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Almansi-Type Decomposition Theorem for Bi-k-regular
Functions in the Clifford Algebra Cla,42,0(R)*
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Abstract Almansi-type decomposition theorem for bi-k-regular functions defined in a
star-like domain Q C R™"! x R™™! centered at the origin with values in the Clifford
algebra Clan42,0(R) is proved. As a corollary, Almansi-type decomposition theorem for
biharmonic functions of degree k is given.
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1 Introduction

Clifford algebra is an associative and noncommutative algebra introduced in 1878 by Clifford
[2]. In 1982, Brackx et al. [1] established the theoretical basis of Clifford analysis. Eriksson
[3-4], Huang [6], Ren [7, 9], Sakakibara [10], Garcia [5], Qiao [8], Xie [11-12] and Yang [13]
have done a lot of work in Clifford analysis.

In 2002, Malonek and Ren [7] gave the Almansi-type theorem for polymonogenic functions
defined in a star-like domain {2 C R™ with values in the Clifford algebra Cly ,(R). In 2006, Ren
and Kahler [9] gave Almansi decomposition for polyharmonic, polyheat, and polywave functions.
In 2017, Sakakibara [10] gave the method of fundamental solutions for biharmonic equation
based on Almansi-type decomposition. In 2020, Garcia et al. [5] gave the decomposition of
inframonogenic functions with applications in elasticity theory.

Based on the above, Almansi-type decomposition theorem for bi-k-regular functions defined
in a star-like domain  C R™*! x R™*! centered at the origin O with values in the Clifford
algebra Cla, 42 0(R) is proved. As a corollary, Almansi-type decomposition theorem for bihar-
monic functions of degree k in the Clifford algebra Clay42,0(R) is given. It generalizes the work
of Reference [7] from the Clifford algebra Cly ,(R) to Cla,12,0(R) and from one variable to two

variables.
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2 Preliminaries

Real Clifford algebra Cl,4+1,0(R) is generated by {eq, e1, -+, e, }, whose identity is ez = 1
and whose basis eg, €1, - ,€n;€0€1, * ,en_1€n;- - ;€0€1 - - - €y, satisfies e;e;+eje; = 2055, 1,5 =
0,1,---,n, where d;; is the Kronecker sign. For any element a € Cl,,11,0(R), a = Y aaea, where

A
A ={aq, a9, - ,ap}, the integers oy (I = 1,2,--- k) satisfy 0 < oy < s < -+ < ap < n,
as € R, €4 = €q,€0, " €q, O €z = 1. Define the norm of the element a € Cl,,41,0(R) as
1
la| = (%:laAlz)Q-
Let £y be a nonempty connected open set in R"*!. Denote the function f : Qg — Clpt+1,0(R)
by f(z) = > fa(z)ea, where f4 € R. [ : Qy — Clpt10(R) is continuous on Qy mean-
A
s each component fa(z) is continuous on Q. Suppose C"(Q,Clyt1,0(R)={f|f : Qo —
Clo+10R), f(z) = Z fa(z)ea, where f4 is r-time continuously differentiable on g, r € N*}.
In this paper, we suppose that Q = Oy x5 is a nonempty connected open set in R™ ! xR +1,
If feC?*(Q,Clania0(R)), define some operators as follows:

DmfZiez 0=y e,

Lemma 2.1 Suppose Q C R x R"! s a domain, f,g € C?(2, Clan12,0(R)), then for
any (z,y) € Q, we have

n

D.(fg) = (D.f)g + Zeif%, (f9)Dy = f(gDy) + Z %ge
i=0 ¢ ’

j=0
Definition 2.1 Suppose Q@ C R"*! x R*"" s a domain, if t(x,y) € Q holds for any
(x,y) € Q and t € (0,1), we say that Q is a star-like domain centered at the origin O.

Definition 2.2 Suppose Q C R"! x R"*1 is a domain, k € N*, f € C?*(Q, Clay12,0(R))

satisfies

{Dlmcf(xuy) =0,
f(z,y)Dy =0
on ), then [ is called a bi-k-regular function on Q. When k = 1 it is called a bi-regular function

on 2 for short.

Definition 2.3 Suppose Q2 C R*1 x R+ js a domain, k € N*, f € C?(Q, Clap120(R))

satisfies

Alzgf(xv y) =0,
{f(w,y)AZ =0

on ), then f is called a bi-k-harmonic function on Q. When k = 1 it is called a bi-harmonic

function on Q for short.
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3 Almansi-Type Decomposition Theorem for Bi-k-regular Functions
For any o > 0, we define the operator S, by
So = al + Ey + Es,

n n
where I is a unit operator, F; = > xi% and Fy = Y yja%. are Euler operators.
=0 i =0 j

If Q C R x R™"! is a star-like domain centered at the origin O, 8 > 1 and f €
C%*(Q, Clap+2,0(R)), we define the operator T : C%(Q, Clay42.0(R)) — C?(2, Clap12,0(R)) by

1
%f@ﬂ%:A(ﬂmJMWA&.

Theorem 3.1 If Q C R"™! x R"™! is q star-like domain centered at the origin O, > 1
and f € C?(Q, Clap42,0(R)), then for any (z,y) € Q, we have

f(@,y) =TpSpf(x,y) = SpTsf(x,y). (3.1)

Proof By some straightforward calculations, we have

)
)

xz,

Y)
S|
T (t° f (tz, ty))dt
1
(ﬁtﬁ—l Flta, ty) + # U (tdi’ ty) )dt
1 n 6f B n 6f
— B-1 B-1 B-1 k. —L d
/O(ﬁt flte, ty) +t (z; ml)(t:v ty) +t (JZO ]8kj)(t:v,ty)) t

n

= [ e () + (St
=TS/ (. ),

where m; = tx;, k; = ty;.
On the other hand,

[z, y)
—/Ol(ﬂtﬁlf(tx,ty)ﬂﬁl(zn:m ;f )(t:z: ty) + 7~ 1(zn:kj gg)(tx,ty))dt
1=0

—B/ft:c ty)t? 1dt+(zmz /ftx ty)tPdt
+ (J_Zokja_/%)[) fltz, ty)t*~1dt

= SBTBf(‘Tv y)

we complete the proof.
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Theorem 3.2 If Q C R™! x R*"! 45 a star-like domain centered at the origin O and
f € C%*Q,Clani20R)), a1 > 0,2 > 0, then for any (x,y) € Q, we have

Su, Say = SaySa, - (3.2)

n n
Proof As So=oal+ > x> + Y yjaiyj, we get
7 j:O -

=0

Sar (Sas f) = 01(S0, f) +sz Soaf) +Zyja(5a2f)

8171 = 0y;
. 0 n 3(042f+2517ka +Eya )
of of Tk i
:al(azf+z:$ia—$i +jzyja_yj)+§xi oz,
¢ Ooaf + 3 midh+ ¥ udd)
+ Yy ;
=" dy;
—~  ISanf) |~ O(Sarf)
Sy (Sar f) = a2(Sa, ) + i + j
(Sarf) = a2(Sa, f) ;r o ;y” o
n n a(Oélf—’— Z:Ekaxk +Zy8yl)
_QQ(a1f+le Z 7 Oy, ) in ox;
i=0 =0 J i=0 v

n (041f+217kaf+2yzaw)

0y,

Thus (3.2) holds.

Theorem 3.3 If Q C R*! x R is q star-like domain centered at the origin O, a > 0,
f € C3(Q,Clani20(R)), then for any (x,y) € Q, we have

Dm(Socf) = SaJrl(Dxf); (33)
(Saf)Dy = Soz-l-l(ny)a (3'4)
D, (Sof)Dy = Sa42(DyfDy). (3.5)

Proof

n

5o =D L2l + 2 Ja@,)

n of 0?2
(Zel +Ze’“xla v0z; +Z D0y 311)
:SI(DLEf)7

Dr(Saf) = Dr(O‘f + E1f+E2f)
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=aD,f+ Dw(SOf)
= aD.f + S1(D.f)
=aDyf+ Dof + E1(Dof) + Ex(D2 f)
— Soz-l—l(D;Ef)u

that is, (3.3) is true. Similarly, (3.4) is true.

P '6:61 Foyja_yj
o " 8f 2f
= (gela—i+;ekxla ) Z kyga kayj)
= 0 = Of 2
_ga—yl(l_oela +;€k$za . +Z i g, 8y)
2f 7 2f
= ;el Do, e+ lz:klek:ci 00107107, 1+ Z ek 9y
3f
*Ze’“yﬂ‘m‘”

Sf 63f
=2D,fD, + epl; —————e; + erlY; ——————e€
lzm R T TRy W Zkl " oyozrdy; !

Since

B(0.D) =3 (Z o) = S menp ot
xz 8y18:1:k B it lwlek 81:183;185% €

By (D, fDy) = > yjex

7.k,

we get Dy (Sof)Dy = 2D, fD, + E1(DyfD,) + E2(Dy fDy) = So(DyfDy).
Similarly,

" Oy10xx0y; 551% 0y, o

Dy (Saf)Dy = Dy(af + Erf + Exf)D
=aD,fDy, + D.(Sof)D
= aD, fDy + S2(Dy fDy)
=aD,fDy+2D,fDy,+ E1(DyfDy) + E2(D, fD,)
= Sat2(Ds fDy),

that is, (3.5) is true.

Theorem 3.4 If Q C R*"! x R"™! js a star-like domain centered at the origin O, 3 >
1, f € C*(Q, Clap12,0(R)), then for any (z,y) € Q, we have

Dy (Tsf) = Tp+1(Dxf), (3.6)
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(Tsf)Dy = Tp+1(fDy), (3.7)
Dz(Tﬁf)Dy = T6+2(szDy)- (3.8)
Proof
Dy (Taf(x,y)) / f(ta, ty)t’~ 1dt)

/ Bf tac ty) (A1
/5}1
Tp1(Def(z,9)) / Zel

hence D, (Taf) = Tp+1(Dy f). Similarly, (Tsf)D, = Ts+1(fDy).

1
Dy (Tsf(z,y))Dy = Dy /Of(tx,ty)tﬂ‘ldt)py

= ([ et wiao,

1 2
o°f
= E e;———(ta, ty e tPH1de,
/0 ayjafci( ) !

.3

2

1
0
T12(Ds f(2,y)Dy) :/0 Zeia—f

tz, ty)e 51 dt
- y]awl( ) y) J )
7,7

hence D (T f)Dy = Tp12(Dy fDy).

Remark 3.1 If Q C R""! x R"*! is a star-like domain centered at the origin O, 3 > 1, f €

C3(Q, Clayn2,0(R)) is a biregular function on €, then Szf and Tsf are biregular functions on
Q.

Theorem 3.5 If Q C R*" x R"! is q star-like domain centered at the origin O, f €
C* (9, Clapt2,0(R)) is a biregular function on Q and ExEy f = 0, then for any k € N*, we have

Dw(x%fy%)Dy = (2k)2$2k_lfy2k_la (3.9)
_ _ n+1 _ _
Dy (2291 fy2* 1)Dy:4( . +k—1)x2<k D(Sugr gy HyPEY, (3.10)
ok 2k £ 2k 2k _ g2k 2 (0T L B
D2 (2 k) D2k = 42K ()12 ( —+k 1)
+1
(%5 ) S Su f, (3.11)
_ _ _ _ _ n+1
D21 g2k 2k 1)D§k L 421 — 1)) ( . +k—1)
n+1
( . )Suptiy e Sap f. (3.12)
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Proof Firstly, we prove (3.9).

Because f is a biregular function on 2, by Lemma 2.1 we have

D, (x Qkfy2k) L, = ((D 22 )fy%-l—zel ﬁ Qk)Dy
= (D) (1D, + 2::,) oL )+Zew WD)+ 3 e o

:2kx2k1(2kfy2kl+ji0§f )_’_%xzkzez of y2h1 4 21@2618%8% 2k

%]
= 2kg?h—1 (2k fyR =t 4 ( ny)y%) + 2ka** (D, f)y* ! + 22*(D, fD,)y**
— (2I€)2I2k71fy2k71.

Secondly, we prove (3.10).

By Lemma 2.1 we have
Dm(x%—lfy%—l)Dy _ Dm(:c2(k_1)(£vfy) (k— 1))Dy

- ) 0@fY) o
_ 2(k—1) 2k-1 2(k—1) 2(k—1)
((D x )z fy Zelac ox, Y )Dy

i=0
_ (Q(k - 1)I2(k71)fy2k71 + (n + 1)I2(k71)fy2k71 + Z ei:pQ(kfl)gjg—nykfl)Dy
i=0 i
n 0
= 2k —2+n+ )220 DD, + (3 eixQ(kfl)xa_a{y%il)Dy'
i=0 !
{eiI +we; =2x; (1=0,1,2,---,n), we have
yej +ejy=2y; (j=0,1,2,---,n),

(2k 2+n+1) 2(k— 1)(fy2k 1) (2/€—2+7’L+1) 2(k—1)((fy) (k— 1))DU

= (2k — 2+ n+ 1)22F D ( fy(y** YD, +Z fy 2k=1)e )
J

= (2k —2+n+1)2°* 1)( 2) fy2h- 1)+Z f <’“—1>ej+(n+1)fy2<’“—1>)

= 2k —2+n+D)a2* D ((2k — 24 n+ 1) fy2* 1)+Za (2y; — esy)y2~ 1>)

= (2k =240+ 1)2?FV((2k =24+ n + 1) fy? Y + 2(E2f)y2<’“ Y= (fDy)y* )
= (2k — 2+ n+1)222*=D £ 20D o0 — 2 4 4 1)z R D (By £y,

(ieixz(kfl)x%y%*l)Dy _ xz(kq)(i@xi _ xel)af Y2 1)Dy

i=0 i=0
2 FD (B )y = 2D f)y Qk’l)D = 2362('“*1)((Elf)yyz(kfl))Dy

_ (E _
_ 9p2(k-1) ((Elf)y(yQ(k np +Z 1f 2k 1)€j)
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= 227" 1) ((% —2)(Ef)y D+ a(Llf)yyz(’“’l)ej +(n+ 1)(E1f)y2(’“’1>)
= 3yj

— 942(k=1) ((Qk 24n+ 1)(ELf)y _ejy)y2(k71))

= 222D ((2k — 24+ n + 1) (B f)y* =D + 2(E2E1f) 200 _ By (fDy)y? )
=2(2k — 2+ n+ 1)a?* V(B f)y2kD),
Hence
Dm(‘erflnykfl)Dy
= (2k — 24+ n+1)22F=D £,26=0 4 99k — 2 4+ 1) a2 F D (By )21
+2(2k — 24 n + )22t Y (B, f)y2k-1

n+1 _ _
= 4(" 5 k= 1)a D (S, Ny,

By (3.10) we get
Dy(xfy)Dy = 2(n + 1)S%f. (3.13)

Next, we prove (3.11) by induction.
When k =1, by (3.9) and (3.13) we have

D3 («® fy*) Dy = Du(Da(2? fy*)Dy) Dy = Dy (4 fy)Dy = 8(n +1)Suss f.

Suppose (3.11) holds for k = [, that is,

1 1
Dil(:c%fyzl)Dil _ 421(“)2(”‘2" 41— 1) .. (n—|—

2
Then when k=141, by (3.2), (3.9)-(3.10) and (3.14), we have

)ity Supt . (3.14)

Di(Hl) (:c2(l+1)fy2(l+1))D§(l+1)
_ D3201+1(Dw(xz(lﬂ)fyz(z“))D )D21+1
= DXHL((2(1 + 1)) 2l+1fy2l+1)D2l+1
= (2(1 +1))* DY (Dy(x 2”1fy2”1)Dy)D§l
20+ 1)) Dzz( (” )le(S’n_ﬂHf)le)Df/l
=40+ 1) (%

(2
= 420FD((1 1)) (n+1 +l) (n+1)5%+l—1"'5%18%1+lf
) (n—|—1

) D2 (@ (S ys 4 Sy DY

+l

— 200 (4 1) ( )S%Hs%ﬂﬂ—l S f.

Finally, we prove (3.12).
By (3.2), (3.10) and (3.11), we have

Dikfl (‘erfl nykfl)D:lQ/kfl
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_ Di(kfl) (Dm ($2k71fy2k71)Dy)D12/(k71)

1
= 4(”;r +k— 1)D§(k—1)(x2(k—1) (St ypy P2 D2

_ n+1 n+1
=4 (k= )Y+ k1) o (=) Sappma - Sup Sy

n+1

=4 (=) (5= k= 1) -

n+1

Remark 3.2 If O C R*! x R**! is a star-like domain centered at the origin O, f €
C>(Q, Clay12,0(R)) is a biregular function on Q and Ey By f = 0, then DY («* fy*)D!l = 0 (1, k €
N* 1> k).

Let

1
M= G T Tt Doy,

where Cp, = 4%([E]N)2 (2 + [E22]) (28 + [552] — 1) -+ (=), k € N*, [£] is the integral

function of % .

Theorem 3.6 If Q C R*"! x R*! is q star-like domain centered at the origin O, k > 1,
ke N* feC>®Q,Clapt20R)) is a bi-k-regular function on Q and EsE1f = 0, then there
exist uniquely fi, fa,- -+, fr where f; (i =1,2,--- k) satisfies Dy f;Dyy = 0 on Q such that

f(xay) = fl(xvy) + :vfg(w,y)y +ee xkilfk(xvy)ykilv (315)

where

fro = M1 (DETLFDEL),
fre1 = Ne—a(DE2(f — fk_lfkyk_l)D§_2)v
Froz = Ms(DE 2 (f = a7 iyt — a2 o ayf ) DET?),

fo=M(Do(f = 2" iyt =2t 2 iyt = = 2P fy?) D),
fr=f =" Tt = oy =P ey — oy,

Proof Let Gi, = {f € C>(Q, Clapt2,0(R)) : D’;ngj =0}.
Step 1 We prove that for £ > 1,k € N*, we have
G =Gp_1+ CL‘k_lG1yk_1.

On one hand, it is obvious that G _; C G}, and it follows from Remark 3.2 that D¥ (:10’“_1%)“3;’“_1)D’yC =
0, that is, "~ 'G1y* = C G. Thus Gp_1 + 2" 'G1y* ! C Gy.
On the other hand, for any f € Gi, we have

f= =" e a(DFHFDE )Y ) + 2 (e a (D FDY 1))y
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Since f € G, we have D% fDF = Dy (D~ fDE-1)D, = 0, then DE~'fDE"! € Gy, by

Remark 3.1, we have A\, _1(DE~! fDI™1) € Gy. From (3.11)~(3.12), we have

Dy M (I — 2" wea (D Dy )y Dy
= DE DL - DA @ (v (D5 D) Db
_ Dl;—lfDl;—l _ Dl;—lfDZ—l
= O,

that is, fI — :vk_l()\k_l(D’;_lfD;j_l))yk_l € Gy_1, hence Gy, C Gp_1 + 2P 1GyF 1.
Therefore, for any k > 1, Gy = Gp_1 + 2* " 1GyF 1.

Step 2 We prove that for k£ > 1,k € N*, we have

Gr=G1+2Giy+---+ l’kilGlykil.

By Step 1, we obtain

Gy =Gp_1+ $k_1G1yk_1

_ Gk—2 + xk—2G1yk—2 + (Ek_lGlyk_l

=Gy +2Gy+ -+ Gy
Step 3 We prove that for any f € Gy, the decomposition f = g + 2" 1fyF~! (g €
Gr—1, fr € G1) is unique.
Suppose f =g +a* ! fiy* Tt = g" + a1 iyt where g, g% € Gioy, fi, fi; € G, then
f=F=@-g)+ " - fy =0

By Theorem 3.5, we have

Dy~ (g = g") + (@ (fw = f)y* ) Dy

=Dyt @ (e = YDy

() () (=0
=0.

As Tg0 =0 and SgTs =1, fi — f; = 0. Hence

fe=1h g=f—a" = f - YT =g

i.e., the decomposition f = g+ ¢~ fryF~1 (g € Gr_1, fr € G1) is unique.
Step 4 By Theorem 3.5 and f = g + 2" ' fry*~1! (g € Gr_1, fr € G1), we have

Dy Dy =Dy g + M iyt DT = Dy @ Ay DT = N
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hence fi = Ap—1 (D5~ fDE-Y).
Moreover, as g € Gi_1, g = g1 + 2" 2fp_19*72 (91 € Gr_2, fr_1 € G1), then by Theorem
3.5,

Dy 29Dy~ = Dy 2(gy + 2" 2 froay" 2Dy = Dy 2 (@ froay* Dy = AN fre,
hence

fro1 = Mn—a(D5?gDE?)
= N2 (D2 (f =" fuy* DY),

Let g1 = go + 2" 3 fr_0y" 3 (92 € Gi_3, fu—2 € G1). By Theorem 3.5,

DE 31Dy = DE3(go + 2773 fuay¥ ) D3 = DE3 (283 fr_oyF DI = N fao,

z y
hence
fr2 = Me—s(DE 21 DI™?)
= Me—s(DE 3 (f — "yt = 2P faayFR)DER).
In the same way, we can get the expression of fr_3, fk—4, -, f2, f1.
Let

Hy = {f € C=(9,Clany20(R)) : AL fAY =0},

Remark 3.3 If O C R"T! x R**! is a star-like domain centered at the origin O, k € IN*,
[ e C>®(Q,Clypt20(R)) is a bi-k-harmonic function on Q and EyF4 f = 0, then

H,=H® x2H1y2 D---D x2(k_1)H1y2(k_1). (3.16)

Proof It is obviously true for £ = 1.

It can be observed that
Hy, = {f € C™(Q, Clani2,0(R)) : D2F fD2F = 0} = Gay..
For k =1,k € N*, from Theorem 3.6 it follows that

Gop =G ®2Gy ® 2G> ® --- @ w2<k—1)G1y2(k_1) @ 221Gyt
H =Gy=G1® :Z?Gly.

Hence

Hy=Gop =G ®2G1y®2’Giy> @ @ w2<k—1)G1y2(k_1) @ xzk_lGly%_l
=H & I2H1y2 Jas $2(k*1)Hly2(k*1)_
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