EQUATION 
OF SCHRODINGER TYPE WITH NONLOCAL TERM**

T a n  S h a o b in * * *

A bstract

The existence of weak and smooth solutions for the nonlocal nonlinear Schrodinger equation 
is solved by parabolic regularization. In addition, the continuous dependence on the initial data 
of smooth solution is also discussed.
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§1. Introduction and Results
In the present paper we shall study the initial-value problem for a nonlinear Schrodinger 

equation of the following type^

Qt +  Щхх + v ( q / f  ^  } dx '\ = 0 for x G R, t > 0, (1.1)V  J-oo x -x ' )
q(x, 0) =  qo(x) for x £ R, (1.2)

where i = V —l, cr > 0 is a real constant, denotes the principal-value integral.
Without loss of generality, we assume air = 1. Under some conditions on the given initial 

data, the global existence of solutions to the problem (1.1), (1.2) is derived by the following 
parabolic regularization

qt "Ь Щхх («Н(|«|а) ) .  — Щхх =  0 for x e R, t > 0, (1.3)

q(x,0) = qos(x) for x € R, (1.4)

where s > 0 is a constant,

н(Л = -
is Hilbert transform, qoe £ H°°(R) = £)^Hk(R) is such that

1кое||нт (й) < ||Ф>||Я»(Я). 
and qoe —> qo in Hm(R) as e J. 0 for m > 0.

For e > 6 fixed, by a similar strategy as in [2-4], we can easily show that (1.3),(1.4) 
possesses a unique solution q = qe(x ,t) in the class C ^O , T*; H°°(R)), where T* > 0 is a 
constant depending on go-
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Theorem 1.1. Suppose that qo e  Я 1(Л), and ЦдоЦг < Then there exists a weak 
solution q(x,t) of the problem (1.1),(1.2) such that

( i)q (x ,t)e L <x(R+]H1(R ))n C ^ 'i'> (R xR +),
(u) Ir+xR («*  + ЧхЧ>х ~ (pxqH(\q\2)) dxdt+ f R q0ip(x,0)dx = 0, 

for any junction ip(x, t) € Cq(R x R+).
Theorem 1.2. Suppose that qo € H k(R) (к > 2), and Ц90Ц2 < Then there exists 

a unique solution q(x,t) of the problem (1.1),(1.2) such that q € CT(R+\ H k~2r(R)) for all 
r,k 6 N  with k — 2r> 0, and q is continuously depending on the initial data qo.

§2. Proofs of Theorem 1.1 and Theorem 1.2
In order to prove the conclusion of the Theorems, the most important procedure is to 

establish certain a priori estimates for the solution of problem (1.3), (1.4). For this purpose, 
we first give the following lemmas.

Lemma 2.1. For any function f(x),g(x) 6 L2(R), we have

[  fK(g)dx  =  -  /  gH(f)dx, [  H(f)H(g)dx =
Jr Jr  Jr

Lemma 2.2. Let f(x )  € H 2(R) be a real function. Then we have the following inequali
ties

L f M f ) d x  > 0,

/«H(/)<te

Ш11 < ll/IlP  (^ fe H (A ,)< fa )2/S,

where || • ||p denotes the usual IP(R)-norm for p > 1.
Proof. Setting /  = f R f(x)e~tx<‘dx, we obtain Щ /я) =  —|CI/- Then by using Parseval 

identity, we deduce that

J  № { f) d x  = = - ^ f R l ( \ \ i \ 4 > 0.

Furthermore, by Hoder’s inequality we obtain

l l / . l l ?  = £  = ^ f R i c i 2 l / T - * c

= Q R f xH (f)d^ j  ( J R fx*n(fx )dxj

1/2

1/2

To verify the last inequality of the lemma, we need merely to notice that

[  f*U (f)dx  < ||/.||а||Н(Л1|а = ШИ/112- 
Jr

This completes the proof of the lemma.
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Lemma 2.3. Let e > 0,

« =  9*(*,*)еО ” (Я ц Я “ (Л))

be the solution of (1.3),(1.4). Then we have the following identities 

0 ) Ш I r Ы2(1х +  /л(1?12)*н (М8)‘*® +  2e Ir \<lx?dx =  °>

(ii)

j t Jr (k* |2 + ^Im(ggx)H(|g|2)^ dx + 2e J j q xx\2dx

+ 7 /  (M2)**H(|e|2)* +  3 /  lm(qqx)xU(lm(qqx))dx 
4 Jr Jr

= ^ Im Q f  МхЩ\д\2)Щ\д\2) ^ х  + 2 J  qqxH(\q\2H(\q\2)x)dx 

+ J^qqxH(H(\q\2)xH(\q\2))dx^j + y lm  Q f  fo?MH(|g|a)<te 

~ JR qxx(qH.(\q\2))xdx + 2 J  qqxK(BB(^qxx))dxj .

Proof. The above two identities can be checked out simply by performing several inte
grations by parts. We shall give the detailed demonstration in Appendix.

Lemma 2.4. Under the conditions of Theroem 1.1, we denote by q — qe(x,t) the solution 
of {1.3), (1.4) with e > 0. Then we have the following a priori estimates

1И-,*)11я1 + e f  \\qe(;T)\\2H2dT < C,
Jo

[  [  (\q\2)xx*l{\q\2)xdxdt + [  f  lm(qqx)xK(lm(qqx))dx < C
Jo Jr  Jo Jr

for all t > 0, where C is a positive constant depending only on the norm Ц̂ оЦя1*

Proof. On account of the identity (i) of Lemma 2.3, one can easily adduce

\№ Ы)\\1+ [  [  (\q\2)xK(\q\2)dxdt + 2e f  ||де(-, т ) ||^ т  < |Ы |2 (2.1)
Jo Jr  Jo

for all t > 0.

Denoting the terms in the right hand side of (ii) of Lemma 2.3 by Ro(t), and by using 
the following Sobolev interpolation inequalities

ii/ iu  < с ц л й /2||/ц ;/3, m u  < v S i i / . iH /n j '2,УЧ п\У2

< C\\ftx \\2
1/3ii J?||2/3, l l / I L  <  ^ И / . И 5 / 4 11Л12/ 4 . I I / I U  <  C | | / . . | i n i / l l 2 / 4 -1 /4 H Л|3/4
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and Hoder’s inequality, we compute as follows:

|Д о М 1  < c(||?|U te lb l |H ( |, |2) |U |( | , |2Wb +  ) . I W
+ е (2 |Ы Ы Ы Ы к |Ц  + 4 M ^ ||g , |Ы Ы |2)

SC||4||a||*,||j||(|*ja).||l +  eC,||g||5/J||i..||J/a||«.||a

<C|M|2||g, | |2 ( j f  ( |Л » Н (|9|2)^хУ

+ £C||go|l2/2||g. ||2||?ra||2/2

<1 Jj.\ i\ 2U a ( M X d x  + C ( 7  (|g|2),H(ig|2)<fc) ||g,||i

+ elkajailli + C l̂kscll!) (2-2)

where we have used Lemma 2.2 and Young’s inequality.
Integrating (ii) of Lemma 2.3 over the temporal interval [0,t], with the inequality (2.2), 

and noticing that

JjM qx)^{\q?)dx < ^|Ы|оо|ЫЫ 1к |2 ||2 < Цяо\\1Ш\1, 

from (ii) of Lemma 2.3 we obtain

(1 -3 |Ы 1 )||« „ Ы )||1 + £  / , ||<Й.('.’-) ||5 * -+ ; f  f  (\q\2)axH(\q\2)xdxdt
Jo ° Jo Jr

+ 3 1 (Im(qqx))xH(Im(qqx))dxdt
Jo Jr

< (ikoslli + ^ Jr \Ы охЩ Ы 2)№х^

+ J ‘ (c + ce||rf(-,t)|g) lleS(-.t)lll<i*- (2.3)

In virtue of the facts: 1 — 3||go||! > 0» Qo(x) £ Дг1(Л) and

I f f  (1?|а)**Н(|д|3)я<г®<Й + 3 /  f  lm(qqx))xH(Im(qqx))dxdt > 0, 
о Jo Jr Jo1 Jr

(2.3) leads to the inequality

lltfM Il!< c + jf ‘ ( c J j\q\ \ m q\2)dX+ c 4 & M l)  |к*(-,*)|Цл
By Gronwall’s lemma, the above inequality

< C'exp ( c  J ji \q \\H ( \q \2)dx + e \ \^ { - , t ) \ \ l^ ^

< Cexp(||9o||i),

where we have used the inequality (2.1).
Corollary 2.1. Under the conditions of Lemma 2.3,we have

IlflSMIltf-1 < C for a llt>  0,

where the constant C is independent of e.
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P ro o f  o f  T h eo rem  1.1. W ith the results of Lemma 2.4 and Corollary 2.1, we can now 
easily pass to the limit by extracting a subsequence, still denoted by q£, such that

qe —► q in Loc>(R+-,H1(R)) weak*, as e —* 0,

Qt

(2.4)

qt in L°°(R+\H ~1(R)) weak*, as e —► 0. (2.5)

By using classical compactness arguments and a standard calculation M, one can deduce 
from (2.4),(2.5) that the limiting function q = q(x,t) is a weak solution of (1.1),(1.2), and 
q(x,t) £ С<*’*)(Д x Я+).

The proof of Theorem 1.1 is now complete.
P ro o f  o f  T h eo rem  1.2. Again we consider the parabolic regularization (1.3),(1.4). The 

proof is born out by establishing a priori estimates for high Sobolev norms. To this end, we 
give the following lemmas to bound ||gxa,( ', t )|(2 and \\qe(',t)\\Hk for к > 2.

L em m a 2.5. Under the conditions of Lemma 2.3,we have

(\qxx\2 +  y Im (g exee)H (|g |a) -  ghn(?a;a.ga!)H (|g |2)^ dx + 2e J j q xxx\2dx 

+  Jq j^ ( |g |2)**.H (|9|a)*e +  ~  Jj.m (qqx)xU(lm(qqx))xdx 

=5Im J  qxqxxil(Im(qqx)x)dx -  ^ l m  J^qxx(H(\q\2)(qH(\q\2))x)xdx 

+ ^ l m  J^qxx(qH(\q\2U(\q\2)x))xdx + ^Im J^qxx(H(\q\2)(qH(\q\2))xxdx 

~ ^ m Jj,QxH-(\q\2))x(qH-(\q\2))xxdx.

Im J  qXxqxH(2\q\2H(\q\2)x +  (M 2)*H(|g|2))<ta)

(^ lm  J^qxxxqxxH(\q\2)dx + у 1 т ^ д а.а.а.(дН(|д|2))а!а.йж 

15 f  5 /*+  -—Im /  qxxxq^i{^{qqxx))dx +  -Im  /  qXxx{qxH.(\q\2))xdx
4 Jr ° Jr

-  J^qxxqxU{qqxx)dx^ . (2.6)

P ro o f. The above identity can be verified by several suitable integrations by parts, which 
are similar to the proof of Lemma 2.3. For the sake of shortness, we omit the proof.

L em m a 2.6. Let T  > 0. Under the conditions of Lemma 2.4, we have the a priori 
estimates

llrf.(-.*)lb + *
Jo

Л (Ы2) X X X  H f l t f )  X X  dxdt + f f lm(qqx)xxH(lm(qqx)x)dx < C
i Jo Jr

for all t € [0,T\,. where the constant C depends only on the norm ||<7о||я2 an<J T.
P ro o f. By several standard Sobolev interpolation inequalities and the Я 1(Я)-еstimate 

of Lemma 2.4, the terms (denoted here by Ri(t)) in the right hand side of (2.6) can be

+

+  e
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bounded as follows:

l-Ri(*)| < 5||4®||оо|к®®|Ы|1т(адх)х||2 + C( 1 + Уд..||a) + e|k®®®||i> (2.7)

where we have used Hoder’s and Young’s inequality.

Using the results of Lemma 2.4 and the interpolation inequalities in Lemma 2.2, we obtain

||Im(ggx)x||| ^ {^jR Im(qqx)xH(lm(qqx))d x SJ  (^J^Im(qqx)xxK{lm(qqx)x)d xSj

Inserting the above inequality into (2.7), we conclude that

\Rl(t)\ <hxx\\l/2 (^Jr lm(qqx)xH(Im(qqx))dx^ ^ 1 т ( д д х)ххН(1т(адх)х)йа^

+ C(1 + life  Hi) +  ell9xsx||2

<C + C ^1 + j  Im(f4x)xH(Im(9gx))da:^ ||qxx||2 +  £||*?a:®®||2

+  /  Im (ggx)xxH ( Im (4qx)x)d:c.
Jr

Therefore, we combine the above inequality with (2.6) and reach the inequality

f R (Qxxxq)*l(\q\2)d x  -  | l m ^ ( g xxqxH ( |g |2)d®

+ eJQ \\qexxx(-^)\\ldr + ^  j j ] q \2)xxxH(\q\2)xxdx

+  / f  Im (49x )x® H (Im (gqx)x)da:
4 Jo Jr

ft

1/4

<C + c J  + J  ^(Щ х)хЩ 1М ш )^ dx\\qXx\\ldt. (2.8)

By using integration by parts and the application of Holder’s inequality, we see that 

^ I m /  (Jn,*9)H(|g|z)<fe -  glm J^ (g xxqx)H(\q\2)dx 

< C | | 9 . « l b < i | | r f  +  C .

Whence, with the above inequahty, by Lemma 2.4 and Gronwall’s lemma, from (2.8) we 
immediately achieve the results of the lemma.

Lemma 2.7. Under the conditions of Theorem 1.2,toe have the following estimates,
(k  >  2)

l l t f . M ) l l l  +  e  f  \K ’.»(;r)\\ldT+  / ' /  ( | , | V « H ( | 9 | V ^ *  <  C
Jo Jo Jr

for all t E [0,T], where the constant C depends only on the norm Ц̂ оЦн*1 and T.
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P roo f. Prom the equation (1.3), we deduce that

^ 11?®*! Ila + 2e||g**+i||! + J  (\q\2)xh+iH(\q\2)audx

= ~ f  \qxk\2H(\q\2)xdx + 2Re f  qxh ((flrH(|e|2))*b+i -  ge»+iH(|g|a)
Jr Jr

-  i x  +  J  ((|?|2)„* -  2Re(}„4 )) H(|*|a)^<l*

<l|H (|j|2) , | U M | 2 + 2||,I . | |2 ||(,H (|g|2)),.+I -  9l .« H ( |j |2) -  9H (|,|2) , . „ | |2 

+ Il(le|2).*lbll((l5|2) .* -2 R * & .« )) . ||2 
<l!H(|«|J).IU IIb.||3 + 2 ||« ..||,(||J ||» ||(i4|a) . . |b  + ||H(|s|2) . |u i |4. . | |a)

+  2 ||(k |2) . . | |2 |fc |U ||« ..! |2)

Thus, by Gronwall’s lemma, the above inequality implies the results of the lemma.
On account of the above a priori estimates obtained in Lemma 2.6 and Lemma 2.7, we 

state that we have proved the existence of global solution q(x,t) € Cr(R+;Hk~2r(R)) for 
r,k  G N, к — 2r > 0. In order to finish the proof of Theorem 1.2, it remains to prove the 
continuous dependence of solution with respect to the initial data.

Let t > 0, qio, 920 € H k{R)\ (k > 2) be given. Let 9 1,9 2  denote the solution of (1.1),(1.2) 
corresponding to the initial data qio, 920 respectively. We set W  = 9 1—92> so that W  satisfies 
the initial value problem

Wt + iWxx = (q1n(\q1\2))x - ( q 2H(\q2\2))x, (2.9)

W (x , 0) = W0 = 910 -  920- (2.10)

Of course, 9 1 , 92 both obey the inequalities which are obtained in Lemma 2.4, Lemma 
2.6 and Lemma 2.7. Take the product of (2.9) with W  and integrate over the interval [0,t], 
we deduce that

1 5  J  \W\*ix =  - I 1 * J  W ,  (й Н(|<й|2) - ® H ( |» |2)) ix

(tF H  (!« lil± J® J!) + «1± ® Н (|9 1 |2 -  Ы 2))  ix

= \  |W|2H  ( ! « i ! I ± M )  i x  -  R* j f  + q,)))ix

= ^ Ц У | 2н ( |91|2 + |9г|2)  d x - ^ J ^ W ( q 1 + q3) ) i a (M W (q l +qt )))dx

+ l R e f W ( q i + q 2)*H(Re(m<li+42)))ix 
1 Jr

< С ( Ы \ н ^ ,Ы М  /  \W\2d x - ±  f  Re(F(9i+92)),H(Re(W(9i+92)))d®
JR * JR

<C0 f  \W\2dx.
Jr

By Gronwall’s lemma, this inequality implies that

l|Wr(-,*)lll <  IfWollle0'»3’ for i e  [0,Г].
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Namely, we have

IteiO»*) _ 92(-><)||2 < СЦдю(-) -  92o(0ll2 f°r * e [O)̂ 1]) (2-11)
where the constant C depends only on the norm ||<?io, ?го||я2 and T.

Obviously, the uniqueness of solution q(x,t) in the space СТ(Л+; H k~2r(R)) for к > 
2, к — 2r > 2 is a direct consequence of the inequality (2.11), and this concludes the proof 
of Theorem 1.2.

Appendix
Proof of Lemma 2.3. The first identity (i) can be easily deduced by taking the product 

of equation (1.3) with q and integrating over the interval [0,T]. We now prove the second 
identity (ii).

Since

Sr 9̂x^ dX =2Re JR (~iqxx +  (9H (M2))* + £4**)x dx

= - 2 e  f  \qxx\2dx + 3 f  \qx\2H{\q\2)xdx -  f  {\q\2)xxH(\q\2)xdx,
Jr Jr  Jr

and

^ Im  J  qqxli{\q\2)dx =  Im J^qxH(\q\2) (iqxx + (gHd?!2))* + eqxx) dx

+ Im f  ?H(|g|2) (- iq xx + (дН(|д|2))х +  eqxx)x dx 
Jr

+ Im [  qqxH (2Im(qqxx) + 2|qr|2H(|qr|2)a. +  (|9 |2)а.Н(|д|2) +  2eRe(qqxx)) dx 
Jr

= -  \  /  k s|2H(|g|2)xdx + Im f  qqxH{\q\2)H(\q\2)xdx + elm f  qxqxxH(\q\2)dx

- §  /  \qx\2H{\q\2)xdx + \  f  (|g|2)a.a.H(|g|2)a.da: -  elm [  qxx(qHL(\q\2))xdx 
i  J r  1 J r  J r

- 2  f  lm(qqx)xU(Im(qqx))dx + 21m f  qqxH(\q\2U(\q\2)x)dx 
Jr Jr

+ Im [  qqxR((\q\2)xH(\q\2))dx + 2e [  Im(qqx)H(Re(qqxx))dx,
Jr  Jr

combining the above two identities we can easily see the identity (ii) of Lemma 2.3.
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