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ON A SURJECTIVITY FOR THE SUM OF 
TWO MAPPINGS OF MONOTONE TYPE

Z h a o  Y i c h u n

Abstract

In  this paper the sum ( T + S )  o f  two nonlinear mappings is considered, :w here T  is 

maxim al monotone or generalized pseudomonotone and S  is generalized pseudomonotone or 

o f  type (M ) . By using the concepts o f  Г-boundedness, Г-generalized pseudomonotone 

mappings and mappings o f  type T ~ ( M )  introduced by the author, it  is proved that 

( T + S )  is o f  type (M) .  A  new surjectivity result fo r  multivalued pseudo A -proper  

mappings, is given. A s a consequence, it  is obtained that the coercive mappings o f  type  

(M ) whose effective domain contains a dense linear subspace are surjectivity. In  particular, 

the author answers affirmatively a part o f  Browder's question (see [1 ] , p . 70).

I t  makes an important sense to study the surjectivity for the sum of two 
mappings of monotone type in  the theory of monotone operators and its applications. 
Let X  be a real Banach space, X * * * its dual space, and let T. X  -> 2X* be a maximal 
monotone mapping. Browder posed the following open question0-3: Suppose that S  is 
a bounded finitely continuous У-pseudomonotone mapping from X  to Г  and 
( T + S )  is coercive; is i t  then true that (T + S )  is surjective? Hess and the author 
have researched into this question using different methods13'31. In  addition, if T  is 
weakly closed and S  is of type (M),  un til now the best results on the surjectivity 
for (T + S )  belong to [4, 6]. When studying a surjectivity for the sum ( T + S )  of 
two mappings of monotone type, all authors restricted T  and S  respectively, but 
did not make a connection between properties of T  and 8 themselves. By the above 
reasons, we have introduced the notions on У-boundedness, У-generalized pseudomo
notone mappings and mappings of type T —(M)  in  [6]. We have proved that the 
quasi-bounded mapping S  must be У-bounded and that generalized pseudomonotone 
mappings and У-pseudomonotone mappings in  Browder's sense S  must be У- 
generalized pseudomonotone, if У is maximal monotone. This paper is a continuation 
of [6]. In  the first section of this paper, we shall simplify the sum of some mappings 
of monotone type by means of the notion on У-boundedness: The sum of two 
generalized pseudomonotone mappings is reduced to one; and the sum of a weakly
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closed mapping and a mapping of type (M)  is reduced to a mapping of type (M ) .  In  
the second section of this paper, we shall first prove that quasi-bounded multivalued 
mappings of type (Ж) are weakly А-proper, and then give a surjectivity result for 
this kind of mappings. This not only extends a result in [7] but also answers 
affirmatively a part of Browder's question. I t  should be noted that the mappings 
studied here are not defined everywhere.

§ 1. On the Sum of Two Mappings of Monotone Type

Let the spaces X  and X* be as before and let T : X  - » 2X* be a mapping. We 
denote by B ( T )  and G(T) the effective domain and the graph of T  and denote by 

and strong and weak convergences, respectively. j V' denotes the collection 
of all natural numbers. We consider the following hypotheses on the mappings:

(mf) For each ojG B ( T ) ,  Tx  is a nonempty bounded closed convex set of X*; 
(m2) For any [>„, /»] £ G ( T )  ( п £ Ж ) ,  if хя - * х 0 iu  X ,  f n ~ ^ /0 in  X*  with 

a?oGX and /о G X * and

lim (/„ , a5n-a j0)< 0 ,П ‘
then [®0, /о] G G (T ) . If, in  addition, the assertion ( /„ , »»)->(/o, #o) holds, too, 
then we say that T  satisfies the hypothesis (m2) ;

5 (m3) For each finite dimensional subspace F  of X , T  is upper semicontinuous 
as a mapping from F  into 2X* relative to the weak topology of X*;

(mi) For any [®„, /„] GG(T)  (raG-ЛО, if in X, /„  in  X* with x0£  
X  and /о  GX*, then [ж0) /о] G G(T) .

The mapping T  is said to be of type (M ), generalized pseudomonotone or weakly 
closed, respectively, if it satisfies (% ), and, (m3) in addition, a corresponding 
hypothesis among (m2) , (m'2) or (m4) . I t  was known that maximal monotone =Ф 
generalized pseudomonotone => of type (Ж) 4= weakly closed. Obviously, if T  and 8  
satisfy (m2) and (m3), then their sum must be so. Thus, in order to show (T+ 8)  
is some one of these types, it suffices to prove that (T+ 8)  satisfies the respective 
condition among (m2), (m2) and (m4). As to the concepts for the quasi-boundedness 
of a mapping and the normalized dual map, see [4].

D efin ition  I е63. Let X  be a Banach space, X* its dual space, and let mappings 
T, 18: X  -> 2X* and QczB(T) f]J)(8) Фф. A  mapping 8  is said to be T-bomded on Q 
i f  fo r any bounded sequence {xn}czQ when f n+gn-*-h(n-j>oo)t where f nGTxn, gnGSx„ 
(nG.A/~) and hG. X*, {gn} is bounded.

Clearly, if  I 7 is a bounded mapping (zero mapping), then arb itrary  mappings 8  
are I'-bounded (О-bounded) on the effective domain B(8) .  We have proved that if
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a mapping 8  is quasi-bounded, then 8  must be Г -bounded on D(T) f \D (8)  with 
respect to any monotone mapping Т ш. Thus, T-boundedness is a very weak concept.

Definition%m. Let spaces Xand X* be asm  Definition 1, and mappings T , 8 : 
X-+2X* with D (T ) П D(8) Фф. A  mapping 8  is said to be T-genercdizedpseudomonotone 
i f  for any sequence {xa}czD (T ) f \D(8) with xn-^x0, gn-^gownd{fn} is bowidedsmh that

Hm (/„+#„, %-<u0)<G,
. П

where f n€.Txn, дп^ 8 х п( п £ Ж ) ,  we have [>0, gf\ £ G (S )  and (gn, ®n)-»(0o, щ)(п-+  
oo). S  is said to be o f type T - ( M )  i f  we do not require (gn, ®ft)—>(#o, %)•

According to Definition 2, a generalized pseudomonotone mapping (a mapping 
of type (M))  in  [4] must be О-generalized pseudomonotone (0-of type (M )) ,  where 
0 is the zero mapping.

Lemma 1. Let X b e  a real Banach space, T. X —>2X* generalized pseudomonotone. 
Suppose that {xn}<~D(T), xn-^w0 and f n~^fo (n->oo) with f n£ T x n(n6  ̂ ) • Then

h m ( f n, x n- x 0)>0.  (1)
П

Proof If  the inequality (1) does not hold, then
жй-ж 0)< 0 . (2)

tl '
By hypotheses, {(/„, *o)} is a bounded numerical sequence. I t  follows that there
exists its subsequence {(/„„  xnj—ж0)} such that

lim (/„„  «„ ,-a !o )= lim (/n, а;„-Шо)<0. (3)
S n

Since T  is generalized pseudomonotone, we obtain (f nj, ж5;|)~»(/о, ж0). This fact 
contradicts (3). . Q. E. D.

Lemma 1 extends Lemma 1 in  [6].
Theorem 1. Let X  be a real reflexive Banach space, T : X  -» 2 X* generalized 

pseudomonotone. Suppose that 8. X  —► 2Z* is generalized pseudomonotone or T-pseudomo-  
notone 0bn the Browder's sense in  [1]) (o f type (M)) and D(T) f\D(8) Фф. Th&n 8  is 
T-generalized pseudomomtone (of type T  — (M ) ).

Proof We shall show only the case when S  is generalized pseudomonotone and 
Г -pseudomonotone. I f  8  is of type (M ),  the argument is similar. Let {xn}czD(T)  f) 
D(8)  such that xn- ^ x 0, gn-*g0 and {/„} is bounded with / „ 6 Txn д»£8хп( п £ Ж )  
and

tim(fn+9n,  ajft-«Po)<0. (4)
n

Since X is reflexive and {/„} is bounded, there exist f o £ X  and its aubsequenee f nj
(4) implies

ж„,-ж0) + П т (дп„ ж„,-ж0)< 0 .

Since 8  is either generalized pseudomonotone or Г -pseudomonotone, we have [x0, g0]
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£Gf( S)  and (gn„ cca.)->(g0, cc0) (j->oo). Indeed, in the course of tho abovo proof we 
have shown that to every subsequence {($„,, яп,)} of {(gn, &„)} there exists its 
subsequence {(gnm, xn3at()} which; converges to (да, w0). Therefore, (gn, щ ) - ^ (д 0, ж0) 
(n—>oo). . . Q. E . D.

, Corollary 1. Theorem 1 m  [6].. . • . , • • ■
In  general, the sum of two generalized .pseudomonotone mappings need not be 

generalized pseudomonotone, bu t we have
T heorem s. Let] X  be a real reflexive Banach space, T : X - > 2 X* generalized 

pseudomonotone. Suppose that S : X  —>2Z* is T-bounded and T-generalized pseudomono
tone. Then (T+ S ')  is generalized pseudomonotone on L ( T )  f| D(S).

Proof Let {con} d D ( T )  f]D(S)  such that xn x0, f n+gn-*-h with /„  G Tccn, gn G 
Sccn(n^:.yV‘)and h £ X *  and .

гся-гв0)< 0 . (5)
. -n . . ' • . . • • • • , . •.

Since S  is ^-bounded, {/„} and {#„} are bounded. We may assume дП}~^да in  X * 
and go in X* ( j —>oo). Because of (5) and the fact that 8  is ^-generalized
pseudomonotone, we have [ж0, go] G Gt (S) and (дП}, гкп,)-^(у0, щ) ( j  -» со) „ Hence, 
the inequality (5) becomes

" ' : ; : lim(/n„ < 0 . v ■$ , .  . _

Now, we conclude [>0, h —g0] G G(T) and (/„„  %,) -> (h—g0, ж0) since T  is 
generalized pseudomonotone. Therefore, we obtain [ж0, h] £G(T+iS)  and (/» ,+  y„,, 
xn()-*(h, %o)(j-^-°9) - By . the same reason as in  the proof of Theorem 1, we find 
(fn+.gn, ®«)-*{h, O 0 - * o o ) .  Q. E. D. ■

In  combination with Theorem 1, we have
: . Corollary 1. I f  T  .is generalized pseudomonotone and S  is T-bounded generalized 
pseudomonotone,or T-pseudomonoione, then (T + S )-is  generalized pseudomonotone. ' ■;
, Corollary 1 eliminates the assumptions of the boundedness on T  and JD (T) =  X  
in  Lemma in  [6, p. 212]. . • ; . ;

Corollary S. I f  T  is generalised pseudomonotone and 8  is T-bounded generalized 
pseudomonotone or T-pseudomonoione which are multivalued and satisfy condition (mf), 
suppose that there exists a dense linear subspace X 0 o f X  which is contained in D(T)  
and (T+ S)  is quasi-bounded and coercive, then R ( T + S )  =X*. ;

Proof By Corollary 1, (T + S) is. generalized pseudomonotone. Therefore, 
R ( T + S ) = X *  by Theorem 5 in  [8] . , , , .

Corollary 3. L e t T : X  —>2X* be a maximal monotone mapping and S : X - > 2 X* 
> a quasi-bounded finitely continuous T-pseudomonotone which satisfies condition (% ). 

I f  (T + S )  is coercive, then (T + S )  is surjective.
; Proof Since L ( T )  =* D(S) = X ,  T  is quasi-bounded and 0 G In t D ( T ) .
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Therefore, (T + 8 ) is quasi-bounded. By Corollary 2, (T + 8 )  is surjective.
Remark 1. If 0 £ ln t  D(T) ,  T  is quasi-bounded. The assumption th a t D(37) 

*~D(8) = X  in  Corollary 3 can be changed to D ( T + 8 ) = X .  (see Corollary 2).
Remark 2. In  general case, (T + 8 ) is coercive bu t is not certainly surjective. 

For example, let T , 8. R f - ^ R 1 satisfy the assumption that for any x in R 1, T x = 0 
and 8 x = x  for any x 6  D(8)= F+ U {0}. I t  is known easily that 37 is bounded maximal 
monotone, 8  is bounded 37-pseudomonotone, and ( T + 8 )  is coercive. But R ( T + 8 )  
=  й+и {0}=£ R 1. Corollaries 2 and 3 are pointed out by my post graduate Mih 
Lequan.

In  a similar fashion to the proof of Theorem 2 we obtain the following
Theorem 3. Let X be  a real reflective Banach space, 37. X  ->2X* weakly closed. 

Suppose that a mapping 8 : X  ->2X* is T-bomded and o f type T-(M ) .  Then ( T + 8 )  is 
of  type (M).

In  combination with Theorem 1, we have
Corollary 1. I f  T  is a weaMy closed and maximal monotone mapping and 8  is a 

T-bomded mapping o f type (M), then ( T + 8 )  is of type (M).
When T  is generalized pseudomonotone (in particular, maximal monotone), 

Theorem 1 unifies two notions that 8  is generalized pseudomonotone and 27- 
pseudomonotone by 37-generalized pseudomonotone mappings. The assumptions in 
Corollary 1 of Theorem 2 is simpler than ones in  Theorem 1 in  [8]. Since a 
generalized pseudomonotone mapping must be of type (M),  in  order to study a 
surjectivity for the sum ( T + 8 )  of two mappings of monotone type, by Theorems 2 
and 3, it suffices to consider a surjectivity for a mapping of type (M).

§ 2. Results of a Surjectivity

In  what follows we always assume that X  is a real separable reflexive Banach 
space. For this kind of space, there is an injective approximation scheme F =  
({X n}, {X*}; {P„}, {Qft}) for ( X ,  X*),  where { X n} is an increasing sequence of 
finite dimensional subspaces of X  and p(x, X a)->0 (n->oo) for each x£  X , P„. 
Х Я—>Х is the injection mapping and Qn~ P l  is the dual mapping of P„. This scheme 
is assumed in  this paper. For the concepts on a weakly (pseudo) А-proper mapping 
with respect to an injective approximation scheme, see[9, 10]. Let Q d X  and T. 
X  —> 2X*. We write Q„=Qf) X n and T a=QnT P n.
■ The following theorem gives a very general result that mappings of monotone 
type are weakly A-proper. -

Theorem 4. Let a mapping T. X-+2X* be of type (M) and quasi-bounded. Then 
T  is weakly А-proper with respect to an injective approximation scheme Г = ({ Х Я},

No. 4 Zhao, ¥ .  G. ON A SUBJECTIVITY FOB MAPPINGS OF MONOTONE TYPE 475



476 CHIN. ANN. OF MATH. Yol. 6 Ser. В

i x : h { P n } , m ) o n i ) ( T ) .
Proof Let xnj G Р  (T) П X nj with {xn}  bounded and hns G T  nfVnj ( j  €  <sP") satisfy

O '-^co) (6)
for some #G X*. Since P n.. Х Я,~»Х  is an injection mapping and Tnj=Q,nfOPnj, we 
may ta k e /^ G Txnj such that hnj^Q nJ nr Hence, (6) becomes

II QnJfnj~QnJp\\~*Q ( j -» o ° ) . (7)
Since ||Q„J < 1  ( /б с Ж ), from (7) we know that {Qn3fn3} is bounded. Hence, by the 
quasi-boundedness of T  and

(.fn,j> ®nj) ~  (.flbj, Pnfinf) ~  (QnJnj, llQnjJ^n^l ll^nJI

where J / j —Sup|Q„,/„J, we see that { /„ J  is bounded.
■ ^

For fixed X„ and each x  in  X n, we have %nj—x £  X nj as щ>п. Oonsequentely, 
(7) implies that

< (Ж + 1 ® Ш й ,,/1,( - & , г,||-»0 «->•«>), (8)
where M = sup|#„J. Indeed, to each x £ X ,  since p(x, X„)--»0 (тг->oo), we have

5
from (8) and the boundedness of { f n}

U n - p ,® * -® )-* 0 0 ‘-»°o). (9)
Since X  is reflexive and is bounded, we may assume some of its subsequence 

o 6 X  (ifc-»oo). getting aj=asoin (9), we obtain
хПм-Хо)-+0 (k->oo). (9')

(9) and (9') imply a))->0. This means / Я л и (&-> oo). We have also
from (9)

(A™, &««*>-#o)->o (^->oo). (io)
Since T is of type (M ), we obtain, by (10), [&o, p lG ^C l7), i. e., x0€ D ( T )  and 
p(zTxo- Thus, T  is weakly А-proper. Q. E. D.

By Theorems 2 and 3 in the first section, we obtain 
Corollary 1. Theorem 2 in  [6] ,
To show a surjectivity of weakly А-proper mappings, we shall need the following 
Lemma 2. Let T. X  ->2X* be weakly А -proper, and let Q ( a L ( T ) )  be a bomded 

set o f X  and p £ X *  and p £T(Q ).  Then there exist ra0G ̂  and « > 0  such that 
„ p(Q»P, T n(Qn) ) > a  as n>n0.

In particular, QnP (zTn(Qn) (n>n0) .
Proof I f  the assertion is false, there exist {s,}, s;—>0 and щ —> oo such that 

in f \\h~Qnip\*=p(Qnjp, T nj(Qni) )< 8 3 ( j £ A Q .

It follows that there exist xnj€.Qn}(aQ )  and hnjGТ пр щ such that
||А»,— ̂ п^р||<е»,->0 ( j - *  oo). .

Since T  is pseudo А-proper, there exists xqQ.Q satisfying p £ T x 0 This fact contradits
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Q. E. D.
T heorem  5 (Theorem 3 in  [6]). Let f l c Z  be a bounded set, 0£  Q and let Qn be 

an open symmetric set about the origin of X n fo r  each n £  J f .  Suppose that T. X  ~>2Z* 
is pseudo А -proper with respect to an mjective approximation scheme Г  — ({Хй}, {АГ*}$ 
{Pn} , {Qn}) on Q and that fo r  each it satisfies the following

( i ) T nx is a compact convex set of X* fo r  each x £ Q n\
( i i )  T n: QnC .X n -^ 2 x* is upper semicontmuous-,
(iii) to each p ^ X * ,

( /„ , x )> (Q np, x) as as£8£2„ and / „ £ T nx.
Then there is x0€  О such that p  £  Tx0.

Proof Let J . X  2X* be the normalized dual map. I t is known easily that 
J»=QnJP» is also the normalized dual map from X n to X* for each п£.Ж*. Hence, 
when o;,£ X n and gn £  J nx, we have (gn, x) =  ||®||3. Thus, in virtue of the hypothesis 
(iii), when x£8Q n (according to the assumption on хФО), f n£ T nx and 0<;£<1 
for each гг£\Ж*, we have

I« (/n- Q ^ )  +  ( l - t ) p „ |> |i |( K /» - Q » p )  +  ( l - 0 ^ )

®)+ (1 _ 0 W  .

> ( i - O I « |> o .  _  ( i i )
We are going to show that the equation Qnp £ T nx  has a solution on Qn for all 

n £«уГ\ Assume the contrary, then the equation Qn,p £  Т Пвсс has no solution on Qnt for 
some no£^V . Oonsequentely, we have

!/*,~Qno^ll > °  as ® G8Qn* and /«0 £ T„,x.
This together with (11) shows that for all x£8Q no and 0<^<1,

. 0 ^ t ( T ntx —Qn>p) + (f-—t ) J ni)x.
In  accordance with the hypothese (i) and (ii) of this theorem and the homotopy 

invariance of the Gellina-Lasota topological degree0113, we obtain
&sgL.e.(Tn,x -Q nJ ,  D,h, 0 )= d QgLsXJiH, 0) ={1}^{0}„

Hence, there exisst &й.£ й й.с:£?й0 such that Q„0p £  ТПожо- This contradicts the fact 
that the equation Qn, p £ T ncx  has no solution on Qn<). Therefore, to each п £ Ж ,  Qnp  
£  T n(Qn) . Since T  is pseudo А-proper on Q, the equationp £ Tx  is solvable on Q by 
Lemma 2. Q. E. D.

Corollary 1. Lei a mapping T :X  - * 2 X* be of type (Ж ) and guasibounded. 
Suppose that there exists a dense linear subspace X 0 of X  such that D ( T ) z) X q. Suppose 
f  urther that T  is coercive, i. e.,

В т ^ 6 - Й - = +  oo a s [ x , f } e a ( T ) .
Bel-»00 || ■

Then { x \p £ T x}  is a nonvoid weakly sequential compact set o f X  fo r any p£X * , m



particular, R (T )  = X*.
Proof Since X 0 is a dense linear subspace of a separable space X ,  there exists 

an increasing sequence of finite dimensional subspace of X :X iC :X 2c:***cXftc:-*-suoh
o o  • . .

that X 0=  U X n, dim X„=n  and X 0 =  X . So, we obtain an injective approximationn~l
scheme .Г = ({ Х П}, {X*};{Pft}, {Q„}) by { X n}. Since Г  is of type (M) and quasi
bounded, T  is weakly А-proper with respect to Г  on D(T)  and moreover it is pseudo 
А-proper. By the hypothesis (mf) on mappings of type (M ) and the reflexivity of 
X ,  T nx = QnT P nx  is a compact convex set of X*n for each x ^ D ( T )  (n£jP") .  Since 
the strong topology and the weak topology are equivalent in  a finite dimensional 
;Space, T n: X n-+2X*, by the hypothesis (m3), is upper semicontinuous. Let p £ X * ,  
By the coercivity of T  there exists a closed ball B (0, rp) such that ( f —p , a?)>0 as 
x £ d B ( 0, rP) P\D(T), f £ T x .  We are going to show that the condition (iii) of 
Theorem 5 is satisfied. In  fact, write Bn(0, rP) =B(0,rP) f ]X n. Suppose %£8Bn(0, rp) 
and f n£ T nx. By x £  X n, we obtain (p, x) = (p, P nx) = (Q„p, x). By f n£ T nx, there is 
f £ T x  such that /„  = Qnf .  Hence, by Q* — P n> we obtain ■

( U  ») =  (Q»f> «) -  ( / ,Q > ) -  U> ») =  (Q»p > »)•
By ТЬеогетб, we have R (T )  =X*. As for the fact that {x \p£Tx}  is a weakly 
sequential compact set of X ,  it is deduced easily from the coercivity.

Q. E. D.
Corollary 2. Suppose that mappings T  and S  satisfy the hypotheses o f Theorem 

2 or Corollary 1 to Theorem 3, and suppose further that there exists a dense linear 
subspace X q o f X  such that D(T) C\D(.S)^d X o and (T + S ) is quasibounded coercive. 
Then R ( T + S )  =X*.  Milosevic' (Theorem 2.1 in  [10]) gave a result similar to 
Theorem 6, there a projectionally complete scheme is assumed by him. But a general 
separable reflexive Banach space does not always have that scheme. Besides, he 
required that Q is a bounded open set, whereas we require only that D(T)  contain a 
dense linear subspace of X .  Our methods of the proof are different from those in 
[10]. Corollary 1 extends Theorem 6 .2 .3 . in  [7] to multivalued case and the 
hypothesis on the boundedness of a mapping is weakend. Corollary 2 gives a partially 
affirmative answer to a Browder's question. .

The stronger results can be obtained by using Yosida approximations, for 
example

Theorem 6 (Theorem 6 in  [6] ). Let T : X  —» 2X* be maximal monotone and 
strongly quasi-bounded, and let S : X —>2Z* be quasi-bounded generalized pseudomonotone. 
Suppose that there exists a dense linear subspace Xo o f X  such that D(S)  Z)X0. Suppose 
further that S  is coercive in the following sense, i. e., there is a real function 0 ( r ) : R+ 
—>R+, 0(0)  = 0  and C(r)—> +  oo(r —> +  °°) such that
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(g, x )> 0 ( \ \x \ ) \x \  as [0, g~\ G(?0$0- (12)
Then B ( T + 8 )  = X*.

Proof Since X  is reflexive, we may assume that X  and X* are strictly convex
by renormed theorem due to Asplund1-12-1. Hence, the normalized dual maps J  and
J~% are singlevalued; We take sft-»0, e„>0 Making Yosida approximations
Tsn=. (T~x-{-SnJ-1) ' 1 of T , we see that T Sn is a bounded maximal monotone and

■ singlevalued operator and D (Te„) —X .  Hence, the mapping 8  is reb o u n d e d . By
Corollary 1 to Theorem 2, (Ten+iS') is generalized pseudomonotone. Obviously, it is
quasi-bounded. Let #G X*. From Theorem 5 there exists wSn£ D (S )  such that

„ P € ( T eu + S)<Ve„. V .
Take g6n G $хВя such that . , ,

Ten(oe„+gsn- p .  (13)
We know easily that there exists rp>0  such that ||а?6я||< гр for all п£ ,Ж ‘ by the 
coercivity of 8. W ithout loss of generality we may assume хвп-*> iCoGX. Wo write 
T n= T Sn) gn= gBn, xn= xSn and uli=xn—J~1T nxn. By the definition of Yosida approxima
tions, T nxnQTun. Now, we are going to show that {Tnxn} is bounded. snT nxn =  J (x n— 
un) implies that sn(Tnxn, xn—un) =  \xn—un\\2>0 (n ^ jV " ). Hence, by this inequality,
(12) and (13), we obtain

(T nxn, un) <  (Tnxn> xn) = (p ~  gn,xn) .

It follows from strongly quasi-boundedness of T  that {Tnxn} is bounded (see [8]). 
We know from (13) that {y„} is bounded^ too. We may assume gn—“p0€X *. We 
have from (13) T nxn- ^ p —g0. Since J  is a bounded mapping, from J (x n—un) =  enTnxn 
we obtain \xn—un\\ = 8,,||27f,0ft||-»O (и-»оо). Thus, un-^ x 0 (rc->со).

Finally, we want to show [x0> gol G £?($) and [x0, p —gol G G(T).  If so, we will 
complete the proof of Theorem 6. In  virtue of Lemma 1, we find

lim  (Tnxn, xn—щ ) =  lim (Га , un — x0) — lim (Tnxn,un— xn)> 0.
n n n

By T nxn+gn=p, xn-^Xo and the above inequality, we get
lim(y„, xn~ x 0) < lim (2 T„o;„+ g„, xn—x0) — lim.(Tnxn, xn- x 0)<0.

71 n n •

Since 8  is generalized pseudomonotone, [cs0,p0] G (?($) and (gn,xn—xo)->0. I t  follows 
from (Tnxn+gn,xn — x0)->0 and un- x n->0 that

(Га , un- x 0) = (Tnxn+gn, un- x 0) + (gn, un- x n) + (gn, xn- x 0) -* 0 (»->oo).
(14)

We remember Tnxn£ T u n and Tnxn- ^ p —g0. Since a maximal monotone mapping T  
must be generalized pseudomonotone, we obtain from (14) [x0, p~go] GGr(T), i. e., 
p £ ( T + S ) x  o.

I  want to thank Professor Tian Fangzeng and Professor Zhang (?ongqing.
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