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Abstract In this paper, the authors introduce the notion of generalized squeezing function
and study the basic properties of generalized squeezing functions and Fridman invariants.
They also study the comparison of these two invariants, in terms of the so-called quotient
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1 Introduction

Due to the lack of a Riemann mapping theorem in several complex variables, it is of fun-
damental importance to study the biholomorphic equivalence of various domains in C", n > 2.
For such a study, it is necessary to introduce different kinds of holomorphic invariants. In this
paper, we study two such invariants, the Fridman invariants and the (generalized) squeezing
functions.

The Fridman invariant was defined by Fridman in [5] for Kobayashi hyperbolic domains D
in C", n > 1, as follows. Denote by B%(z,r) the kp-ball in D centered at z € D with radius
r > 0, where kp is the Kobayashi distance on D. For two domains Dy and Dy in C™, denote
by O.(D1, D2) the set of injective holomorphic maps from D; into Ds.

Recall that a domain €2 C C” is said to be homogeneous if the automorphism group of € is

transitive. For any bounded homogeneous domain §2, set
1
h(2) :inf{;: BY(z,r) C f(Q), fe Ou(Q,D)}.

For comparison purposes, we call e}(z) := tanh(h$(2))~! the Fridman invariant (see [4, 9]).
For any bounded domain D C C", the squeezing function was introduced in [1] by Deng,

Guan and Zhang as follows:

sp(z) =sup{r: rB" C f(D), f € Ou(D,B"), f(z)=0}.
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Here B™ denotes the unit ball in C". Comparing with the Fridman invariant, it seems natural
to consider more general squeezing functions, replacing B™ by other “model domains”.

Recall that a domain  is said to be balanced if for any z € Q, Az € Q for all |A] < 1. Let
Q be a bounded, balanced and convex domain in C". The Minkowski function pq is defined as
(see e.g. [6])

pQ(z):inf{t>0: %69}, z e C".

Note that Q = {z € C": pq(z) < 1}. Set Q(r)
any bounded domain D C C”, we can define the generalized squeezing function as follows:

{z€C": pa(z) <r}, 0 <r < 1. Then for

sp(z) =sup{r: Q(r) C f(D), [ € Ou(D,Q), f(z)=0}.

It is clear from the definitions that both Fridman invariants and generalized squeezing
functions are invariant under biholomorphisms, and both take values in (0, 1]. There have been
much study on the Fridman invariant and the squeezing function in recent years, and we refer
the readers to two recent survey articles (see [3, 13]) and the references therein for various
aspects of the current research on this subject.

The main purpose of this paper is to study some basic properties of both Fridman invariants
and generalized squeezing functions. Moreover, we will also discuss the comparison of these two
invariants, for which we introduce the quotient invariant

Q s5(2)
mp(z) = %»
where D C C™ is bounded and €2 C C™ is bounded, balanced, homogeneous and convex.

In Section 2, we study basic properties of Fridman invariants, in particular refining several
results from Fridman’s original work (see [5]). In Section 3, we study basic properties of
generalized squeezing functions, in particular extending various properties of the squeezing
function given in [1-2] to the more general setting. In Section 4, we study the comparison
of Fridman invariants and generalized squeezing functions, in particular generalizing previous

results from [9-10].

2 Fridman Invariants

Throughout this section, we suppose that D is a Kobayashi hyperbolic domain in C™ and
Q is a bounded homogeneous domain in C™ (unless otherwise stated).
We say that f € O,(Q, D) is an extremal map at z € D if

BY (2, arctanh(e$(2))) C £(Q).

It is not known from Fridman’s original work (see [5]) whether extremal maps exist. However,

if we assume D to be bounded or taut, then extremal maps do exist.
Theorem 2.1 If D is bounded or taut, then an extremal map exists at each z € D.

For the proof of Theorem 2.1, we need two lemmas. The first is probably well-known, and

we provide a short proof for completeness.
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Lemma 2.1 For any domain D in C*, B¥(z,7) is a subdomain of D.

Proof Since the Kobayashi pseudodistance is continuous, Bg(z,r) is an open subset of
D. Since the Kobayashi pseudodistance is inner, for any w € BkD(z, ) there exists a piece-wise
Cl-curve s : [0,1] — D such that s(0) = z, s(1) = w and fol g% (s(t);s'(t)) < r, where gF,
denotes the Kobayashi pseudometric. This implies that s([0, 1]) C B%(z,7). Hence B%(z,7) is

a subdomain of D.

The next lemma is known as the generalized Hurwitz’s theorem in several complex variables
(see e.g. [11]).

Lemma 2.2 Let D be a domain in C™ and {f;(z)} be a sequence of injective holomorphic
maps from D to C™. Suppose that f;’s converge to a map f : D — C™ uniformly on compact

subsets of D. Then either f is an injective holomorphic map or det f'(z) = 0.

Proof of Theorem 2.1 Since the proof for the taut case is similar as (and simpler than)
for the bounded case, we will assume that D is bounded.

Without loss of generality, we assume that 0 € 2. By definition, there exists a sequence
of holomorphic embeddings f; : 2 — D with f;(0) = z, and a sequence of increasing positive
numbers r; convergent to arctanh(e$(z)) such that B (z,7;) C f;(Q). Since D is bounded, by
Montel’s theorem, there exists a subsequence {fx,} of {f;} which converges to a holomorphic
map f : Q — D uniformly on compact subsets of §.

By Lemma 2.1, BY(z,7;)’s are increasing subdomains of D. Denote g; := f{1|31’§(z,ri).
Since Q is bounded, by Montel’s theorem, there exists a subsequence {gj/} of {gi,} which
converges to a holomorphic map g : B (2, arctanh(e(2))) — Q uniformly on compact subsets
of BY (z,arctanh(e$(2))).

Take s > 0 such that B"(z,s) C B¥(z,71). By Cauchy inequality for any i, | det g/(2)| < c
for some positive constant c. So we have | det f/(0)| > % for any i. Thus, we have | det f'(0)| > 0
and | det ¢’(z)] > 0. By Lemma 2.2, both f and g are injective. In particular, f(Q) C D and
g(B% (z,arctanh(e$(2)))) C Q. Since f o g(w) = w for all w € B (z,arctanh(e$}(2))), it shows
that f is the desired extremal map.

Based on Theorem 2.1, we can give another proof of [5, Theorem 1.3(2)] as follows.

Theorem 2.2 If there exists = € D such that e$(z) = 1, then D is biholomorphically

equivalent to §2.

Proof Since Q is homogeneous, sq(z) = ¢ for some positive number ¢. Thus, by [1,

Theorem 4.7], 2 is Kobayashi complete, hence taut.

Without loss of generality, we assume that 0 € Q. Let f;’s and g¢;’s be as in the proof of
Theorem 2.1. Since e$(2) = 1, we have UBE(ZJ%') =D.

Since 2 is taut, by [7, Theorem 5.{.5], there exists a subsequence {gx,} of {g;} which

converges to a holomorphic map g : D — 2 uniformly on compact subsets of D. By the
decreasing property of the Kobayashi distance, for z1, 2o € D such that g(z1) = g(22), we have
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for k; large enough,

kp(21,22) < kg ) (frs © gr: (21)s frs © gri (22)) = ka(gr, (21), g, (22))-

Letting k; — oo, by the continuity of the Kobayashi distance, we have

kp(z1,22) < ka(g(21),9(22)) = 0.

Since D is Kobayashi hyperbolic, we have z; = 2z5. Thus, g is injective and D is biholomorphic
to a bounded domain.
Now Theorem 2.1 applies and shows that D is biholomorphically equivalent to 2.

It was shown in [5, Theorem 1.3(1)] that h$(z), hence e$(2), is continuous. For its proof,

1 1
) m| < kp(z1,22). Our next

result gives a “global” version of this estimate in terms of e%(2).

Fridman showed that for z; and z5 sufficiently close, |

Theorem 2.3 For any z1 and z9 in D, we have
\e%(zl) - e%(22)| < tanh[kp(z1, 22)].

For the proof of Theorem 2.3, we need the following basic fact, whose proof we provide for

completeness.

Lemma 2.3 Suppose that t; > 0,i=1,2,3, and t3 <ty + to. Then,
tanh(ts) < tanh(t;) 4 tanh(ts).

Proof Since t3 < t1 + to, we have

2 2

Sl

< -Serw i b

Define
2 2

f(t17t2) = thl + 1 + thz + 1 B e2(t1+t2) +1 o

To show that tanh(ts) < tanh(¢y) + tanh(tz), it suffices to show that f(¢1,%2) < 0 for all
t1,t2 > 0. For any fixed t; > 0, consider

1.

2 2
g( 2) - 62(t1+t2) + 1 - thQ + 1

Then,
4e2(t1+t2) 462t2

! _—
g (t2) — (82(t1+t2) + 1)2 + (62t2 + ]_)2

t

Since the function (tj—ilﬁ is decreasing for ¢t > 0, we have ¢'(t3) > 0 for all to > 0. Hence,
e

g(ta) > ¢(0) for all t5 > 0, which implies that f(t1,%2) = g(0) — g(t2) <0 for all t1,t2 > 0.

Proof of Theorem 2.3 Fix 0 < ¢ < e%(21), by definition there exists a holomorphic
embedding f : Q@ — D such that B% (21, arctanh[e$}(21) — ¢]) C f(Q).
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If 2o & BY (21, arctanh[e}(z1) — €]), then obviously
eB(22) > 0> eB(21) — € — tanh[kp(21, 22)].

If 25 € B (21, arctanh[ef(z1) — €]), by Lemma 2.3, we have for all z with tanh[kp (22, 2)] <
e$}(21) — e — tanh[kp (21, 22)] that

tanh[kp (21, 2)] < tanh[kp (22, 2)] + tanh[kp (21, 22)] < eP(21) — €.
Thus,
BY (22, arctanh[e(21) — € — tanh[kp (21, 22)]]) € B (21, arctanh[e(21) — €]) C f(Q).

This implies that e$(z2) > e} (21) — € — tanh[kp (22, 21)].
Since ¢ is arbitrary, we have e$}(22) > €$}(21)—tanh[kp (22, 21)]. Similarly, e3(z1) > e$(22)—
tanh[kp(z2, z1)]. This proves the theorem.

We say that a sequence of subdomains {D;};>1 of D is a sequence of exhausting subdomains
if for any compact subset K C D, there exists N > 0 such that K C Dj; for all j > N. In this
case, we also say that {D;};>1 exhausts D.

Corollary 2.1 Let {D,};>1 be a sequence of exhausting subdomains of D. If lim e%j(z) =
> j—ro0
e%(z) for all z € D, then the convergence is uniform on compact subsets of D.

Proof Let K be a compact subset of D. Then there exists 0 < r < 1 such that

U B"(z,7) € D. Hence there exists Ny > 0 such that |J B"(z,r) C D; for all j > Nj.
z€K zeK
Fix any ¢ > 0 and take § = %=. Since {B"(2,)}.cx is an open covering of K, there is a finite

set {z;}7, such that K C |J B"(z;,9). For any z € K, there is some z; such that z € B"(z;, ).
i=1
By Theorem 2.3 and the decreasing property of the Kobayashi distance, we have
leB(2) = €3, (2)] < leB(2) — eB(20)] + B (2:) — €B, (z0)] + B, (2) — e, (2)]
< tanh[kp(z, ;)] + |eP () — e%j (2i)| + tanh[kp, (2, 2;)]

< 2tanh[kgn (2, (2, 21)] + leB(2) — e%j(zi)|
2e
<% 1B — B, a0l
On the other hand, there exists No > 0 such that |e$}(z;) — e%j(zi)| < g for all z; and j > Nj.
Take N = max{Ny, No}. Then for any j > N, we have |e(z) —e%j (z)] < eforall z € K. This
completes the proof.

The condition lim e%j (z) = €$4(2) in the previous corollary is usually referred to as the
Jj—o0

stability of the Fridman invariant, which was shown to be true when D is Kobayashi complete

in [5, Theorem 2.1]. Under the weaker assumption of D being taut (or bounded), we have the

following inequality.

Theorem 2.4 Suppose that D is bounded or taut. Let {D;};>1 be a sequence of exhausting

subdomains of D. Then for any z € D, lim sup e%j (z) < eb(2).
Jj—o0
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To prove Theorem 2.4, we need the following lemma.

Lemma 2.4 Let {D;};>1 be a sequence of exhausting subdomains of D. Then for any
z€D andr >0, {B%j(z,r)}jzl ezhausts B (z,r).

Proof By Lemma 2.1, we know that B%(z,r) is a subdomain of D for any z € D and
r > 0. Firstly, we show that

lim kp,(2',2") =kp(z',2"), Vi, 2" e€D.

j—)OO

Consider a sequence of subdomains {G,},;>1 such that (i) G; € D, (ii)) G; C G,y1, (iii)
D = |J G,. By [6, Proposition 3.3.5], we have
Jj=1

lim kg, (2',2") =kp(s',2"), V2" eD.

j‘)OO

For any j > 1, there exists N; > 0 such that G; C D, for all 7 > N;. By the decreasing
property of the Kobayashi distance, we get
lim kp,(2',2") =kp(z',2"), V' 2" €D.
Jj—o0
Now we prove that for any K € B¥ (z,r), there exists N > 0 such that K C Bl’gj(z,r) for
all j > N.
Since kp(z,-) is continuous, there exists 0 < ro < r such that kp(z,w) < ro for all w € K.
To show that K C BY ,(z,7), we need to check that kp,(z,w) < r for all w € K. Since K is

a compact subset of Bh K (z,7), there exists § > 0 such that |J B"(w,8) € B%(z,r). Hence,
weK
there exists N1 > 0 such that |J B"(w,d) C D, for all j > Nj.
weK
Let 0 < e <7 — 1o and take §; = & tanh (E) Since {B"(z,1)}.cx is an open covering of

K, there is a finite set {z;}1", such that K C U B"(z;,61). It is clear that there exists Ny > 0
such that |kp, (2, 2) — kp(z,2)| < § for any j > Ny and 1 <1 < m. For any w € K, there is

some z; such that w € B"(z;, d1). Set N = max{Ny, Nao}. Then for all j > N, by the decreasing
property of the Kobayashi distance, we have

|kp, (z,w) — kp(z,w)|
< |k, (2,w) — kp, (2 20)| + [k, (2, 21) — k(2 20| + [k (2, 2) — (2, 0)|
< kp,(z1,w) + |kp, (2,21) — kp(2, 21)| + kp (21, )
< Qan(zl 5)(Z ) + ‘kD (Z Zl) kD(Z,Zl)‘
<ZLiis
33

Therefore, kp, (z,w) < kp(z,w) +& <ro+e <rforallwe K and j > N. This completes the

proof.

Proof of Theorem 2.4 Since the proof for the taut case is similar as (and simpler than)
for the bounded case, we will assume that D is bounded.
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For any z € D, let e%li be a sequence such that lim e%li(z) = limsup e%j (z) =: tanhr.

li—oo oo
For any 0 < ¢ < r, there exists N; > 0 such that e%l‘ > tanh(r — ¢) forJ all [; > Ny.

Without loss of generality, we assume that 0 € €. 1By definition, for any I; > Ni, there exists
an open holomorphic embedding f;, : € — Dy, such that f;,(0) = z and Bgl‘ (z,7—¢€) C f1,(9).
Since D is bounded, by Montel’s theorem, there exists a subsequence { fk} of {fi,} which
converges to a holomorphic map f : Q — D uniformly on compact subsets of €.

By Lemma 2.1, each Bgl’_ (z,7—¢) is a domain. Define g;, = fljl\Bgl’_ (z,7—¢). By Montel’s
theorem and Lemma 2.4, webmay assume that the sequence gy, convergesL uniformly on compact
subsets of BY (2,7 —¢) to a holomorphic map g : B (2,7 —¢) — Q.

Take s > 0 such that B"(z,s) € B%(z,7 — ). By Lemma 2.4, there exists N > N such
that B"(z,s) C B, (z,7 —¢) for all I; > N. Consider g,
|det g; (2)| < c for all I; > N, for some positive constant c. So we have | det f/ (0)] > < for all
l; > N. Thus, we have |det f'(0))| > 0 and |det ¢’(z)| > 0. By Lemma 2.2, both f and ¢ are
injective. In particular, f(Q2) C D with f(0) = z and g(B%(z,r —¢)) C Q with g(z) = 0. Since
fog(w) =w for all w € BY(z,r —¢), we get e$}(2) > tanh(r — ¢). Since ¢ is arbitrary, we have

).

B"™(z,s), by Cauchy inequality,

e$(z) > tanhr = lim sup e%j (z

J]—00

Based on Corollary 2.1 and Theorem 2.4, we can slightly refine [5, Theorem2.1] as follows.

Theorem 2.5 Suppose that D is Kobayashi complete and {D;};>1 exhausts D. Then

Jlggo e%j (2) = B (2) uniformly on compact subsets of D.

Proof Since D is Kobayashi complete, thus taut, we have lim sup e%j(z) < €f(z) for all

Jj—o0

z € D, by Theorem 2.4.

For z € D and 0 < € < €$}(z), by the definition of Fridman invariant and the completeness of
D, there exists an open holomorphic embedding f :  — D such that B (z,e(2) —¢) € f(Q).
Thus, there exists § > 0 such that BY(z,e%(z) —¢) C f((1 — 0)Q2) € D. Hence, there exists
N > 0 such that By (z,eB(z) —e) C f((1 —0)Q) C D; for all j > N. By the decreasing
property of the Kobayashi distance, we have B%j (z,e$(2) —¢) C BE(2,e%(2) —¢). So we have
B%j(z,e%(z) —eg) C f((1=0)Q) for all j > N, which implies that hjrglorgf e%j(z) > el(2) —e.
Since ¢ is arbitrary, we get hjn_l)(l)gf e%j (z) > €$}(z) and hence ]lggo e%j (z) = €$}(z). By Corollary

2.1, the convergence is uniform on compact subsets of D.

3 Generalized Squeezing Functions

Throughout this section, we suppose that D is a bounded domain in C" and 2 is a bounded,
balanced and convex domain in C™ (unless otherwise stated).
Denote by kg and cq the Kobayashi and Carathéodory distance on 2, respectively. The

following Lempert’s theorem is well-known.
Theorem 3.1 (see [8, Theorem 1]) On a conver domain 2, kq = cq.

Combining Theorem 3.1 with [6, Proposition 2.3.1(c)], we have the following key lemma.
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Lemma 3.1 For any z € ), po(z) = tanh(kq(0, z)) = tanh(cq (0, 2)).
We will also need the following basic fact.
Lemma 3.2 pq is a C-norm.

Proof For any z1, 2o € C", we want to show that pq(z1 + 22) < pa(z1) + pa(z2).
Fix e > 0. Take ¢; = pa(z1) + § and ¢z = pa(z2) + 5, then i—i € Q and z—; € Q. Since Q is
convex, we get
itz a oz Ca 22
c1 + Co c1+c2 c1+ c2 Co
Hence, pa(z1+22) < c1+c2 < pa(z1)+pa(z2)+e. Since € is arbitrary, we obtain po (21 +22) <
pa(z1) + palz2).
Since € is bounded, it is obvious that pg(z) > 0 for all z # 0, which completes the proof.

We say that f € O, (D, ) is an extremal map at z € D if Q(s3(2)) C f(D). When Q = B,
the existence of extremal maps was given in [1, Theorem 2.1]. The proof of the next theorem is
very similar to that of Theorem 2.1 and [1, Theorem 2.1], based on Montel’s theorem and the
generalized Hurwitz theorem, so we omit the details.

Theorem 3.2 An extremal map exists at each z € D.
As an immediate result, we have the following corollary.

Corollary 3.1 s3(z) = 1 for some z € D if and only if D is biholomorphically equivalent
to €.

In [1, Theorem 3.1], it was shown that sp(z) is continuous. Moreover, it was given in [1,

Theorem 3.2] without details the following inequality:
[sp(z1) — sp(z2)| < 2tanh[kp(z1,22)], 21,22 € D.

Our next theorem gives the same inequality for generalized squeezing functions, and in particular

shows that they are also continuous.
Theorem 3.3 For any 21,22 € D, we have

[sB(21) = sB(22)| < 2tanhlkp (=1, 22)].

In particular, s$(2) is continuous.

Proof By Theorem 3.2, there exists a holomorphic embedding f : D — € such that

f(z1) =0 and Q(s%(21)) C f(D).
If tanh[kp (21, 22)] > s (z1), then it is obvious that
Q 5%} (21) — tanh[kp (21, 22)]

>
sp(z2) > 0> 1 + tanh[kp (21, 22)]

Suppose now that tanh[kp(z1,22)] < s$(21). By the decreasing property of the Kobayashi

distance and Lemma 3.1, we have

s%(21) > tanh[kp (21, 22)] = tanh[kzp)(f(21), f(22))]
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> tanhlko(f(21), f(z2))] = tanh[ka(0, f(22))] = pa(f (22)).

Define f(z2)
-—_ w _ Z2
h(w) == 1 + tanh[kp (21, 22)]’
and set g(z) = ho f(z). Then g € O,(D,Q) and g(z2) = 0.
For any w € Q) with

sp(z1) — tanhlkp (21, 2)]
1 + tanh[kp(z1, 22)]

pa(w) <

we have

pa(h ™ (w) = f(z2)) = pa(h ™" (w) — A~ (9(22))) < sB(z1) — tanhlkp (21, 22)].

Since po(z) is a C-norm by Lemma 3.2, we get

This implies that

(5%(21) — tanh[kp(21, 22)]

1+ tanh[kp (21, 22)] ) C h(Q(sp(21))) C g(D).

So we have

sQ( s%(z1) — tanh[kp(z1, 22)]

>
plz2) > 1+ tanh[kp (21, 22)]

Hence,
s%(zl) < S%(ZQ) + (8%(22) + 1) tanh[kp(z1, 22)] < S%(Zg) + 2tanh[kp (21, 22)]-
Similarly,
58 (22) < s%(21) + 2tanh[kp (21, 22)].

Therefore, |s$(21) — s%(22)| < 2tanh[kp(z1,22)] for all 21,22 € D.

Since the Kobayashi distance is continuous (see e.g. [6]), we get that s3(z) is continuous.
In case that € is homogeneous, we have better estimates as follows.

Theorem 3.4 If Q) is bounded, balanced, convex and homogeneous, then for any z1,z2 € D,
we have

5D (21) — sP(22)| < tanh[kp (21, 22))-

Proof By Theorem 3.2, there exists a holomorphic embedding f : D — € such that

f(z1) =0 and Q(s%(21)) C f(D).
If tanh[kp (21, 22)] > s (z1), then it is obvious that

s%(zz) >0> s%(z1) — tanh[kp (21, z2)].
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Suppose now that tanh[kp (21, 22)] < s%(21). Since Q is homogeneous, there exists 1) €
Aut(£2) such that 9 o f(z2) = 0.
For any w € Q with

tanh[ky o) (w, ¥ o f(22))] < sB(z1) — tanh[kp (21, 22)],

by the decreasing property of the Kobayashi distance and Lemma 2.3, we have

tanh[ko (v~ " (w), f(21))] < tanh[ko (™" (w), f(22))] + tanh[ka(f(22), f(21))]
< tanh[ky(q)(w, 1 o f(z2))] + tanh[k(p) (f(22), f(21))]
< s (z1) — tanh[kp(z1, z2)] + tanh[kp (21, 22)]

= s (z1).
By Lemma 3.1, this implies that ¢~ (w) € Q(s$(21)). Hence,
{w : tanh(kyq)(w, ¥ o f(22))] < sB(21) — tanh[kp (21, 22)]} € Y(UsP(21))).

Since 1 o f(z2) = 0, again by Lemma 3.1, we have
Qs (21) — tanh[kp (21, 22)]) C Y(QsP (1)) C o f(D).

Thus,
8%(22) > 8%(21) — tanh[kp(z1, 22)].

Similarly,

59(21) > sP(22) — tanh[kp (21, 22)].
Therefore, |s$(21) — s (22)| < tanh[kp (21, 22)] for all 21,22 € D.
The following stability result generalizes and slightly refines [2, Theorem2.1].

Theorem 3.5 If {D;};>1 exhausts D, then llim s%l(z) = sP(2) uniformly on compact
- —00
subsets of D.

Proof Since the proof of the convergence is similar to that of [2, Theorem2.1], we omit
the details.

Now suppose that the convergence is not uniform on compact subsets of D. Then, there
exists a compact subset K C D, ¢ > 0, a subsequence {/;} and 2, € K C D;; such that

|s%l.(zlj) - 8%(le)‘ >e.
J

Since K is compact, there exists a convergent subsequence, again denoted by {z;}, with
lim z;;, = z € K. Choose r > 0 such that B"(z,7) C D. Then, there is N; > 0 such

j—o0

that 2z, € B"(z,7) C Dy, for all [; > N;. By Theorem 3.3 and the decreasing property of the

Kobayashi distance, for all [; > N; we have

53, (21,) = sB(e,)| < I, (1) = 5B, ()] + 153, (2) = sB(2)] + [sB(2) — 5B (=1
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Q Q
< 2tanh[kp, (2;,2)] + |lej (2) = sp(2)| + 2tanh[kp(z, 21, )]

21, — 2
< 4 tanh (”l’riu) + |8%l(2’) - 5%(5)‘
J

It is clear that there is Ny > 0 such that for all [; > N, we have

2, — 2\ e £
tanh (T) <5 and \s%lj (2) — s%(2)| < 3

Set N = max{Ni, No}. Then for all {; > N we have

Q Q
|lej (le) - SD(le)‘ <g,
which is a contradiction.

The notion of the squeezing function was originally introduced to study the “uniform squeez-

ing” property. In this regard, we have the following theorem.

Theorem 3.6 For two bounded, balanced and convexr domains 1 and Qo in C", s%l(z)

has a positive lower bound if and only if s%z (2) has a positive lower bound.

Proof Tt suffices to prove the equivalence when Q5 = B™. By Lemma 3.2, pg,(z) is a
C-norm. Thus, it is continuous and there exists M > m > 0 such that m||z|| < pq, (z) < M]||z]|.
Then, one readily checks using the definition that

Q Q
sp'(2) sp (2)

B’”

Combining Theorem 3.6 with [1, Theorems 4.5 and 4.7], we have the following theorem.

Theorem 3.7 If 8%(2) has a positive lower bound, then D is complete with respect to the

Carathéodory distance, the Kobayashi distance and the Bergman distance of D.

4 Comparison of Fridman Invariants and Generalized Squeezing Func-
tions

Since Fridman invariants and generalized squeezing functions are similar in spirit to the
Kobayashi-Eisenman volume form Kp and the Carathéodory volume form Cp, respectively, it
is natural to study the comparison of them. For this purpose, we will always assume that D is
a bounded domain in C" and {2 is a bounded, balanced, convex and homogeneous domain in
Ccn.

Similar to the classical quotient invariant Mp(z) = IC;DD (é)), we introduce the quotient
Q
m$p(z) = 8, which is also a biholomorphic invariant. When Q = B", we simply write
D
mp(z) = 228

In [9], Nikolov and Verma have shown that mp(z) is always less than or equal to one. The

next result shows that the same is true for m$(z).

Theorem 4.1 For any z € D, we have m$(z) < 1.
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Proof For any z € D, by Theorem 3.2, there exists a holomorphic embedding f: D — Q
such that f(z) =0 and Q(s%(2)) C f(D).

Define g(w) := f~1(s%(2)w), which is an injective holomorphic mapping from Q to D with
g(0) = z. By the decreasing property of the Kobayashi distance and Lemma 3.1, we have

B’Jf(D) (0, arctanh[s(2)]) € BE&(0, arctanh[s$(2)]) = Q(sH(2)).
Thus,
Bp(z, arctanh[sp(2)]) = 1 (BJ p) (2, arctanh[s3 (2)])) € f~H(Q(s5(2))) = 9(%).

This implies that e$}(z) > s$(2), i.e., m$(z) < 1.

A classical result of Bun Wong (see [12, Theorem E]) says that if there is a point z € D such
that Mp(z) =1, then D is biholomorphic to the unit ball B”. In [10, Theorem 3|, we showed
that an analogous result for mp(z) does not hold. The next result is a generalized version of
[10, Theorem 3] for m$(z).

Theorem 4.2 If D is bounded, balanced and convez, then m$(0) = 1.

Proof By Theorem 2.1, there exists a holomorphic embedding f : @ — D such that
£(0) = 0 and By(0,e3(0)) € F(9).

Define g(w) := f~1(e$(0)w), which is an injective holomorphic mapping from D to Q with
g(0) = 0. By the decreasing property of the Kobayashi distance and Lemma 3.1, we have

B’J?(Q) (0, arctanh[ef(0)]) € B% (0, arctanh[e$(0)]) = D(e%(0)).
Thus,
B(0, arctanh(e}3 (0)]) = £~ (Bjq) (2, arctanh[e}(0)])) © f~H(D(e5(0))) = ().
This implies that s%(0) > e$%(0). By Theorem 4.1, we always have s(0) < e$%(0). This
completes the proof.

Corollary 4.1 Let$;,i = 1,2, be two bounded, balanced, convex and homogeneous domains
in C™. Then 83?(21) = 83; (z2) for all z1 € Q1 and z5 € Q.

Proof Since both Q; and 5 are homogeneous, it suffices to show that sgf (0) = 83; (0).

By Lemma 3.1, we have B§_(0,arctanh(r)) = Qq(r) for r > 0. Then, by definition, sgf (0) =
eg; (0). By Theorem 4.1, we get sgf (0) = 33;(0)

We can also compare generalized squeezing functions for different model domains as follows.

Theorem 4.3 Let Q;, i = 1,2, be two bounded, balanced, convex and homogeneous domains

in C™. Then, for any z € D, we have

1
53; (0)5%2(2) < s%l (2) < 5%2(2).
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Proof For any z € D, by Theorem 3.2, there exists a holomorphic embedding f: D —
such that f(z) = 0 and Q;(s3(2)) C f(D). And there exists a holomorphic embedding g :
Q1 — Qy such that g(0) = 0 and Qa(s5?(0)) C g(Q1).

Set F'=go f, then F € O,(D,Qs) with F(z) = 0. Denote Q = Q5(s>(0)), then Q is a

bounded, balanced and convex domain with po = —2—pq,. By the decreasing property of the
S

Q3
a7 (0)
Kobayashi distance and Lemma 3.1, we have '

B (0, arctanh[s$! (2)]) © BS(QI)(O,zamctaunh[s%1 (2)]) = g(Bg, (0, arctanh[s %! (2)]))
= g (s3'(2)) C g(f(D)) = F(D).

On the other hand, by Lemma 3.1, we have

B (0, arctanh[s3! (2)]) = {w € Q : po(w) < s (2)}

= {w € Q2 : po, (w) < 552(0)s' (2)}-

This implies that s72(z) > sgf (0)s2'(2). Similarly, s (2) > sg; (0)s%(2). By Corollary 4.1,

we get

1
son(0)s7(2) < 8P (2) < 557 (2).
50, (0)

We finish our study by computing explicitly some generalized squeezing functions in the
next result, which generalizes [1, Corollary 7.3].

Theorem 4.4 For any z € Q\{0}, sg\{o}(z) = pa(z).

Proof Since 2 is homogeneous, for any z € Q\{0}, there exists ¢ € Aut(2) such that
¥(z) = 0. Then, by Lemma 3.1,

pa(1(0)) = tanh[kq(4(0),0)] = tanh[ka(¥(0), ¢(2))] = tanh(ka(0, 2)] = pa(2).

It follows that sg, oy (2) > pa(2).

Next, we show that sg\{o}(z) < pa(z). By Theorem 3.2, there exists a holomorphic embed-
ding f: Q\{0} — Q such that f(z) =0 and Q(sg\{o}(z)) c f(\{0}).

Define g(w) := f_l(sg\{o}(z)w)7 which is an injective holomorphic mapping from Q to
O\{0} with ¢g(0) = z. By the decreasing property of the Carathéodory distance and Lemma

3.1, we have

(B 0y (0, arctanh[sg, 1y (2)]))
F7H(BG(0, arctanh[sg, oy (2)]))
fﬁl(Q(sg\{o}(Z))) =g(Q).

Bg\ (o3 (% arctanh[sg\{o}(z)]) =

N

By Riemann’s removable singularity theorem, we have co\ 103 (21, 22) = ca(z1, 22) for all 21, 20 €
O\{0}. Thus,
arctanh(sg\{o}(z)) < ¢q(#,0) = arctanh(pn(z)).

Hence, 53, 1) (2) < pa(2), which completes the proof.
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