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Abstract Let (Mn, g) and (Nn+1, G) be Riemannian manifolds. Let TMn and TNn+1 be
the associated tangent bundles. Let f : (Mn, g) → (Nn+1, G) be an isometrical immersion
with g = f∗G, F = (f, df) : (TMn, g) → (TNn+1, Gs) be the isometrical immersion with
g = F ∗Gs where (df)x : TxM → Tf(x)N for any x ∈ M is the differential map, and
Gs be the Sasaki metric on TN induced from G. This paper deals with the geometry of
TMn as a submanifold of TNn+1 by the moving frame method. The authors firstly study
the extrinsic geometry of TMn in TNn+1. Then the integrability of the induced almost
complex structure of TM is discussed.
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1 Introduction

Let (M, g) be a Riemannian manifold, and TM be the tangent bundle of M . Let Gs be the
Sasaki metric on TM introduced by Sasaki [13] in terms of g.

The geometry of (TM, Gs) and the unit tangent sphere bundle (S(TM), Gs) have attracted
many mathematicians in the last decades. Kowalski [5] showed that if (TM, Gs) is locally
symmetric, then the base metric is flat and so does Gs. Musso and Tricerri [9] proved that
(TM, Gs) has constant scalar curvature if and only if (M, g) is flat. Nagano [10], Tachibana
and Okumura [15] studied the almost complex structure on (TM, Gs). Nagy [11] studied the
geometry of the unit tangent sphere bundle of a surface. Klingenberg and Sasaki [2] showed
that (S(TS2(1)), Gs) is isometric to the elliptic space of curvature 1

4 . Nagy [12], Sasaki [14],
Konno and Tanno [3–4] studied the geodesics and Killing vector fields on (S(TM), Gs). Tashiro
[16–17] studied the contact structure on S(TM).

Deshmukh, Al-Odan and Shaman [1] considered an orientable hypersurface Mn of the Eu-
clidean space Rn+1 and observed that the tangent bundle TM of M is an immersed submanifold
of the Euclidean space R2n+2. They obtained expressions for the horizontal and vertical lifts
of the vector fields on M and showed that the induced metric on TM is not a natural metric
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in general. In the special case that the induced metric on TM becomes a natural metric, they
proved that the tangent bundle TM is trivial.

In this paper, we suppose that Mn is a hypersurface of a Riemannian manifold (Nn+1, G).
We use the moving frame method to study the geometry of the tangent bundle TMn with the
induced metric from (TN, Gs).

In Section 3, we study the extrinsic geometry of TMn in (TNn+1(c), Gs) where Nn+1(c)
is a space form of constant curvature c. In Section 4, we study the integrability of the almost
complex structure J on TM and the Kählerian form ω on TM induced by J .

2 Preliminaries

Suppose that (N, G) is an (n + 1)-dimensional Riemannian manifold. Let D be the Levi-
Civita connection in N , and π : TN → N be the natural projection. Through out this paper,
we use the Einstein convention and the following ranges of indices:

1 ≤ A, B, C, · · · ≤ n + 1, 1 ≤ i, j, k, · · · ,≤ n. (2.1)

Let ({yA}) and ({yA}, {vB}) be local coordinate systems in N and TN , respectively. Denote

∂yA =
∂

∂yA
, ∂vB =

∂

∂vB
, ∂2

yAyB =
∂2

∂yA∂yA
, ∂2

vAvB =
∂2

∂vA∂vB
, etc. (2.2)

At first, we introduce the following lemmas.

Lemma 2.1 (cf. [5]) Let (N, G) be a Riemannian manifold and Y ∈ Γ(TN) be a vector
field on N which is locally represented by Y = Y A∂yA . Then the vertical and horizontal lifts
Y V and Y H of Y over TN are given by

Y V
(y,v) = Y A∂vA , Y H

(y,v) = Y A∂yA − ΓA
BCY BvC∂vA , (2.3)

respectively, where {ΓA
BC} are the Christoffel symbols of D.

Lemma 2.2 (cf. [5]) The Lie bracket of vector fields over TN is completely determined by

[XH , Y H ](y,v) = [X, Y ]H(y,v) − (RN
XY v)V , [XH , Y V ](y,v) = (DXY )V

(y,v), [XV , Y V ](y,v) = 0,

where X, Y ∈ Γ(TN) and RN
XY is the Riemannian curvature operator of N .

The Sasaki metric Gs on TN can be described as follows.

Definition 2.1 (cf. [13]) Let (N, G) be a Riemannian manifold. The Sasaki metric Gs on
TN is defined by

Gs(y,v) (X
H , Y H) = gy(X, Y ), Gs(y,v) (X

H , Y V ) = 0, Gs(y,v) (X
V , Y V ) = gy(X, Y ) (2.4)

for any point (y, v) ∈ TN and vectors X, Y ∈ TyN .

By direct computation, we have the following lemma.
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Lemma 2.3 (cf. [7]) Let (N, G) be a Riemannian manifold, and TN be the tangent bundle
with the Sasaki metric Gs. Then the Levi-Civita connection D on (TN, Gs) is determined by

DXH Y H = (DXY )H − 1
2
(RN

XY v)V , DXV Y H =
1
2
(RN

vXY )H ,

DXH Y V = (DXY )V +
1
2
(RN

vY X)H , DXV Y V = 0

for any point (y, v) ∈ TN and vectors X, Y ∈ TyN .

3 Geometry of the Tangent Bundle of a Hypersurface

Suppose that f : Mn → Nn+1 is a smooth immersion from Mn into Nn+1. Let

df(x) : TxM → Tf(x)N

be the differential map of f at any x ∈ M . We define the smooth immersion F : TM → TN to
be

F (x, u) = (f(x), df(x)u) (3.1)

for any point (x, u) ∈ TM .

Lemma 3.1 Suppose that h and ν are the second fundamental form and the unit normal
vector field of M in N , respectively. Let Xh and Xv be the horizontal and the vertical lifts of
X ∈ Γ(TM) onto TM , respectively, with respect to g = f∗G. Then the differential map dF of
F is defined by

dF (x, u)(Xv) = (df(x)(X))V , dF (x, u)(Xh) = (df(x)(X))H + h(X, u)νV (3.2)

for any point (x, u) ∈ TM and the vector field X ∈ Γ(TM).

Proof For any (x, u) ∈ TM , we have F (x, u) = (f(x), df(x)u) ∈ TN . Let ({xi}, {uj}) and
({yA}, {vB}) be the local coordinates around (x, u) and F (x, u). Let {γk

ij} be the Levi-Civita
connection of the induced metric g. Then the local representation of f(x) is of the form

(f1(x1, · · · , xn), · · · , fn+1(x1, · · · , xn)).

Moreover, we have

(∂xi)h = ∂xi − γk
iju

j∂uk , (∂xi)v = ∂ui , df(x)∂xi = (∂xifA)∂yA . (3.3)

Therefore,

dF (x, u)∂xi = (∂xifA)∂yA + (∂2
xixj fB)uj∂vB , dF (x, u)∂uk = (∂xkfA)∂vA . (3.4)

It follows from (3.3)–(3.4) that

dF (x, u)(∂xi)h = (∂xifA)∂yA + (∂2
xixj fB)uj∂vB − γk

iju
j(∂xkfB)∂vB , (3.5)

dF (x, u)(∂xi)v = dF (x, u)∂ui = (∂xifA)∂vA = {df(x)∂xi}V . (3.6)
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On the other hand, from Lemma 2.1, we have

(∂yA)V
(y,v) = ∂vA , (∂yA)H

(y,v) = ∂yA − ΓC
ABvB∂vC . (3.7)

Therefore,

dF (x, u)(∂xi)h = (∂xifA)∂yA + (∂2
xixj fB)uj∂vB − γk

iju
j(∂xkfB)∂vB

= (∂xifA)[(∂yA)H
F (x,u) + ΓC

ABuk(∂xkfB)∂vC ]

+ (∂2
xixjfB)uj∂vB − γk

iju
j(∂xkfB)∂vB

= (∂xifA∂yA)H
F (x,u) + ΓC

AB(∂xifA)uk(∂xkfB)∂vC + (∂2
xixj fB)uj∂vB

− γk
iju

j(∂xkfB)∂vB

= (∂xifA∂yA)H
F (x,u) + [D(∂xi fA∂

yA ){uj(∂xj fB)}
− ∇(∂xi fA∂yA ){uj(∂xj fB)}](∂yB )V

= (∂xifA∂yA)H
F (x,u) + [D(∂xi fA∂yA ){uj(∂xj fB)}(∂yB )

−∇(∂xi fA∂
yA ){uj(∂xj fB)}(∂yB )]V

= (∂xifA∂yA)H
F (x,u) + [D(∂xi fA∂

yA ){uj(∂xj fB)(∂yB )} − df(x)∇∂xi {uj∂xj}]V

= (∂xifA∂yA)H
F (x,u) + h(∂xi , uj∂xj )νV .

It follows from (3.3) that

dF (x, u)(∂xi)h = [df(x)∂xi ]HF (x,u) + h(∂xi , u)νV . (3.8)

Lemma 3.1 follows immediately from (3.6) and (3.8).

From Lemma 3.1, we have the following lemma.

Lemma 3.2 Denote g = F ∗Gs. Then at any point (x, u) ∈ TM , we have

g(x,u)(X
h, Y h) = g(X, Y ) + h(X, u)h(Y, u), (3.9)

g(x,u)(X
h, Y v) = 0, g(x,u)(X

v, Y v) = g(X, Y ) (3.10)

for any X, Y ∈ Γ(TM).

Remark 3.1 From (3.9) of Lemma 3.2, we can see that (TM, g) is not a natural metric.

Suppose that (Nn+1(c), G) is a space form of constant section curvature c. The Riemannian
curvature operator of (Nn+1(c), G) is given by

RN
XY Z = c

{
G(Y, Z)X − G(X, Z)Y

}
(3.11)

for any X, Y, Z ∈ Γ(TN).
Suppose that f : (M, g) → (Nn+1(c), G) is an isometrical immersion of Mn into Nn+1(c).

Let A be the shape operator of M in Nn+1(c). Consider F : (TM, g) → (TNn+1(c), Gs) defined
by (3.1). Then TM is a submanifold of TN with codimension 2.

In the sequel, we proceed to study the extrinsic geometry of TM in (TNn+1(c), Gs).
The two local orthonormal normal vector fields ν1, ν2 of TM in TNn+1(c) are given by

ν1 = (ν)H
F (x,u), ν2 =

1
τ

{
νV

F (x,u) − [df(x)A(u)]HF (x,u)

}
, (3.12)
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where τ2 = 1 + g(A(u), A(u)) with τ > 0 at any point (x, u) ∈ TM , so that the normal bundle
T⊥(M) of TM in TN is locally spanned by ν1 and ν2.

From now on, we denote briefly X := [df(x)X ]f(x) and

Xh := [dF (x, u)Xh]F (x,u), Xv := [dF (x, u)Xv]F (x,u), (3.13)

XH := [df(x)X ]HF (x,u), XV := [df(x)X ]VF (x,u) (3.14)

for any X ∈ TxM .
Let {e1, · · · , en} be a local orthonormal frame field on (M, g), and {θ1, · · · , θn} be its dual

frame field. We denote

h = hijθ
i ⊗ θj , A(u) = uihijej (3.15)

for any u = uiei ∈ Γ(TM). It follows from (3.9) that{
gij = Gs(eh

i , eh
j ) = δij + (hikuk)(hjlul), (gij)

−1
n×n := (gij)n×n,

gij = δij − τ−2(hikuk)(hjlul), gik(hklul) = τ−2(hijuj).
(3.16)

Moreover, (3.2) and (3.12) turn into

ev
i = eV

i , eh
i = eH

i + (hijuj)νV and ν1 = νH , ν2 = τ−1[νV − (hklul)eH
k ], (3.17)

respectively. From (3.17), we obtain

eH
k = gjkeh

j − τ−1(hkjuj)ν2, νV = τ−2(hilul)eh
i + τ−1ν2. (3.18)

Using (3.11), from Lemma 2.3, we have

Dev
i
ν2 = [DeV

i
(τ−1)][νV − (hklul)eH

k ] − τ−1DeV
i
[(hklul)ek]H

= −τ−2(hikhklul)ν2 − τ−1
[
hikeH

k +
1
2
(hklul)(RN

uei
ek)H

]
= −τ−2(hikhklul)ν2 − τ−1

{
hij +

c

2
[(hilul)uj − (hklukul)δij ]

}
eH

j

= −τ−2(hikhklul)ν2 − τ−1
{
hij +

c

2
[(hilul)uj − (hklukul)δij ]

}
gjkeh

k

+ τ−2
{
hij(hjkuk) +

c

2
[(hilul)uj(hjkuk) − (hklukul)δij(hjkuk)]

}
ν2

= −τ−1
{
hij +

c

2
[(hilul)uj − (hklukul)δij ]

}
gjkeh

k, (3.19)

Deh
i
ν2 = [Deh

i
(τ−1)](νV − hklule

H
k ) + τ−1Deh

i
[νV − (hklul)eH

k ]

= −τ−2(hkjihjmukum)ν2 + τ−1Deh
i
[νV − (hklul)eH

k ]

= τ−1{DeH
i

νV + (hklul)DνV νV − [Deh
i
(hklul)]eH

k − (hklul)Deh
i
eH

k }
− τ−2(hkjihjmukum)ν2

= −τ−2(hkjihjmukum)ν2 − τ−1
{

[A(ei)]V − 1
2
(RN

uνei)H + [Deh
i
(hklul)]eH

k

+ (hklul)
[
(Deiek)H − 1

2
(RN

eiek
u)V +

1
2
(himum)(RN

uνek)H
]}

= −τ−2(hkjihjmukum)ν2 − τ−1
{

hije
V
j +

c

2
uiν

H + (hkliul)eH
k
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+ (hklul)
[
(hikν)H − c

2
(ukei − uiek)V − c

2
(himum)ukνH

]}
= −τ−2(hkjihjmukum)ν2 − τ−1

{[
hij − c

2
(hklukul)δij +

c

2
ui(hjlul)

]
eV

j

+ (hkliul)[gjkeh
j − τ−1(hkjuj)ν2] +

[ c

2
ui + (hikhklul) − c

2
(himum)(hklukul)

]
νH

}
= −τ−1

{[
hij − c

2
(hklukul)δij +

c

2
ui(hjlul)

]
ev

j + (hkliul)gkjeh
j

+
[ c

2
ui + (hikhklul) − c

2
(himum)(hklukul)

]
ν1

}
. (3.20)

Moreover, we also have

Deh
i
ν1 = DeH

i
νH + (hilul)DνV νH

= (Deiν)H − 1
2
(RN

eiνu)V +
1
2
(hilul)(RN

uνν)H

= [−A(ei)]H +
c

2
[G(ei, u)ν − G(ν, u)ei]V − c

2
(hilul)[G(u, ν)ν − G(ν, ν)u]H

= −hikeH
k +

c

2
uiν

V +
c

2
(hijujuk)eH

k

=
c

2
uiν

V −
[
hik − c

2
(hijujuk)

]
eH

k

= −
[
hik − c

2
(hiluluk)

]
[gjkeh

j − τ−1(hkjuj)ν2] +
c

2
ui[τ−2(hjlul)eh

j + τ−1ν2]

= −
[
hikgjk − c

2
(hiluluk)gjk − c

2
τ−2ui(hjlul)

]
eh

j

+ τ−1
[
hik(hklul) − c

2
(hijuj)(hklukul) +

c

2
ui

]
ν2, (3.21)

Dev
i
ν1 = DeV

i
νH =

1
2
(RN

uei
ν)H =

c

2
{
G(ei, ν)u − G(u, ν)ei

}
= 0. (3.22)

From (3.19)–(3.20), we can see that

Gs(Dev
i
ν2, e

h
j ) = −τ−1

{
hij +

c

2
[(hikuk)uj − (hklukul)δij ]

}
= Gs(Deh

i
ν2, e

v
j ).

From (3.19) to (3.21), we immediately obtain the following proposition.

Proposition 3.1 Let ∇⊥
be the normal connection of (TM, g) in TNn+1(c). Then

∇⊥
eh

i
ν1 = Ti ν2, ∇⊥

ev
i
ν1 = 0; ∇⊥

eh
i
ν2 = −Ti ν1, ∇⊥

ev
i
ν2 = 0, (3.23)

where for any 1 ≤ i ≤ n,

Ti = τ−1
[ c

2
ui + hik(hklul) − c

2
(hijuj)(hklukul)

]
, τ2 = 1 + hikhkjuiuj . (3.24)

Proof Since {ν1, ν2} is a local orthonormal frame field of T⊥M , we have

∇⊥
eh

i
να = Gs(Deh

i
να, νβ)νβ , ∇⊥

ev
i
να = Gs(Dev

i
να, νβ)νβ (3.25)

for any 1 ≤ i ≤ n and α = 1, 2. Substituting (3.19)–(3.21) into (3.25), we obtain (3.23). The
proof of Proposition 3.1 is completed.

From (3.19)–(3.21), we can immediately obtain the following lemma.



On the Tangent Bundle of a Hypersurface in a Riemannian Manifold 585

Lemma 3.3 Denote by Aα the shape operator of TM with respect to να for α = 1, 2. Then⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
A1(eh

i ) =
[
hikgjk − c

2
(hiluluk)gjk − c

2
τ−2ui(hjlul)

]
eh

j ,

A2(eh
i ) = τ−1

{[
hij − c

2
(hklukul)δij +

c

2
ui(hjlul)

]
ev

j + (hkliul)gkjeh
j

}
,

A1(ev
i ) = 0, A2(ev

i ) = τ−1
[
hij − c

2
(hklukul)δij +

c

2
(hilul)uj

]
gjkeh

k .

(3.26)

Using Lemma 3.3, we can prove the following proposition.

Proposition 3.2 The second fundamental form σ of TM is determined by⎧⎪⎨⎪⎩
σ(eh

i , eh
j ) =

[
hij − c

2
ui(hjkuk) − c

2
uj(hikuk)

]
ν1 + τ−1(hjkiuk)ν2,

σ(ev
i , eh

j ) = τ−1
[
hij − c

2
(hklukul)δij +

c

2
uj(hikuk)

]
ν2, σ(ev

i , ev
j ) = 0

(3.27)

for any 1 � i, j � n.

Proof It is well-known that σ = σανα, where

σα(X, Y ) = Gs(Aα(X), Y ) (3.28)

for any X, Y ∈ Γ(TF (x,u)TM). Substituting (3.26) into (3.28), we obtain

σ1(eh
i , eh

p) =
[
hikgkj − c

2
(hilul)ukgkj − c

2
τ−2ui(hjlul)

]
gjp

= hip − c

2
(hilul)up − c

2
ui(hpkuk),

σ1(eh
i , ev

p) = σ1(ev
p, e

h
i ) = σ1(ev

i , ev
p) = 0,

σ2(eh
i , eh

p) = τ−1(hkliul)gkjgjp = τ−1(hiplul), σ2(ev
i , e

v
p) = 0,

σ2(eh
i , ev

p) = τ−1
[
hip − c

2
(hklukul)δip +

c

2
ui(hplul)

]
= σ2(ev

p, e
h
i ).

This completes the proof of Proposition 3.1.

Theorem 3.1 Let Mn be an immersed hypersurface of a space form Nn+1(c). Denote by H

the mean curvature vector field of TM in TNn+1(c). Suppose that the length of H is invariant
along every fibre of TM . Then we have that

(1) If c ≥ 0, M is totally geodesic in Nn+1(c).
(2) If c < 0, M is an isoparametric hypersurface with at most three distinct principal curva-

tures {−√−c, 0,
√−c} with multiples {m−, m0, m+}, whose second fundamental form is parallel.

Proof Let H be the mean curvature vector field of TM . Choose {ei} such that hij = λiδij .
Then it follows from Proposition 3.2 that

2nH = gijσ(eh
i , eh

j )

= gij
[
hij − c

2
ui(hjkuk) − c

2
uj(hikuk)

]
ν1 + τ−1gij(hijkuk)ν2

= [δij − τ−2(λiui)(λjuj)]
[
λiδij − c

2
ui(λjuj) − c

2
uj(λiui)

]
ν1

+ τ−1[δij − τ−2(λiui)(λjuj)](hijkuk)ν2

= [nH − τ−2(λ2
i + c)(λiu

2
i )]ν1 + τ−1[n(Hkuk) − τ−2(λiui)(λjuj)(hijkuk)]ν2, (3.29)
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where H is the mean curvature of M , and {Hk} are the coefficients of the covariant derivative
of H . Taking the squared length on both sides of the above equation, we obtain

4n2|H |2 = [nH − τ−2(λ2
i + c)(λiu

2
i )]

2 + τ−2[n(Hkuk) − τ−2(λiui)(λjuj)(hijkuk)]2

= τ−6{τ2[(nH)τ2 − (λ2
i + c)(λiu

2
i )]

2 + [n(Hkuk)τ2 − (λiui)(λjuj)(hijkuk)]2}.

Since the length of H is invariant along the fibres, by the above equation, we have

4n2|H |2 = 4n2|H(x, 0)|2 = n2H2. (3.30)

It follows that

(n2H2)τ6 = τ2[(nH)τ2 − (λ2
i + c)(λiu

2
i )]

2 + [n(Hkuk)τ2 − (λiui)(λjuj)(hijkuk)]2

= (n2H2)τ6 − 2(nH)τ4
[∑

i

(λ2
i + c)(λiu

2
i )

]
+ τ2

[∑
i

(λ2
i + c)(λiu

2
i )

]2

+ n2
( ∑

k

Hkuk

)2

τ4 − 2nτ2
( ∑

k

Hkuk

) ∑
i,j,k

(λiui)(λjuj)(hijkuk)

+
[ ∑

i,j,k

(λiui)(λjuj)(hijkuk)
]2

.

So we have

0 = τ4
{

n2
(∑

k

Hkuk

)2

− 2(nH)
[∑

i

(λ2
i + c)(λiu

2
i )

]}
+ τ2

[∑
i

(λ2
i + c)(λiu

2
i )

]2

− 2nτ2
(∑

k

Hkuk

) ∑
i,j,k

(λiui)(λjuj)(hijkuk) +
[ ∑

i,j,k

(λiui)(λjuj)(hijkuk)
]2

=
[
1 + 2

(∑
i

λ2
i u

2
i

)
+

(∑
i

λ2
i u

2
i

)2]{
n2

(∑
k

Hkuk

)2

− 2(nH)
[∑

i

(λ2
i + c)(λiu

2
i )

]}
+

(
1 +

∑
i

λ2
i u

2
i

){[∑
i

(λ2
i + c)(λiu

2
i )

]2

− 2n
(∑

k

Hkuk

) ∑
i,j,k

(λiui)(λjuj)(hijkuk)
}

+
[ ∑

i,j,k

(λiui)(λjuj)(hijkuk)
]2

= F2 + F4 + F6, (3.31)

where

F2 = n2
(∑

k

Hkuk

)2

− 2(nH)
[∑

i

(λ2
i + c)(λiu

2
i )

]
,

F4 = 2
(∑

i

λ2
i u

2
i

)
F2 +

[∑
i

(λ2
i + c)(λiu

2
i )

]2

− 2n
(∑

k

Hkuk

)[ ∑
i,j,k

(λiui)(λjuj)(hijkuk)
]
,

F6 =
(∑

i

λ2
i u

2
i

)[
F4 +

( ∑
i

λ2
i u

2
i

)
F2

]
+

[ ∑
i,j,k

(λiui)(λjuj)(hijkuk)
]2

.

From (3.31), we have F2 = F4 = F6 = 0 for any (u1, · · · , un), which is equivalent to

0 = n
(∑

k

Hkuk

)
=

∑
i

(λ2
i + c)(λiu

2
i ) =

∑
i,j,k

(λiui)(λjuj)(hijkuk). (3.32)
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From the first equality of (3.32), we have Hk = 0 for any 1 ≤ k ≤ n, which means that M

is of the constant mean curvature.
The second equality of (3.32) implies that λi(λ2

i + c) = 0 for any 1 ≤ i ≤ n. It follows that
every principal curvature λi is constant for all 1 ≤ i ≤ n.

When c ≥ 0, λi = 0, for all 1 ≤ i ≤ n. In this case, Mn is totally geodesic in Nn+1(c).
When c < 0, λi = 0, −√−c or

√−c. We suppose that λi = 0 for 1 ≤ i ≤ m0, λi = −√−c

for m0 + 1 ≤ i ≤ m0 + m− and λi = −√−c for m0 + m− + 1 ≤ i ≤ m0 + m− + m+ = n.
The third equality of (3.32) turns into

0 =
∑
i,j,k

(λiui)(λjuj)(hijkuk) =
∑
i,k

(λ2
i u

2
i )(λi,kuk) + 2

∑
i<j,k

(λiui)(λjuj)(hijkuk)

=
∑
i,k

(λ2
i u

2
i )(λi,kuk) + 2

[ ∑
k<i<j

(λiui)(λjuj)(hijkuk) +
∑
i<j

(λiui)(λjuj)(λi,jui)

+
∑

i<k<j

(λiui)(λjuj)(hijkuk) +
∑
i<j

(λiui)(λjuj)(λj,iuj) +
∑

i<j<k

(λiui)(λjuj)(hijkuk)
]

=
∑

i

(λ2
i λi,i)(u3

i ) +
∑
i�=j

(λ2
i + 2λiλj)λi,j(u2

i uj) + 2
[ ∑

i<j<k

(λiλk + λjλk + λiλj)hijk(uiujuk)
]

= 2
[ ∑

i<j<k

(λiλk + λjλk + λiλj)hijk(uiujuk)
]
.

It follows from the above equality and the assumptions that

[λiλj + λkλi + λjλk]hijk = 0 (3.33)

for any 1 ≤ i < j < k ≤ n. On the other hand, we have

hijk = (λi − λj)θij(ek) = (λj − λk)θjk(ei) = (λk − λi)θki(ej). (3.34)

Suppose that 1 ≤ i ≤ j ≤ k ≤ n. It is seen from (3.34) that hijk = 0, and now that i, j

or j, k lie in the same range of indices. For i, j, k lying in the different ranges of indices, from
(3.33), we have hijk = 0. It follows that hijk = 0 for any 1 ≤ i, j, k ≤ n, which means that Mn

has a parallel second fundamental form in Nn+1(c). This completes the proof of Theorem 3.1.

Remark 3.2 Miyaoka [6] studied the geometries of isoparametric hypersurfaces with at
most three distinct principal curvatures in a space form Nn+1(c) of the constant curvature c

with c ≥ 0. Our result gives a geometrical description of this kind of hypersurfaces with c < 0.

By Theorem 3.1, we immediately obtain the following corollary.

Corollary 3.1 Let Mn be a smooth hypersurface of a space form Nn+1(c) with c � 0. Then
the following statements are equivalent:

(1) The length of the mean curvature field H of TM is invariant along the fibres of TM ;
(2) TM is totally geodesic in (TNn+1(c), Gs);
(3) TM is minimal in (TNn+1(c), Gs);
(4) M is totally geodesic in Nn+1(c).

Munteanu [8] computed the Riemannian curvature tensor of TN endowed with the general
metric Ga,b. For (TNn+1(c), Gs), we have the following lemma.
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Lemma 3.4 (cf. [8]) Suppose that (Nn+1(c), G) is a space form of the constant sectional
curvature c. Then the Riemannian curvature tensor R̂ of (TNn+1(c), Gs) is given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R̂XHY H ZH = (RN
XY Z)H +

1
4
[RN

v(RN
XZv)Y − RN

v(RN
Y Zv)X + 2RN

v(RN
XY v)Z]H ,

R̂XHY H ZV = (RN
XY Z)V +

1
4
[RN

Y (RN
vZX)v − RN

X(RN
vZY )v]V ,

R̂XHY V ZH =
1
2
(RN

XZY )V − 1
4
[RN

X(RN
vY Z)v]V ,

R̂XHY V ZV = −1
2
(RN

Y ZX)H − 1
4
[RN

vY (RN
vZX)]H ,

R̂XV Y V ZH = (RN
XY Z)H +

1
4
[RN

vX(RN
vY Z) − RN

vY (RN
vXZ)]H ,

R̂XV Y V ZV = 0

(3.35)

for any X, Y, Z ∈ Γ(TN) at point (y, v) ∈ TN .

By direct computation, we obtain the following lemma.

Lemma 3.5 Let Mn be a hypersurface of (Nn+1(c), G). Let {e1, · · · , en} be a local or-
thonormal frame field on M , and ν be the unit normal vector field of M . Then⎧⎪⎪⎨⎪⎪⎩

R̂eH
i eH

j
eH

k = {δjkUil − δikUjl − δjlUik + δilUjk + c(δjlδik − δilδjk)}eH
l ,

R̂eH
i eH

j
eV

k = {δilVjk − δjlVik + δjkVil − δikVjl + V (δjlδik − δilδjk)}eV
l ,

R̂eH
i eV

j
eH

k =
{
δilWjk + δjkWil − δjlWik − c

2
δijδkl + W (δjlδik − δjkδil)

}
eV

l ,

(3.36)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
R̂eH

i eV
j
eV

k =
{
δjkWil − δjlWik − δikWjl +

c

2
δijδkl + W (δjlδik − δilδjk)

}
eH

l ,

R̂eV
i eV

j
eH

k = {δkjVil − δikVjl + δilVjk − δjlVik + V (δikδjl − δjkδil)}eH
l ,

R̂eV
i eV

j
eV

k = 0,

(3.37)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
R̂eH

i νH eH
j = −Uijν

H , R̂eH
i νH eV

j = −Vijν
V , R̂eH

i νV eH
j = −c2

4
uiujν

V ,

R̂eH
i νV eV

j = −Wijν
H , R̂eV

i νV eH
j = −Vijν

H , R̂eV
i νV eV

j = 0,

R̂eH
i νH νH = Uije

H
j , R̂eH

i νH νV = Vije
V
j , R̂eH

i νV νH = Wije
V
j ,

(3.38)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
R̂eH

i νV νV =
c2

4
uiuje

H
j , R̂eV

i νV νH = Vije
H
j , R̂eV

i νV νV = 0,

R̂eH
i eH

j
νH = 0, R̂eH

i eH
j

νV = 0, R̂eH
i eV

j
νH = − c

2
δijν

V ,

R̂eH
i eV

j
νV =

c

2
δijν

H , R̂eV
i eV

j
νH = 0, R̂eV

i eV
j
νV = 0,

(3.39)

where V = c − c2

4 |u|2, W = c
2 − c2

4 |u|2 and

Uij = cδij − 3c2

4
uiuj, Vij = V δij +

c2

4
uiuj , Wij = Wδij +

c2

4
uiuj . (3.40)

Lemma 3.6 Under the assumptions as in Lemma 3.5, suppose in addition that {eh
i ; ev

j}
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and {ν1, ν2} are chosen as in (3.17). Then we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

R̂eh
i eh

j
ν1 = [(hjkuk)Wil − (hikuk)Wjl]eV

l , R̂ev
i ev

j
ν1 = 0,

R̂eh
i eh

j
ν2 = τ−1

{c2

4
[(hjkuk)ui − (hikuk)uj][uH + (hklukul)νV ] − (hklul)R̂eH

i eH
j

eH
k

}
,

R̂eh
i ev

j
ν2 = τ−1

{[ c

2
δij − (hkpup)(hiquq)Vjk

]
νH − (hkpup)R̂eH

i eV
j
eH

k

}
,

R̂eh
i ev

j
ν1 = − c

2
δijν

V − (hilul)VjkeH
k , R̂ev

i ev
j
ν2 = −τ−1(hklul)R̂eV

i eV
j
eH

k .

(3.41)

Denote by R the Riemannian curvature tensor and by R
⊥

the normal curvature tensor of
TM in TNn+1(c). Then we have the following Gauss-Codazzi equations:

RXY Z = [R̂XY Z]� + Aσ(Y,Z)(X) − Aσ(X,Z)(Y ), (3.42)

R
⊥
XY ξ = [R̂XY ξ]⊥ + σ(X, Aξ(Y )) − σ(Y, Aξ(X)) (3.43)

for any X, Y, Z ∈ Γ(T (TM)) and ξ ∈ Γ(T⊥(TM)).
By Proposition 3.1, we have the following theorem.

Theorem 3.2 Let Mn be a smooth hypersurface of a space form Nn+1(c). If the normal
bundle of TM in TN is flat, then Mn is flat and totally geodesic in Nn+1(c), and vise versa.

Proof Let {e1, · · · , en} be a local orthonormal frame field on M such that hij = λiδij .
Then (3.16) and (3.26)–(3.27) turn into⎧⎨⎩

gij = δij + (λiui)(λjuj), gij = δij − τ−2(λiui)(λjuj), A1(ev
i ) = 0,

A1(eh
i ) = Φikgkjeh

j , A2(ev
i ) = Ψijg

jkeh
k , A2(eh

i ) = Ψjie
v
j + τ−1(hiklul)gkjeh

j ,

σ(eh
i , eh

j ) = Φijν1 + τ−1(hijkuk)ν2, σ(ev
i , eh

j ) = Ψijν2, σ(ev
i , ev

j ) = 0,

(3.44)

where

Φij = λiδij − c

2
[(λiui)uj + (λjuj)ui], Ψij = τ−1

[
λiδij − c

2
(λku2

k)δij +
c

2
(λiui)uj

]
. (3.45)

Since the normal curvatures of TM are determined by

Gs(R
⊥

(eh
i , eh

j )ν1, ν2), Gs(R
⊥

(ev
i , eh

j )ν1, ν2), Gs(R
⊥

(ev
i , e

v
j )ν1, ν2),

it follows that the normal bundle of TM is flat in TN if and only if

Gs(R
⊥

(eh
i , eh

j )ν1, ν2) = Gs(R
⊥

(ev
i , e

h
j )ν1, ν2) = Gs(R

⊥
(ev

i , ev
j )ν1, ν2) = 0 (3.46)

for any (x, u) ∈ TM and 1 ≤ i, j ≤ n. From the Wiengarten formula (3.43), we have

Gs(R
⊥

(eh
i , eh

j )ν1, ν2) = Gs((R̂eh
i eh

j
ν1), ν2) + Gs(σ(eh

i , Aν1(e
h
j )), ν2) − Gs(σ(eh

j , Aν1(e
h
i )), ν2),

Gs(R
⊥

(ev
i , eh

j )ν1, ν2) = Gs((R̂ev
i eh

j
ν1), ν2) + Gs(σ(ev

i , Aν1(e
h
j )), ν2) − Gs(σ(eh

j , Aν1(e
v
i )), ν2),

Gs(R
⊥

(ev
i , e

v
j )ν1, ν2) = Gs((R̂ev

i ev
j
ν1), ν2) + Gs(σ(ev

i , Aν1(e
v
j )), ν2) − Gs(σ(ev

j , Aν1(e
v
i )), ν2).

Using (3.41) and (3.44), we have (R̂eh
i eh

j
ν1)⊥ = 0, R̂ev

i ev
j
ν1 = 0 and A1(ev

i ) = 0, from which we
get

Gs(R̂⊥(eh
i , eh

j )ν1, ν2) = 0, Gs(R
⊥

(ev
i , e

v
j )ν1, ν2) = 0, Gs(σ(eh

j , Aν1(e
v
i )), ν2) = 0.
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It follows that

Gs(R
⊥

(ev
i , eh

j )ν1, ν2) = Gs((R̂ev
i eh

j
ν1)⊥, ν2) + Gs(σ(ev

i , Aν1(e
h
j )), ν2), (3.47)

Gs(R
⊥

(eh
i , eh

j )ν1, ν2) = Gs(σ(eh
i , Aν1(e

h
j )), ν2) − Gs(σ(eh

j , Aν1(e
h
i )), ν2). (3.48)

By a direct but not difficulty computation, we can see that

Gs((R̂ev
i eh

j
ν1)⊥, ν2) = τ−1

{ c

2
δij +

[(c2

4
|u|2 − c

)
(λiλj) − c2

4
(λku2

k)λj

]
uiuj

}
, (3.49)

Gs(σ(ev
i , Aν1(e

h
j )), ν2) = τ−1

{[
λi − c

2
(λpu

2
p)

]
λjδij +

[ c2

4
(λpu

2
p)λj − c

2
λiλj − c2

4

]
uiuj

}
− τ−3

[
λ2

i −
c

2
(λpu

2
p)λi − c

2

][
λ2

j − c

2
(λku2

k)λj +
c

2

]
uiuj, (3.50)

Gs(σ(eh
i , Aν1(e

h
j )), ν2) = τ−1

[
(λj)(hijpup) − c

2
(hkpiukup)(λjuj)

]
− τ−3

[
(λ2

juj) +
c

2
uj − c

2
(λjuj)(λku2

k)
]
hlpi(λlul)up. (3.51)

Substituting (3.49)–(3.50) into (3.47) and sorting it, we get

Gs(R
⊥

(ev
i , e

h
j )ν1, ν2) = τ−3

{
τ2

{ c

2
δij +

[
λi − c

2
(λpu

2
p)

]
λjδij

+
[(c2

4
|u|2 − c

)
λiλj − c

2
λiλj − c2

4

]
uiuj

}
−

[
λ2

i −
c

2
(λpu

2
p)λi − c

2

][
λ2

j −
c

2
(λpu

2
p)λj +

c

2

]
uiuj

}
(3.52)

for all 1 ≤ i, j ≤ n. From (3.48) and (3.51), we obtain

Gs(R
⊥

(eh
i , eh

j )ν1, ν2) = τ−1
[
(λj − λi)(hijpup) +

c

2
(δjqδil − δiqδjl)(hkpqukup)(λlul)

]
+ τ−3

{
(δjqδir − δiqδjr)

[
λ2

r +
c

2
− c

2
λr(λku2

k)
]
hlpq(λlul)upur

}
(3.53)

for all 1 ≤ i, j ≤ n. Suppose in (3.52) that u = ukek = 0, and from Gs(R
⊥

(ev
i , eh

j )ν1, ν2) = 0
at any point x ∈ M for all 1 ≤ i, j ≤ n, we have 2λ2

i + c = 0 at any x ∈ M for all 1 ≤ i ≤ n,
which implies that Nn+1(c) is of the non-positive curvature. Suppose in (3.52) that δij = 1 and
c < 0, i.e., λi 	= 0 at any x ∈ M for all 1 ≤ i ≤ n, and we have that

τ2λ3
i [(λpu

2
p) + λ3

i |u|2u2
i ] + (λpu

2
p)λ

5
i u

2
i [2 − (λpu

2
p)λi] = 0,

which implies that λi = 0 at any x ∈ M for all 1 ≤ i ≤ n. It is contradictory to our
assumption, and we have that Gs

(
R

⊥
(ev

i , e
h
j )ν1, ν2

)
= 0 at any point x ∈ M for all 1 ≤ i, j ≤ n

if and only if M is flat and totally geodesic in Nn+1(c). It is seen from (3.53) that, in this case,
Gs

(
R

⊥
(eh

i , eh
j )ν1, ν2

)
= 0 for all 1 ≤ i, j ≤ n.

The reverse is trivial. This completes the proof of Theorem 3.2.

4 The Almost Complex Structure on TM

In this section, we study the almost complex structure J on TM , which is compatible with
g and the Kählerian form ω on TM induced by J .
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4.1 The induced almost complex structure on TM

Let {e1, e2, · · · , en} be a local orthonormal frame field and {θi
j} be the associated connection

forms on M . We describe the almost complex structure J on TM as follows:

Jeh
i = αev

i + β(hijuj)(hklul)ev
k, Jev

i = γeh
i + ρ(hijuj)(hklul)eh

k , (4.1)

where α, β, γ and ρ are the smooth functions on TM to be determined. Since J is compatible
with g, we have

J2 = −I, g(Jeh
i , Jeh

j ) = δij + (hikuk)(hjlul). (4.2)

Substituting (4.1) into (4.2), we get

α = 1, β =
1

1 + τ
, γ = −1, ρ =

1
τ(1 + τ)

. (4.3)

Thus, J is determined by

Jeh
i = ev

i +
1

1 + τ
(hirur)(hklul)ev

k, Jev
i = −eh

i +
1

τ(1 + τ)
(hirur)(hklul)eh

k (4.4)

for any 1 � i � n.
The Nijenhuis tensor of J is defined to be

NJ(X, Y ) = [X, Y ] + J [JX, Y ] + J [X, JY ] − [JX, JY ]

for any X, Y ∈ Γ(T(x,u)TM). It is easy to see that

NJ(Y, X) = −NJ(X, Y ), NJ(X, Y ) = −NJ(JX, JY ), NJ(X, Y ) = JNJ(JX, Y ).

Therefore, we have

NJ(Xv, Y v) = −NJ(JXv, JY v), NJ(Xv, Y h) = JNJ(JXv, Y h)

for any point (x, u) ∈ TM and X, Y ∈ TxM . Since J is an isomorphism from H(x,u) to V(x,u),
it follows that J is integrable if and only if NJ(Xh, Y h) = 0 for any X, Y ∈ Γ(TM).

Let us compute NJ(eh
i , eh

j ) for any 1 � i � n. It is known that

[eh
i , eh

j ] = [ei, ej]h − (RM
eiej

u)v, [ev
k, eh

j ] = −(∇ej ek)v = θk
p(ej)ev

p, [ev
i , e

v
j ] = 0, (4.5)

from which we have

1
1 + τ

(hilul)(hkmum)[ev
k, eh

j ] =
1

1 + τ
(hilul)[hpmθp

k(ej)um]ev
k.

At first, we have

[Jeh
i , eh

j ] =
[
ev

i +
1

1 + τ
(hilul)(hkmum)ev

k, eh
j

]
= [ev

i , e
h
j ] +

1
1 + τ

(hilul)(hkmum)[ev
k, eh

j ] − eh
j

[ 1
1 + τ

(hilul)(hkmum)
]
ev

k. (4.6)
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From the definition of eh
j , we can see that

− eh
j

[ 1
1 + τ

(hilul)(hkmum)
]

= −ej

[ 1
1 + τ

(hilul)(hkmum)
]

+ θq
p(ej)up

∂

∂uq

[ 1
1 + τ

(hilul)(hkmum)
]

=
1

(1 + τ)2τ
[ej(hpq)](hpruruq)(hilul)(hkmum) − 1

1 + τ
[ej(hil)](ulhkmum)

− 1
1 + τ

[ej(hkm)](umhilul) − 1
(1 + τ)2τ

[hpsθ
s
q(ej)](hpruruq)(hilul)(hkmum)

+
1

1 + τ
[hiqθ

q
p(ej)up](hkmum) +

1
1 + τ

(hilul)[hkqθ
q
p(ej)up]

=
1

(1 + τ)2τ
[ej(hpq) − hpsθ

s
q(ej)](hpruruq)(hilul)(hkmum)

− 1
1 + τ

[ej(hip) − hiqθ
q
p(ej)](uphkmum) − 1

1 + τ
[ej(hkp) − hkqθ

q
p(ej)](uphilul)

=
1

(1 + τ)2τ
[hpqj + hqsθ

s
p(ej)](hpruruq)(hilul)(hkmum)

− 1
1 + τ

[hipj + hqpθ
q
i (ej)](uphkmum) − 1

1 + τ
[hkpj + hqpθ

q
k(ej)](uphilul)

=
1

(1 + τ)2τ
[hpqj(hpruruq)(hilul)(hkmum)] − 1

1 + τ
[hipj(uphkmum) + hkpj(uphilul)]

− 1
1 + τ

[hqpθ
q
i (ej)(uphkmum) + hqpθ

q
k(ej)(uphilul)]. (4.7)

Substituting (4.7) into (4.6) and using (4.5), we obtain

[Jeh
i , eh

j ] = −(∇ej ei)v +
{ 1

(1 + τ)2τ
[hpqj(hpruruq)(hilul)(hkmum)]

− 1
1 + τ

[hipj(uphkmum) + hkpj(uphilul)] − 1
1 + τ

[hqpθ
q
i (ej)(uphkmum)]

}
ev

k, (4.8)

[Jeh
j , eh

i ] = −(∇eiej)v +
{ 1

(1 + τ)2τ
[hpqi(hpruruq)(hjlul)(hkmum)]

− 1
1 + τ

[hjpi(uphkmum) + hkpi(uphjlul)] − 1
1 + τ

[hqpθ
q
j (ei)(uphkmum)]

}
ev

k. (4.9)

Using (4.8)–(4.9), we have

[Jeh
i , eh

j ] + [eh
i , Jeh

j ]

= [Jeh
i , eh

j ] − [Jeh
j , eh

i ]

= [ei, ej ]v +
{ 1

(1 + τ)2τ
(hkmum)(hpruruqul)(hpqjhil − hpqihjl)

+
1

1 + τ
[hkpi(uphjlul) − hkpj(uphilul)] +

1
1 + τ

[θq
j (ei) − θq

i (ej)](hqpuphkmum)

+
1

1 + τ
(hpji − hpij)(uphkmum)

}
ev

k,

where we have used
[ei, ej]v = (∇eiej)v − (∇ej ei)v.
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Therefore,

J([Jeh
i , eh

j ] + [eh
i , Jeh

j ])

= J([ei, ej]v) +
{ 1

1 + τ
(hpji − hpij)(uphkmum)

+
1

1 + τ
[hkpi(uphjlul) − hkpj(uphilul)] +

1
1 + τ

[θq
j (ei) − θq

i (ej)](hqpuphkmum)

+
1

(1 + τ)2τ
(hkmum)(hpruruqul)(hpqjhil − hpqihjl)

}
J(ev

k)

= [θq
j (ei) − θq

i (ej)]
[
− eh

q +
1

τ(1 + τ)
(hqrur)(hklul)eh

k

]
+

{ 1
1 + τ

[hkpi(uphjlul) − hkpj(uphilul)] +
1

1 + τ
(hpji − hpij)(uphkmum)

+
1

(1 + τ)2τ
(hkmum)(hpruruqul)(hpqjhil − hpqihjl)

+
1

1 + τ
[θq

j (ei) − θq
i (ej)](hqpuphkmum)

}[
− eh

k +
1

τ(1 + τ)
(hkrur)(hlsul)eh

s

]
= −[θq

j (ei) − θq
i (ej)]eh

q +
1

τ(1 + τ)
[θq

j (ei) − θq
i (ej)](hqrur)(hklul)eh

k

+
{ 1

(1 + τ)2τ
(hkmum)(hpruruqul)(hpqjhil − hpqihjl) +

1
1 + τ

[hkpi(uphjlul) − hkpj(uphilul)]

+
1

1 + τ
(hpji − hpij)(uphkmum)

}[
− eh

k +
1

τ(1 + τ)
(hkrur)(hlsul)eh

s

]
−

{ 1
1 + τ

[θq
j (ei) − θq

i (ej)](hqpuphkmum)
}
eh

k +
τ − 1

τ(1 + τ)
{[θq

j (ei) − θq
i (ej)](hqpup)(hslul)}eh

s .

It follows that

J([Jeh
i , eh

j ] + [eh
i , Jeh

j ])

= −[ei, ej ]h − 1
τ(1 + τ)2

(hkmum)(hprur)(uqul)(hpqjhil − hpqihjl)eh
k

+
1

τ(1 + τ)2
[(hpqihjl − hpqjhil)(uqul)](hprur)(hkmum)eh

k

+
1

(1 + τ)3τ2
(hkmum)(hpruruqul)(hpqjhil − hpqihjl)(hkrur)(htsut)eh

s

− 1
1 + τ

[(hkpihjl − hkpjhil)(upul)]eh
k − 1

τ(1 + τ)
(hpji − hpij)(uphkmum)eh

k

= −[ei, ej ]h − 1
1 + τ

[(hkpihjl − hkpjhil)(upul)]eh
k − 1

τ(1 + τ)
(hpji − hpij)(uphkmum)eh

k

+
2

τ(1 + τ)2
(hpqihjl − hpqjhil)(uqul)(hprur)(hkmum)eh

k

+
1

(1 + τ)3τ2
(τ2 − 1)(hpruruqul)(hpqjhil − hpqihjl)(hktut)eh

k

= −[ei, ej ]h − 1
1 + τ

[(hkpihjl − hkpjhil)(upul)]eh
k − 1

τ(1 + τ)
(hpji − hpij)(uphkmum)eh

k

+
2

τ(1 + τ)2
(hpqihjl − hpqjhil)(uqul)(hprur)(hkmum)eh

k
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+
(τ − 1)

(1 + τ)2τ2
(hprur)(uqul)(hpqjhil − hpqihjl)(hktut)eh

k

= −[ei, ej ]h − 1
1 + τ

[(hkpihjl − hkpjhil)(upul)]eh
k − 1

τ(1 + τ)
(hpji − hpij)(uphkmum)eh

k

+
2

τ(1 + τ)2
(hpqihjl − hpqjhil)(uqul)(hprur)(hkmum)eh

k

+
1

(1 + τ)2τ
(hprur)(uqul)(hpqjhil − hpqihjl)(hklul)eh

k

− 1
(1 + τ)2τ2

(hprur)(uqul)(hpqjhil − hpqihjl)(hktut)eh
k

= −[ei, ej ]h − 1
1 + τ

[(hpqihjl − hpqjhil)(uqul)δpk]eh
k − 1

τ(1 + τ)
(hpji − hpij)(uphkmum)eh

k

+
1

(1 + τ)τ2
(hpqihjl − hpqjhil)(uqul)(hprur)(hkmum)eh

k

= −[ei, ej ]h − 1
1 + τ

(hpqihjl − hpqjhil)(uqul)[δpk − τ−2(hprur)(hkmum)]eh
k

− 1
τ(1 + τ)

(hpji − hpij)(uphkmum)eh
k

= −[ei, ej ]h − 1
1 + τ

(hpqihjl − hpqjhil)(uqul)gpkeh
k

− 1
τ(1 + τ)

(hpji − hpij)(uphkmum)eh
k . (4.10)

Since [ev
i , e

v
j ] = 0, we have

[Jeh
i , Jeh

j ] =
[
ev

i ,
1

1 + τ
(hjlul)(hkmum)ev

k

]
+

[ 1
1 + τ

(hilul)(hkmum)ev
k, ev

j

]
+

[ 1
1 + τ

(hilul)(hkmum)ev
k,

1
1 + τ

(hjlul)(hkmum)ev
k

]
. (4.11)

Let ei = ξj
i ∂xj for all 1 ≤ i ≤ n and u = uiei = uiξ

j
i ∂xj := vj∂xj . Then(∂uk

∂vj

)
=

( ∂vj

∂uk

)−1

= (ξj
k)−1.

It follows that for any differentiable function ϕ on TM ,

ev
i (ϕ) = ξj

i ∂vj ϕ = ξj
i

(∂uk

∂vj

)
∂uk

ϕ = ∂uiϕ. (4.12)

By using (4.12), we have[
ev

i ,
1

1 + τ
(hjlul)(hkmum)ev

k

]
= ev

i

[ 1
1 + τ

(hjlul)(hkmum)
]
ev

k

=
{ 1

1 + τ
[hij(hkmum) + (hjlul)hik]

− 1
(1 + τ)2τ

(hiphpquq)(hjlul)(hkmum)
}

ev
k, (4.13)[ 1

1 + τ
(hilul)(hkmum)ev

k, ev
j

]
= −ev

j

[ 1
1 + τ

(hilul)(hkmum)
]
ev

k

=
{ 1

(1 + τ)2τ
(hjphpquq)(hilul)(hkmum)
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− 1
1 + τ

[hij(hkmum) + (hilul)hjk]
}
ev

k (4.14)

and [ 1
1 + τ

(hilul)(hkmum)ev
k,

1
1 + τ

(hjlul)(hkmum)ev
k

]
=

1
1 + τ

(hirur)(hqmum)ev
q

[ 1
1 + τ

(hjsus)(hpmum)
]
ev

p

− 1
1 + τ

(hjsus)(hqmum)ev
q

[ 1
1 + τ

(hirur)(hpmum)
]
ev

p

=
1

1 + τ
(hqmum)

{
(hirur)ev

q

[ 1
1 + τ

(hjsus)(hpmum)
]

− (hjsus)ev
q

[ 1
1 + τ

(hirur)(hpmum)
]}

ev
p

=
1

(1 + τ)2
(hplul)(hqmum)[(hirur)ev

q

(
hjsus

) − (hjsus)ev
q

(
hirur

)
]ev

p

=
1

(1 + τ)2
(hplul)(hqmum)(hirurhjq − hjsushiq)ev

p

=
1

(1 + τ)2
up(hiphjq − hiqhjp)(hqmum)(hklul)ev

k. (4.15)

Substituting (4.13)–(4.15) into (4.11), we obtain

[Jeh
i , Jeh

j ] =
{
− 1

(1 + τ)2τ
(hiphpquq)(hjlul)(hkmum) +

1
1 + τ

hij(hkmum)

+
1

1 + τ
(hjlul)hik

}
ev

k −
{
− 1

(1 + τ)2τ
(hjphpquq)(hilul)(hkmum)

+
1

1 + τ
hij(hkmum) +

1
1 + τ

(hilul)hjk

}
ev

k

+
1

(1 + τ)2
(hiphjq − hiqhjp)up(hqmum)(hklul)ev

k

=
1

(1 + τ)2τ
{(hjphpquq)(hirur) − (hiphpquq)(hjrur)}(hklul)ev

k

+
1

1 + τ
{(hjlul)hik − (hilul)hjk}ev

k

+
1

(1 + τ)2
(hiphjq − hiqhjp)up(hqmum)(hklul)ev

k

=
1

(1 + τ)τ
(hjphir − hiphjr)(hpququr)(hklul)ev

k

+
1

1 + τ
{(hikhjl − hilhjk)ul}ev

k. (4.16)

It follows from (4.5), (4.10) and (4.16) that

NJ(eh
i , eh

j ) = [eh
i , eh

j ] + J([Jeh
i , eh

j ] + [eh
i , Jeh

j ]) − [Jeh
i , Jeh

j ]

=
1

(1 + τ)τ
(hiphjr − hjphir)(hpququr)(hklul)ev

k − 1
1 + τ

{(hikhjl − hilhjk)ul}ev
k

+ (ulR
M
ijkl)e

v
k − 1

1 + τ
(hpqihjl − hpqjhil)(uqul)gpkeh

k
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− 1
τ(1 + τ)

(hpji − hpij)(uphkmum)eh
k

=
1

(1 + τ)τ
(hiphjr − hjphir)(hpququr)(hklul)ev

k

− 1
1 + τ

(hpqihjl − hpqjhil)(uqul)gpkeh
k

+
[
RM

ijklul − 1
1 + τ

(hikhjl − hilhjk)ul

]
ev

k − 1
τ(1 + τ)

(hpji − hpij)(uphkmum)eh
k

= Lk
ije

h
k + P k

ije
v
k, (4.17)

where

Lk
ij =

1
1 + τ

(hilhpqj − hjlhpqi)(uqul)gpk − 1
τ(1 + τ)

(hpji − hpij)(hkmumup), (4.18)

P k
ij =

[
RM

ijkl −
1

1 + τ
(hikhjl − hilhjk)

]
ul +

hklul

(1 + τ)τ
(hiphjr − hjphir)(hpququr). (4.19)

Theorem 4.1 Let Mn be a smooth hypersurface of Nn+1, and J be the almost complex
structure on (TM, g). Then J is integrable if and only if M is flat and is locally a product of
a part of the principal curvature line and a piece of the (n − 1)-dimensional totally geodesic
submanifold of Nn+1.

Proof From (4.17), one can see that J is integrable if and only if Lk
ij = P k

ij = 0 at any
point (x, u) ∈ TM for any 1 � i, j, k � n.

Let {ei} be a local orthonormal frame field on M such that hij = λiδij . Then τ2 = 1+λ2
i u

2
i .

It follows from (4.12) that

ev
l (τ) = (2τ)−1ev

l (τ2) = (2τ)−1∂ul
(1 + λ2

i u
2
i ) = τ−1λ2

l ul, (4.20)

ev
p[e

v
l (τ)] = ev

p[τ
−1λ2

l ul] = τ−1λ2
l δpl − τ−2ev

p(τ)λ2
l ul = τ−1λ2

l δpl − τ−3(λpλl)2(upul) (4.21)

for any 1 ≤ l, p ≤ n. Therefore, we have for any 1 ≤ l ≤ n, that

ev
l

[ 1
τ(1 + τ)

]
=

[ 1
(1 + τ)2

− 1
τ2

]
ev

l (τ) = − 1 + 2τ

(1 + τ)2τ3
λ2

l ul. (4.22)

Suppose that P k
ij = 0 for any 1 � i, j, k � n at any point (x, u) ∈ TM . Then ev

l (P
k
ij) = 0

for any 1 � i, j, k, l � n at any point (x, u) ∈ TM .
Computing ev

l (P
k
ij) and putting u = 0, we get

RM
ijkl −

1
2
(hikhjl − hilhjk) = 0 (4.23)

for any 1 � i, j, k, l � n at any point x ∈ M . Substituting (4.23) into (4.19), we obtain

0 =
1

2(1 + τ)τ
{τ(τ − 1)(hikhjl − hilhjk)ul + 2(hiphjr − hjphir)(hpququr)(hklul)}. (4.24)

At the point x ∈ M where
n∑

k=1

λ2
k = 0, (4.24) is trivial.

Suppose that
n∑

k=1

λ2
k 	= 0 at the given point x ∈ M . For u ∈ TxM with τ 	= 1, we have

0 = τ(τ − 1)(hikhjl − hilhjk)ul + 2(hiphjr − hjphir)(hpququr)(hklul)
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= τ(τ − 1)λiλj(δikuj − δjkui) + 2(λi − λj)(λiui)(λjuj)(λkuk). (4.25)

Multiplying λkuk on both sides of (4.25) and taking sum with respect to k, we obtain

0 = τ(τ − 1)λiλj(δikuj − δjkui)(λkuk) + 2(λi − λj)(λiui)(λjuj)(λkuk)2

= τ(τ − 1)(λi − λj)(λiui)(λjuj) + 2(τ2 − 1)(λi − λj)(λiui)(λjuj)

= (τ − 1) (2 + 3τ) (λi − λj)(λiui)(λjuj).

It follows that

0 = (λi − λj)(λiui)(λjuj). (4.26)

Substituting (4.26) into (4.25), we get

0 = λiλjuj (4.27)

for any i 	= j. Suppose that λ1 	= 0. Then from (4.27), we have

0 = λjuj (4.28)

for any j > 1. The condition that τ 	= 1 implies that
n∑

k=1

λ2
ku2

k 	= 0. It follows from (4.28) that

λ1u1 	= 0. Taking j = 1 in (4.27), we obtain that λi = 0 for any i > 1.
So there is at most one nonzero principal curvature of the shape operator A at any point of

M . It follows that
hikhjl − hilhjk = λiλj(δikδjl − δilδjk) = 0

for any i 	= j and k 	= l, which together with (4.23) implies that RM
ijkl = 0 for any i 	= j and

k 	= l, which implies that M is flat.
Suppose that Lk

ij = 0 for any 1 � i, j, k � n at any point (x, u) ∈ TM . Then (4.18) turns
into

0 = τ(hilhrpj − hjlhrpi)(upul) − (hpji − hpij)(up)(λrur) − (hpji − hpij)(up)(τ2 − 1)(λrur)

= τ(hilhrpj − hjlhrpi)(upul) − τ2(hpji − hpij)(up)(λrur)

or equivalently

(hilhrpj − hjlhrpi)(upul) = τ(hpji − hpij)(hrl)(upul) (4.29)

for any fixed 1 ≤ i, j, r ≤ n. Denote Λij = hpijup. Then (4.29) turns into

(λiui)Λrj − (λjuj)Λri = τ(Λji − Λij)(λrur) (4.30)

for any fixed 1 ≤ i, j, r ≤ n with i 	= j.

At the point x ∈ M where
n∑

k=1

λ2
k = 0, (4.30) is trivial. At the point x ∈ M where λk 	= 0

for some 1 ≤ k ≤ n, we can suppose that λ1 	= 0 and λk = 0 for 2 ≤ k ≤ n.
Suppose that i = 1 in (4.30). Then

(λ1u1)Λrj = 0, (λ1u1)[Λ1j + τ(Λ1j − Λj1)] = 0 (4.31)
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for any fixed 1 < j, r ≤ n. For any u ∈ TxM with u1 	= 0, we have from (4.31) that

Λrj = 0, Λ1j + τ(Λ1j − Λj1) = 0 (4.32)

for any fixed 1 < j, r ≤ n. Note that

hijk = λj,kδij + (λi − λj)θij(ek) (4.33)

for all 1 ≤ i, j, k ≤ n where λj,k = ek(λj). It follows from (4.33) that

hijk = 0 (4.34)

for any 1 < i, j ≤ n and 1 ≤ k ≤ n. From the first equality in (4.32), we can see that

h1jk = λ1θ1j(ek) = 0, (4.35)

which implies that

θ1j(ek) = 0 (4.36)

for all 1 < j, k ≤ n. Note that

Λjk = hijkui = λj,kuj + (λ1u1)θ1j(ek) − λjθij(ek)ui (4.37)

for all 1 ≤ j, k ≤ n. It follows from (4.36)–(4.37) that

Λj1 = (λ1u1)θ1j(e1), Λ1j = λ1,ju1 (4.38)

for any 1 < j ≤ n. Substituting (4.38) into the second equality of (4.32) and noting that u1 	= 0,
we obtain

λ1,j + τ [λ1,j − λ1θ1j(e1)] = 0. (4.39)

Taking the partial derivative on both sides of (4.39) with respect to u1 and using (4.20), we
have

λ1,j − λ1θ1j(e1) = 0. (4.40)

It follows from (4.36) and (4.39)–(4.40) that

λ1,j = 0, θ1j(e1) = 0 (4.41)

for all 1 < j ≤ n. From (4.33) and (4.41), we can see that

h11k = λ1,k = 0, h1j1 = λ1θ1j(e1) = 0 (4.42)

for all 1 < j, k ≤ n. It follows from (4.34)–(4.35) and (4.42) that all of hijk’s are zero except
for h111. Note that

[ej , ek] = ∇ej (ek) −∇ek
(ej) = [θkl(ej) − θjl(ek)]el =

n∑
l=2

[θkl(ej) − θjl(ek)]el (4.43)

for all 1 < j, k ≤ n. It follows that the distribution Ln−1 = span{e2, · · · , en} is involutive on
Mn.

Let γ be a part of the curvature line with respect to the principal curvature λ1 and Un−1

be the maximal integral submanifold of Ln−1 through every point of γ. Then it follows from
(4.36) that Un−1 is totally geodesic in Nn+1. The second equality of (4.41) implies that Mn is
locally a Cartesian product of γ and Un−1.

The proof of sufficiency is trivial. This completes the proof of Theorem 4.1.
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4.2 The induced Kählerian form on TM

It is known that the Kählerian 2-form ω of TM is defined to be

ω(X, Y ) = g(X, J(Y )) (4.44)

for all vector fields X, Y ∈ X(TM), where J is determined by (4.4). Let {e1, e2, · · · , en} be an
orthonormal frame on M such that hij = λiδij . By direct computation, we have

ω(eh
i , eh

j ) = g(eh
i , Jeh

j ) = g
(
eh

i , ev
j +

1
1 + τ

(hjpup)(hklul)ev
k

)
= 0, (4.45)

ω(ev
i , e

v
j ) = g(ev

i , Jev
j ) = g

(
ev

i ,−eh
j +

1
τ(1 + τ)

(hjpup)(hklul)eh
k

)
= 0, (4.46)

ω(ev
i , e

h
j ) = g(ev

i , Jeh
j ) = g

(
ev

i , e
v
j +

1
1 + τ

(hjpup)(hklul)ev
k

)
= δij +

1
1 + τ

(hilul)(hjrur) =
τ

1 + τ
δij +

1
1 + τ

gij , (4.47)

ω(eh
i , ev

j ) = g(eh
i , Jev

j ) = g
(
eh

i ,−eh
j +

1
τ(1 + τ)

(hjpup)(hklul)eh
k

)
= −δij − 1

1 + τ
(hilul)(hjrur) = − τ

1 + τ
δij − 1

1 + τ
gij . (4.48)

It is known that the exterior differential of ω is defined by

dω(X, Y , Z) = X(ω(Y , Z)) + Y (ω(Z, X)) + Z(ω(X, Y ))

− ω([X, Y ], Z) − ω([Y , Z], X) − ω([Z, X], Y ) (4.49)

for all vector fields X, Y , Z ∈ X(TM).
By using (4.5), we have

dω(eh
i , eh

j , eh
k)

= −ω([eh
i , eh

j ], eh
k) − ω([eh

j , eh
k ], eh

i ) − ω([eh
k , eh

i ], eh
j )

= −ω(−RM
ijpqupe

v
q , e

h
k) − ω(−RM

jkpqupe
v
q , e

h
i ) − ω(−RM

kipqupe
v
q , e

h
j )

= RM
ijpqupω(ev

q , e
h
k) + RM

jkpqupω(ev
q , e

h
i ) + RM

kipqupω(ev
q , e

h
j )

=
1

1 + τ
[RM

ijpq(hkrur) + RM
jkpq(hirur) + RM

kipq(hjrur)]up(hqlul),

dω(eh
i , eh

j , ev
k)

= eh
j (ω(ev

k, eh
i )) − eh

i (ω(ev
k, eh

j )) − ω([eh
i , eh

j ], ev
k) + ω([ev

k, eh
j ], eh

i ) − ω([ev
k, eh

i ], eh
j )

= eh
j

[
δij +

1
1 + τ

(hklul)(hirur)
]
− eh

i

[
δij +

1
1 + τ

(hklul)(hjrur)
]

+ [θl
j(ei) − θl

i(ej)]
(
δkl +

1
1 + τ

(hkquq)(hlrur)
)

+ θk
p(ej)

(
δpi +

1
1 + τ

(hpquq)(hirur)
)
− θk

p(ei)
(
δpj +

1
1 + τ

(hpquq)(hjrur)
)

= eh
j

[ 1
1 + τ

(hklul)(hirur)
]
− eh

i

[ 1
1 + τ

(hklul)(hjrur)
]

+ [θk
j (ei) − θk

i (ej)] +
1

1 + τ
[θl

j(ei) − θl
i(ej)](hkquq)(hlrur)
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+ θk
i (ej) − θk

j (ei) +
1

1 + τ
θk

p(ej)(hpquq)(hirur) − 1
1 + τ

θk
p(ei)(hpquq)(hjrur)

= eh
j

[ 1
1 + τ

(hklul)(hirur)
]
− eh

i

[ 1
1 + τ

(hklul)(hjrur)
]

+
1

1 + τ
[θl

j(ei)(hlrur)(hkquq) + θp
k(ei)(hpquq)(hjrur)]

− 1
1 + τ

[θl
i(ej)(hlrur)(hkquq) + θp

k(ej)(hpquq)(hirur)]

=
1

1 + τ

{
[(hipj)up(hkmum) + (hkpjup)(hilul)] − 1

(1 + τ)τ
[(hpqjuq)(hprur)(hilul)(hkmum)]

− [(hjpiup)(hkmum) + (hkpiup)(hjlul)] +
1

(1 + τ)τ
[(hpqiuq)(hprur)(hjlul)(hkmum)]

}
,

dω(eh
i , ev

j , e
v
k)

= eh
i (ω(ev

j , e
v
k)) + ev

j (ω(ev
k, eh

i )) + ev
k(ω(eh

i , ev
j )) − ω([eh

i , ev
j ], e

v
k)

− ω([ev
j , e

v
k], eh

i ) − ω([ev
k, eh

i ], ev
j )

= ev
j (ω(ev

k, eh
i )) + ev

k(ω(eh
i , ev

j ))

= ev
j

(
δki +

1
1 + τ

(hilul)(hkrur)
)
− ev

k

(
δij +

1
1 + τ

(hilul)(hjrur)
)

= ev
j

( 1
1 + τ

)
(hilul)(hkrur) +

1
1 + τ

hij(hkrur) +
1

1 + τ
(hilul)hkj

− ev
k

( 1
1 + τ

)
(hilul)(hjrur) − 1

1 + τ
hik(hjrur) − 1

1 + τ
(hilul)hjk

=
1

τ(1 + τ)2
[(hkphjr − hjphkr)ur](hpquq)(hilul) +

1
1 + τ

[hijhkr − hikhjr]ur

=
1

τ(1 + τ)2
[(λ2

kuk)(λjuj) − (λ2
juj)(λkuk)](λiui) +

1
1 + τ

[hij(λkuk) − hik(λjuj)].

It follows from the above results that

dω(eh
i , eh

j , eh
k) =

1
1 + τ

(λkukRM
ijlm + λjujR

M
kilm + λiuiR

M
jklm)λmumul, (4.50)

dω(eh
i , eh

j , ev
k) =

1
1 + τ

[(hipj − hjpi)up(λkuk) + (hkpjup)(λiui) − (hkpiup)(λjuj)]

+
1

(1 + τ)2τ
[(hpqiuq)(λjuj) − (hpqjuq)(λiui)](λpup)(λkuk), (4.51)

dω(eh
i , ev

j , e
v
k) =

(λk − λj)
τ(1 + τ)2

(λiui)(λjuj)(λkuk) +
1

1 + τ
[hij(λkuk) − hik(λjuj)], (4.52)

dω(ev
i , e

v
j , e

v
k) = 0. (4.53)

Theorem 4.2 Suppose that Mn is a smooth hypersurface of Nn+1 and ω is the Kählerian
2-form on (TM, g, J). If (TM, g, J, ω) is almost Kählerian, then M is locally a product of a part
of the principal curvature line and a piece of the (n−1)-dimensional totally geodesic submanifold
of Nn+1.

Proof By definition, (TM, g, J, ω) is almost Kählerian if dω = 0 on TM , which implies
that the right-hand sides of (4.50)–(4.53) are zero.

We suppose that dω = 0 on TM . From (4.52), we have

(1 + τ)dω(eh
j , ev

j , e
v
k) =

1
(1 + τ)τ

(λk − λj)(λjuj)2(λkuk) + λj(λkuk) = 0 (4.54)
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for any fixed j 	= k and all (x, u) ∈ TM .
Choose uk = 1 and uj = 0 in (4.54) for any other j 	= k. Then it follows that

λjλk = 0,

which implies that there is at most one nonzero principal curvature at any x ∈ M , whose
multiple is 1. When λ1 = · · · = λn = 0 at x ∈ M , the right-hand sides of (4.50)–(4.53) are
identically zero. Without loss of generality, we suppose that λ1 	= 0 and λk = 0 for all 2 ≤ k ≤ n

in an open subset W of M . From (4.51), we have

0 = dω(eh
1 , eh

k, ev
j ) =

1
1 + τ

[(hijkui)(λ1u1)], (4.55)

0 = dω(eh
1 , eh

j , ev
1) =

1
1 + τ

[
(2h1pj − hjp1)up(λ1u1) − 1

τ(1 + τ)
(h1qjuq)(λ1u1)3

]
(4.56)

for all 2 ≤ j, k ≤ n at any (x, u) ∈ TM where x ∈ W . It follows immediately from (4.55) that

hijk = 0 (4.57)

for all 1 ≤ i ≤ n and 2 ≤ j, k ≤ n. Substituting (4.56) with i = 1 into (4.56), we obtain

0 = τ(1 + τ)(2h1pj − hjp1)up − (h1pjup)(λ1u1)2, (4.58)

from which we have

0 = τ(1 + τ)(2h1pj − hjp1) − h1pj(λ1u1)2, (4.59)

0 = τ(1 + τ)(2h11j − hj11) − h11j(λ1u1)2 (4.60)

for all 2 ≤ j, p ≤ n at any (x, u) ∈ TM where x ∈ M and u ∈ TxM with u1 	= 0. Let u1 tend
to 0 in (4.59) and (4.60). It follows that

2h1pj − hjp1 = 0, 2h11j − hj11 = 0. (4.61)

Substituting (4.61) into (4.59) and (4.60), and using (4.61) once more, we obtain

hij1 = hi1j = 0 (4.62)

for all 1 ≤ i ≤ n and 2 ≤ j ≤ n at any x ∈ W . It follows from (4.57) and (4.62) that all of
hijk’s are zero except for h111. Note that for hij = λiδij ,

hijk = λj,kδij + (λi − λj)θij(ek) (4.63)

for all 1 ≤ i, j, k ≤ n where λj,k = ek(λj). It follows that

h111 = λ1,1, h11i = λ1,i = 0, h1jk = λ1θ1j(ek) = 0, hijk = 0 (4.64)

for any 2 ≤ i, j ≤ n and 1 ≤ k ≤ n. From (4.64), we can see that

θ1j(ek) = 0 for all 2 ≤ j ≤ n and 1 ≤ k ≤ n. (4.65)

By applying the similar discussion as in the proof of Theorem 4.1, we can see that M is
locally a product of a part of the principal curvature line and a piece of the (n−1)-dimensional
totally geodesic submanifold of Nn+1. This completes the proof of Theorem 4.2.

Acknowledgement The authors wish to make a grateful acknowledgement to the referees
for their advice on the original manuscript.



602 Z. H. Hou and L. Sun

References

[1] Deshmukh, S., Al-Odan, H. and Shaman, T. A., Tangent bundle of the hypersurfaces in a Euclidean space,
Acta. Math. Acad. Paedagog. Nyházi (N.S.), 23(1), 2007, 71–87.
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