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A GENERALIZED THIN FILM EQUATION****
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Abstract

The authors study a generalized thin film equation. Under some assumptions on the
initial value, the existence of weak solutions is established by the time-discrete method.
The uniqueness and asymptotic behavior of solutions are also discussed.
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§1. Introduction

In this paper, we consider the variant version of the thin film equation, namely

du
ot

where 2 C R? is a bounded domain with smooth boundary.

+div(|[VAuP2VAu) =0, z€Q,t>0, p>2, (1.1)

The equation (1.1) is a typical higher order equation, which has a sharp physical
background and a rich theoretical connotation. It is relevant to capillary driven flows of
thin films of power-law fluids, where u denotes the height from the surface of the oil to
the surface of the solid. It was J. R. King [1] who first derived the equation. J. R. King
[1] studied the Cauchy problem of the equation in one-dimension, exploiting local analyses
about the edge of the support and special closed form solutions such as travelling waves,
separable solutions, instantaneous source solutions.

We restrict ourselves to the two dimensional case, which has a particular physical
derivation as mentioned in [2], modelling the spreading of an oil film over an solid surface.
On the basis of physical consideration, as usual the equation (1.1) is supplemented with the
natural boundary value conditions

u=Au=0, r e, t>0, (1.2)

The boundary value conditions (1.2) are reasonable for the thin film equation or the Cahn-
Hillaird equation, (see [3-5]) and initial value condition

u(z,0) = up(x), x € Q. (1.3)
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This equation is something quite like the p-Laplacian equation, but many methods used in
the p-Laplacian equation such as the methods based on maximun principle are no longer
valid for this equation. Because of the degeneracy, the problem (1.1)—(1.3) does not admit
classical solutions in general. So, we introduce weak solutions in the sense as following

Definition 1.1. A function u is said to be a weak solution of the problem (1.1)—(1.3),
if the following conditions are satisfied:

(1) w € L=0,T;W3»(Q)) N C(0,T; L), u, Au € WyP(Q), 24 € L=(0,T;
W‘l’p,(Q)), where p’ is the conjugate exponent of p;

(2) For any ¢ € C(Qr), the following integral equality holds:

// uaa—fdxdt—i— // |V Au[P~2V AuV pdzdt = 0;

(3) wu(z,0) = ug(x) in L*(Q).

This paper is arranged as following: We first discuss the existence of weak solutions in
Section 2. Our method for investigating the existence of weak solutions is based on the time
discrete method to construct an approximate solutions. By means of the uniform estimates
on solutions of the time difference equations, we prove the existence of weak solutions of the
problem (1.1)—(1.3). Using energy techniques, Poincaré inequality and Friedrichs inequality,
we also prove the uniqueness and asymptotic behavior subsequently.

§ 2. Existence of Weak Solutions

In this section, we are going to prove the existence of weak solutions.

Theorem 2.1. Let ug € W3P(Q),ug, Aug € Wg’p(Q), p > 2. Then the problem
(1.1)—(1.3) admits at least one weak solution.

To prove the existence, we first consider the following time-discrete problem

1 . _
E(Uk;+1 — ’LLk) + d1v(|VAuk+1|p 2VAuk+1) =0, (21)

uk+1|6Q :Auk+1|8ﬂ :07 k:0a17 7N_17 (22)

where h = %, ug is the initial value.

Lemma 2.1. For any fized k, if u, € H}(Q), then the problem (2.1)—(2.2) admits
weak solutions w11 € W3P(Q), upy1, Augyr € WyP(Q) such that for any ¢ € C3°(Q),

there holds

1

7 / (up+1 — ug)ede —/ |VAuk+1|p*2VAuk+1V<pdx =0. (2.3)
Q Q

Proof. First we define the space

U={u|ueW(Q)NW,P(Q); Au e Wy P(Q)}.
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It is not difficult to conclude that the space U is a Banach space. Let us consider the
following functionals on the space U,

Flu] = 1/ |VAu|Pdx,
P Ja
Gl =+ [ |Vul2de,
Q
Hlu] = Flu] + %G[u] N

where f € H}(Q) is a known function. By using the Young inequality, there exists C; > 0,
such that

Hlu] = 1/ |VAu|pda:+i/ |Vu|2dx—/fAudx
P Ja 2h Jo Q

1
> f/ |VAu|pda:—C’1/ IV fPda.
P Ja Q

We need to check that H [u] satisfies the coercive condition. For this purpose, we notice
that by u|gg = 0, we have

/ |D3ulPdx < C(/ |VAu|pdx—|—/ |Au\pdx),
Q Q Q
and by the L? theory for elliptic equation (see [8]),
[ullw2r < CllAu| e
Again by Au € VVO1 P(Q) and the Poincaré inequality, we get
HAUHLP S OHVA’LL“LP

Therefore ||ul|ws.» < C||VAul/r», and hence H[u] — +00, as ||ul|ws» — +00. On the other
hand, H[u] is clearly weakly lower semicontinuous on Y. So, it follows from the theory in
[6] that there exists u, € W3P(Q) N Wy (), Au, € WP (Q), such that

Hlu,] = inf H[u],
and u. is the weak solution of the Euler equation corresponding to H [u], namely
1
U + div(|[VAu[P72VAu) = f.

Taking f = %uk, we get the conclusion of the lemma. The proof is complete.
Now, we construct an approximate solution u" of the problem (1.1)-(1.3) by defining

ul(x,t) = up(z), kh<t<(k+1)h, k=0,1,--- N —1,
ul(x,0) = up(z).

The desired solution of the problem (1.1)—(1.3) will be obtained as the limit of some subse-

quence of {u"}. To this purpose, we need some uniform estimates on u”.
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Lemma 2.2. Let uy be the weak solution of the problem (2.1)—(2.2). Then the following
estimates

N
5 / IV AuglPdz < C, (2.4)
k=174
sup / VAU (2,t)|Pdz < C (2.5)
0<t<T Jo

hold, where C is a constant independent of h, k.

Proof. (i) We take ¢ = Augqq in the integral equality (2.3) (we can easily prove
that for ¢ € W, ?(Q), (2.3) also holds) and obtain

1

% / (ug+1 — ug)Augprde — / |V Aup1 P72V Aup 1 VAU 1dz = 0.
Q Q

Integrating by parts, we have
1 9 » 1
— | |Vugyi|°de + | |VAug1|Pde = — | VupVugyide,
h Jo Q hJa

and by Young inequality, we have

1 , 1 1
— ||V VA Pdr < — [ |Vuy|? — [ |V 2
h/Q| Upy1] dx+/Q| Upy1[Pdr < 2h/9| Up| dx+2h/ﬂ\ Up41| dx,

and hence )

1
f/ \Vuk+1|2dx+h/ |VAug1 Pdr < f/ Vg |[*dz. (2.6)
2 Ja Q 2 Ja

Summing up these inequalities for & from 0 to N — 1, we have

N
1
hZ/QWAukV’dxg §/Q|Vu0\2dz.
k=1

Hence (2.4) holds.
(ii) Choosing ¢ = Augy1 — Auy in the integral equality (2.3) and integrating by parts,
we have

1
7 |Vugy1 — Vug|2dz + / |V Aup1 P72V Aup 1 VA(up 1 — ug)dz = 0.
Q Q

Since the first term is nonnegative, it follows that
/ |VAug 1 Pde < / |V AU 1P 72V Aug 11V Augdz
Q Q
-1 1
< L/ |V AU [Pde + f/ |V Aug |Pdez,
P Ja pPJa

which implies that
/\VAukH\deg/ |V Au|Pde.
Q Q
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For any m,1 < m < N — 1, summing the above inequality for k& from 0 to m — 1, we have
/ |V AU, |Pdr < / |V Aug |Pdz,
Q Q

hence (2.5) holds.

Lemma 2.3. Let upy1 be the weak solution of the problem (2.1)—(2.2). Then the
following estimate

—Ch g/ | Vg1 |2de —/ |Vug[2dz <0 (2.7)
Q Q
holds, where C' is a constant independent of h.
Proof. To prove the first inequality, we let ¢ = Auy in (2.3). Integrating by parts
and using the boundary value condition, we obtain

1 1
E/ |V |?de = E/ VukHVukdx—i—/ |V Aup 1P 72V Aug 1V Auda.
Q Q Q

Applying the Holder inequality and the estimate (2.5), we have

1 1 -1 1
f/ |Vuk|2dx < f/ VukHVukdm—i—L/ |VAugp 1P + 7/ |V Auyg|Pdz
h Ja h Jo p Q P Ja

1 1
< ﬁ/ﬂ|Vuk+1\2d;v+ﬁ/Q|Vuk|2dx+C7

that is
—C’hg/ |Vukz+1\2d$—/ V| *da.
Q Q

By (2.6) again, we have

/|Vuk+1|2dm—/|Vuk\2d$§O.
Q Q

The proof is complete.

Proof of Theorem 2.1. First, we define the operator A?,
AYVAU) = |VAu, P72V Auy, Aryh =y — uy,

where kh <t < (k+ 1)h, k=0,1,--- ,N — 1. By the discrete equation (2.1) and (2.4) in
Lemma 2.2, we see that

1 h, h : oo 1 !
EA u” is bounded in L*°(0,T; (WP (Q))"). (2.8)

By (2.3), (2.5), (2.8) and using the compactness results (see [7]), we see that there exists a
subsequence of {u"} (which we denote as the original sequence), such that

ul By in L>(0,T; W3P(Q)),
Py in C(0,T; L)),

1 x Ou . 0

E(Ukﬂ —up) = ot in L®(0,T; (WP (Q))"),

A VAU B in L>®(0,T; L" (),
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where p’ is the conjugate exponent of p. Then from (2.3), we see that, for any ¢ € C§°(Qr),
1
// (EAhuhgo — At(VAuh)Vgo) dxdt = 0.
T
Letting h — 0 yields

ou
a—i—dw( w) =0, (2.9)

in the sense of distributions.
It remains to prove that w = |[VAu|P~2VAu a.e. in Qr. Set

t—kh 1
) = / Vu de—/ Vuy|2dz —&—f/ Vuy|2dz,
nt) = — ( Q| k1] Q| k| ) 5 Q| k|

where kh <t < (k+1)h, k=0,1,--- ,N — 1. By (2.7), we have

/ |Vug|2de — Ch < f(t) / |Vuy|*de,
—C < fr(t) <
According to the Ascoli-Arzela theorem, there exists a function f(t) € C([0,T]), such that
;lllg%) ()= f(t) uniformly for ¢ € [0,T].
Using (2.7), we have
}ILILI%) % /Q |V [2dx = f(t) uniformly for ¢ € [0,T]. (2.10)
It follows from (2.6) that

1 1
/|VUN| da:+// VAU |Pdzdt < = /|Vu0| dx.

Letting h — 0 in the above inequality and using (2.10), we have

lim / / |V AUl Pdadt

< f(0
—tm [ () - fE+ o)t

T—¢
= lim lim —/ / \Vul (z, 1) — |Vu" (z,t + €)|?)dzdt.

e—0h—0 2¢
Consider the functional )
=- / |Vu|?dz.
2 Ja

Clearly G[u] is convex and
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Thus, we have

1 1
f/ |Vuh(x,t)|2dx—f/ Y (a, ¢ + &)|Pdx
2 Ja 2 Ja

< - / (u" (2, t) — u"(x,t + €)) Au" (2, t)dz.
Q
Thus
1 T—e A
}ILILI})?& ; Q(|Vu (z,t)]> — |Vu"(z,t + €)|?)dzdt
1 T—e
< —= (u(z,t) —u(x,t + €))Audzdt,

€Jo Q

hence

T
lim // |VAuh|dedtg/ <@,Au>dt,
h—>0 QT 0 8t

where (-, ) denotes inner product. From (2.9), we have

T
lim // |VAuh|dedt§/ /wVAud:cdt. (2.11)
h—>0 T 0 9]

O F [u)
ou
and the convexity of F[u], for any g € L®(0,T; W3P(€2)), we have

// |VAg|pdxdt77// |V Au"|Pdxdt

> // (VAU P2V AuM)V A (g — ul)dadt.

Again by
= —A(div(|VAu[P 2V Au))

By (2.11) and the fact that F'(u) is weakly lower semicontinuous, letting » — 0 in the above
equality, we have

1 1
- // |VAg|Pdxdt — — // |VAu|Pdedt > — // wVA(u — g)dzdt.
P Qr p Qr Qr

Replacing g by €g + u, we see that
1
5 —(Flu+eg] — // wVAgdzdt.
T

Letting € — 0, which implies that

F
// 5&[7]9 edt — //|VAu|p—2vAuVAgdxdt > // wV Agdxdt.

Due to the arbitrariness of g, we get the opposite inequality of the above inequality. There-

fore
w = |VAu[P 72V Au.

The strong convergence of u” in C(0,T; L?(Q2)) and the fact that u"(x,0) = ug(z)
imply that u satisfies the initial value condition. The proof is complete.
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§ 3. Uniqueness of Solutions

In this section, we will prove the uniqueness of solutions.
Theorem 3.1. The problem (1.1)—(1.3) admits at most one weak solution.
To prove Theorem 3.1, we need the following lemma.

Lemma 3.1. Forp € L®(ty,ty; Wy () with o, € L*(Qx (t1,t2)), the weak solution
u of the problem (1.1)—(1.3) on Qr satisfies

ta
/u(x,tﬂgp(m,tﬁdm—&—/ / (ua—@—l-\VAuW*QVAuV(p)dajdt
Q n Ja\ Ot

= / u(z, ta)p(x, ta)dx.
Q

In particular, for @ € Wol’p(Q), we have

to
/ (u(z,t1) — u(z, t2))pdr — / / |V AuP2V AuV @dzdt = 0. (3.1)
Q o JQ
Proof. For ¢ € L>®(ty,te; Wy*(2)) and ¢, € L2(Q x (t1,13)), we choose a sequence
of functions {p}, such that ¢k (-,t) € C§5°(2). When k — oo, we have

llone — @il — 0, llor — @||Lw(t1,t2;wg»f’(g)) — 0.

Choose a function j(s) € C§°(R) such that
j(s) >0 for s€ R; Jj(s)=0, V|s|>1; /j(s)ds:l.
R

For h > 0, define
. 1 /S t—t,—2h .
Jn(s) = 7/ (ﬁ)’ Ny (t) = / Jn(s)ds.
t

—to+2h
Clearly nh(t) S Cgo(tl,tg), hli%l+ ﬁh(t) =1,Vte (tl,tz).
Taking ¢ = i (z,t)n,(t) in the definition of weak solutions, we have

to ta
/ / wprjn(t — t1 — 2h)dadt — / / wprjn(t — ta + 2h)dxdt
ty Q t1 Q

to ta
Jr/ /wpkmhdxdt+/ / |VAu|p72VAuV<pknhdzdt =0.
ty Q t1 Q

Observing that

ta
‘/ / uprgn(t — t1 — 2h)dxdt — / (upr)|t=t,
t, Jo Q

t1+3h t1+3h
- | / / worin(t -t — 2h)dwdt — / / (o) litsjn(t — t1 — 2h)dadt
t1+h Q t1+h Q

< sw / (upi)l: — (upi)le, |dz,
t1+h<t<t1+3h JQ



A GENERALIZED THIN FILM EQUATION 355

and u € C(0,T; L?(2)), we see that the right hand side tends to zero as h — 0.
Similarly

to
‘ / / wppjn(t —ta + 2h)dxdt — / (uwor)|t=t,
t JQ Q

Letting h — 0,k — o0, we get

— 0 as h — 0.

ta
/ u(x,t1)<p(x,t1)dx+/ / (u%—w + |VAu\p*2VAqup>dxdt
Q t Ja ¢
= / u(z, t2)(x, ta)de.
Q
Particularly, for ¢ € Wy"*(Q), we have

ta
/(u(x, t1) — u(x,t2))pdr — / / |V AuP~2V AuV @dzdt = 0.
Q t1 Q

For fixed 7 € (0,T), and any h with 0 < 7 <7+ h < T, letting t; = 7, to = 7+ h, and
multiplying (3.1) by +, for ¢ € WP (), we obtain

/(uh(x,r))Tgo(a:)dx—F/(|VAu|p_2VAu)h(x,T)Vg0dx =0, (3.2)
Q Q
where
1 t+h
un(2,1) = E/E u(-, 7)dr, te (0,7 —h),
0, t>T—h.

Proof of Theorem 3.1. Suppose that u;,us are two solutions of the problem (1.1)—-
(1.3). Then we have

/ (ur (2, 7) — (. 7)nrepla)da
Q

- /Q(|VAu1|p_2VAu1 — |VAus P2V Aug)p (2, 7)Vdx = 0.
For fixed 7, taking o(x) = [A(uy — ug)]n € Wy (), we have
/QV(ul(x,T) —ug(x, 7))pr V(ug — u2)pde
= —/Q[(|VAu1\p_2VAu1 — |V AU P2V Aug) ] (2, T)VA(u1 — ug)pda.

Integrating the above equality with respect to 7 over (0,t), we have

/ IV (u1 — u2)n|* (2, t)dz < 0.
Q

By Poincaré inequality, it follows that

/ |(U1 — Ug)h|2d.’L‘ = 0,
Q

therefore uq = uo.
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8§4. Asymptotic Behavior

This section is devoted to the asymptotic behavior of solutions. To this purpose, we
first show the following theorem.

Theorem 4.1. The weak solution u obtained in Theorem 2.1 satisfies, for any 0 <
p € C*(Q),

1 1
§/Qp<x)\vu(x,t)|2dx _ 5/9p(:r:)|Vu0(x)|2dx
= —/ |V Au[P~2V AuVdiv(p(z) Vu)dz, (4.1)
Q:
where Q¢ = Q x (0,1).

Proof. In the proof of Theorem 2.1, we have
1
16 =5 [ 1Vu(z.0Pds € (0. 1)
Q

Similarly, we can also easily prove that for any 0 < p € C?(Q),

1
1) = 3 [ @)IVute.0)Pds € C(0.7)).
Consider the functional .
Blol = 5 [ pla) Vol
2 Jo

It is easy to see that ®,[v] is a convex functional on H{ ().
For any 7 € (0,T) and h > 0, we have

Opu(r + )] = @plu(r)] = (u(r + h) — u(r), =div(p(z) Vu(z, 7))).

By
59,[v]
ov
for any fixed t1,t9 € [0,T], t1 < t2, integrating the above inequality with respect to 7 over

= —div(p(z)Vv),

(t1,t2) , we have
toth ti+h ta
/t O, [u(r)]dr — /t O, [u(r)]dr > /t (u(t + h) —u(r), —div(p(z)Vu))dr.

Multiplying the both side of the above equality by %, and letting h — 0, we obtain

B fult)] — @) 2 [ (2, aivipta) v Yar.

t1

Similarly, we have

Opfu(r)] = @plulr = h)] < ((u(7) = u(r = h)), =div(p(z)Vu)).
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Thus
@

plu(t)] - @y lutr] < [ (G an(pteyar,

and hence
B, [u(t)] — @, fu(ts)] = / 2 <%1;, ~div(p(x)Vu) )dr.

t1

Taking t; = 0,t3 = t, we get from the definition of solutions that
t
B, [u(t)] — B, [u(0)] = / (—div(|V AulP~2V Aw), —div(p(x) Vu(r)))dr
0
t
= —/ (IVAu|P~2V Au, V[div(p(x)Vu(T))])dr.
0

Theorem 4.2. Let u be the weak solution of the problem (1.1)-(1.3), p > 2. Then
Cs 2
w(z, t)?de < ——————| a=—— 0;>0,i=1,2,3.
/Q| (@ 9) (Cit + Ca)e p—2
Proof. Taking p(z) =1 in the equality (4.1), we have

1 1 t
L V(e 6)2de — + / Vo () 2 = — / IV AulPdadt. (4.2)
2 Q 2 Q 0 Q

Let

£(t) = %/Q|Vu(a:,t)\2dm.

Then, by (4.2), we have
@) = —/ |VAuPdz < 0.
Q

Similarly to the discussion in the proof of Lemma 2.1, by u € W3P(Q),u,Au €
WP (€2), we see that

2 2 2/p
Ve, t)|2de < C [ |VAu|2dz < c( \VAuV’da:) ,
Q Q Q

that is f(t) < C|f'(t)|*/?.
Again by f/(t) <0, we have f'(t) < —Cf(t)?/?, and hence

1 2
\Y t)?de < ——— =——7 C;>0,i=12
/Q| u(z,t)["de < (Cht + Cy)’ o p—2 > U,

By Poincaré inequality, we have

/|u|2dx§C'/ |Vu|*de.
Q o

Cs 2
u(x,t 2dx<7, o= —7—
/QH ) = (Cit 4 Cy)™ p=2

The proof is complete.

Therefore
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