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1 Introduction and Notation

Spaces of homogeneous type — (quasi-)metric spaces equipped with a so-called doubling

measure—were introduced by Cofiman and Weiss [7] as a general framework in which many

results from real and harmonic analysis on Euclidean spaces have their natural extensions (see

for example [6, 11–12]). It is now well known that a metric space (X , d) equipped with a

nonnegative Borel measure µ is called a space of homogeneous type — if (X , d, µ) satifies the

following measure doubling condition that there exists a positive constant Cµ, depending on µ,

such that for any ball B(x, r) = {y ∈ X : d(x, y) < r} with x ∈ X and r ∈ (0,∞),

0 < µ(B(x, r)) ≤ Cµµ
(
B
(
x,

r

2

))
. (1.1)

The doubling condition (1.1) plays a key role in the classical theory of Calderón-Zygmund

operators.

Meanwhile, recent developments in the Calderón-Zygmund theory (which one might think

of it as “zeroth order calculus”, as only integrability of the functions on which one operator

is considered) have shown that a number of interesting problems cannot be, and need not be,

embedded into the homogeneous framework. The measure can be replaced by a less demanding

condition such as the polynomial growth condition.

Let µ be a non-negative Radon measure on Rn which only satisfies the polynomial growth

condition, namely, there exist positive constants C and κ ∈ (0, n] such that for all x ∈ Rn and
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r ∈ (0,∞),

µ({y ∈ R
n : |x− y| < r}) ≤ C0r

κ. (1.2)

The analysis associated with such nondoubling measures µ is proved to play a striking role

in solving the long-standing open painlevé’s problem by Tolsa [20]. Obviously, the measure µ

satisfies the polynomial growth condition may not satisfy the doubling condition. To unify both

the doubling condition and polynomial growth condition, Hytönen [14] introduced a new class

of metric measure spaces satisfying so-called geometrically doubling and the upper doubling

conditions (see Definitions 1.1–1.2 respectively), which are called non-homogeneous spaces. We

refer the reader to the survey (see [21]) and the monograph (see [22]) for more progress on the

theory of Hardy spaces and singular integrals over nonhomogeneous metric measure spaces.

Definition 1.1 A metric measure space (X , d, µ) is called upper doubling if µ is a Borel

measure on X and there exists a dominating function

λ : X × (0,∞) → (0,∞)

and a positive constant Cλ > 1 such that for each x ∈ X , r → λ(x, r) is non-decreasing and,

for all x ∈ X and r ∈ (0,∞),

µ(B(x, r)) ≤ λ(x, r) ≤ Cλλ
(
x,

r

2

)
. (1.3)

Remark 1.1 (i) A space of homogeneous type is a special case of upper doubling spaces,

where one can take the dominating function λ(x, r) ≡ µ(B(x, r)). On the other hand, a metric

space (X , d, µ) satisfying the polynomial growth condition is also an upper doubling measure

space if we take λ(x, r) ≡ Crk.

(ii) Let (X , d, µ) be an upper doubling space and λ be a dominating function on X ×(0,+∞)

as in Definition 1.1. In [15], it was showed that there exists another dominating function λ̃ such

that for all x, y ∈ X with d(x, y) ≤ r,

λ̃(x, r) ≤ C̃λ̃(y, r). (1.4)

Based on this, in this paper, we always assume that the dominating function λ also satisfies

(1.4).

Definition 1.2 A metric measure space (X , d) is called geometrically doubling if there

exists a positive integer N0 such that for any ball B(x, r) ⊂ X , there exists a finite covering{
B
(
xi,

r
2

)}
i
of B(x, r) such that the cardinality of this covering is at most N0.

In this paper, we will consider the boundedness of generalized multilinear fractional integrals

on nonhomogeneous spaces. First, let us give some symbols and notation. We start with the

notion of multilinear fractional kernel of order α and regularity δ.

Definition 1.3 Let 0 < α < mn and 0 < δ ≤ 1. A function Kα ∈ L1
loc(X × · · · × X \

{(x, y1, · · · , ym) : x = y1 = · · · = ym}) is said to be a multilinear fractional kernel of order α

and regularity δ if it satisfies the following two conditions:
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(i) There exists s positive constant C such that for all x, y1, · · · , ym ∈ X with x 6= yj for

some j,

|Kα(x, y1, · · · , ym)| ≤
C

[ m∑
i=1

λ(x, d(x, yi))
]m−α

n

. (1.5)

(ii) For all x, x′, y1, · · · , ym ∈ X with max{d(x, y1), · · · , d(x, ym)} ≥ 2d(x, x′),

|Kα(x, y1, · · · , ym)−Kα(x
′, y1, · · · , ym)|

≤
C[λ(x, d(x, x′))]

δ
n

[ m∑
i=1

λ(x, d(x, yi))
]m−α

n
+ δ

n

. (1.6)

Now, we will give the definition of the generalized multilinear fractional integral operator

Iα,m associated with Kα.

Definition 1.4 For 0 < α < mn, the generalized multilinear fractional integral operator

Iα,m associated with Kα is assumed to be bounded from L1(µ) × · · · × L1(µ) into L
n

mn−α
,∞(µ)

and satisfies that for all bounded functions f1, f2, · · · , fm with bounded support and µ-almost

every x ∈ X\
( m⋂
j=1

suppfj
)
,

Iα,m(~f)(x) = Iα,m(f1, · · · , fm)(x)

=

∫

X

· · ·

∫

X

Kα(x, y1, · · · , ym)f1(y1) · · · fm(ym)dµ(y1) · · · dµ(ym). (1.7)

When m = 1, the operator Iα,1 defined by (1.7) is adapted from the generalized fractional

integral operator in nonhomogeneous metric spaces that appeared in [9] with
[
d(x,x′)
d(x,yi)

]δ
replaced

by
[
λ(x,d(x,x′))
λ(x,d(x,yi))

] δ
n . See also [13] for the case of Euclidean spaces associated with nondoubling

measures.

As is well-known, when (X , d, µ) = (Rn, | · |, dx), the classical multilinear fractional integrals

operator Iα,m is bounded from L1(Rn) × · · · × L1(Rn) into L
n

mn−α
,∞(Rn). However, in the

case of non-homogeneous metric spaces, it is still unknown whether Iα,m has the (L1(µ) ×

· · ·×L1(µ), L
n

mn−α
,∞(µ))-boundedness. It is known that many authors have been interested in

studying the boundedness of this operator on various function spaces, see [10], [16], [18] and

[5] etc. Recently, Tang [19] studied the classical multilinear fractional integral and obtained

some endpoint estimates. He proved that Iα,m is bounded from M q1
p1
(Rn) × · · · × Mpm

qm
(Rn)

to BMO(Rn) with 1
p

= 1
p1

+ · · · + 1
pm

, 1
q

= 1
q1

+ · · · + 1
qm

and 1 ≤ qi < pi < ∞, p =
n
α
. In addition, he also obtained the

(
M q1

p1
(Rn) × · · · × Mpm

qm
(Rn),Lip

(
α − n

p

))
-boundedness

for p > n
α

and (M q1
p1
(Rn) × · · · × Mpm

qm
(Rn),M

pn
n−pα
s (Rn))-boudedness and (M q1

p1
(Rn) × · · · ×

Mpm
qm

(Rn),WM
pn

n−pα
s (Rn))-boudedness with 1

s
= 1

q
− α

n
. See [8] for more information on the

theory of generalized fractional integrals and Hp spaces over non-homogeneous metric measure

spaces.

Inspired by [9] and [19], we will investigate the same endpoint estimates in [19] for generalized

multilinear fractional integral on non-homogeneous metric spaces. We can formulate our main

results as follows.
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Theorem 1.1 Let m ∈ N, (m− 1)n < α < mn, 1
p
= 1

p1
+ · · ·+ 1

pm
and 1

q
= 1

q1
+ · · ·+ 1

qm

with 1 ≤ qi < pi < ∞ for i = 1, · · · ,m. If p = n
α

and λ satisfies the ε-weak reverse doubling

condition with ε ∈
(
0, min

i=1,··· ,m

{
1 + δ

n
− 1

pi
, δi
n

})
, where 0 < δi and δ =

m∑
i=1

δi , then

‖Iα,m(f1, · · · , fm)‖RBMO(µ) ≤ C

m∏

j=1

‖fj‖M
pj
qj

(3,µ)
. (1.8)

Theorem 1.2 Let m ∈ N, 0 < α < mn, 1
p
= 1

p1
+ · · · + 1

pm
and 1

q
= 1

q1
+ · · · + 1

qm
with

1 < qi < pi < ∞ for i = 1, · · · ,m. If λ satisfies the ε-weak reverse doubling condition with

ε ∈
(
0, min

i=1,··· ,m

{(
αi

n
− 1

qi

)
q′i, 1 +

δ
n
+ 1

pi
− α

n
, δi
n
+ 1

pi
− αi

n

})
, where 0 < αi, δi, 0 < αi −

n
qi

< δi

and δ =
m∑
i=1

δi, α =
m∑
i=1

αi, then

‖Iα,m(f1, · · · , fm)‖Lip(α−n
p
) ≤ C

m∏

j=1

‖fj‖M
pj
qj

(3,µ)
. (1.9)

Theorem 1.3 Let m ∈ N, 0 < α < mn, 1
p

= 1
p1

+ · · · + 1
pm

and 1
q

= 1
q1

+ · · · + 1
qm

with 1 < qi ≤ pi ≤ ∞ for i = 1, · · · ,m. Assume that 1
s
= 1

q
− α

n
, p < n

α
and λ satisfies the

ε-weak reverse doubling condition with ε ∈
(
0, min

i=1,··· ,m

{
1+ 1

pi
− α

n
, 1
pi
− αi

n

})
, where 0 < αi and

α =
m∑
i=1

αi.

(a) If each qi > 1, then

‖Iα,m(f1, · · · , fm)‖
M

pn
n−pα
s (3,µ)

≤ C

m∏

j=1

‖fj‖M
pj
qj

(3,µ)
. (1.10)

(b) If each 1 ≤ qi < pi and s
(
1
q
− 1

p

)
> qi

(
1
qi

− 1
pi

)
for i = 1, · · · ,m, then

‖Iα,m(f1, · · · , fm)‖
WM

pn
n−pα
s (3,µ)

≤ C

m∏

j=1

‖fj‖M
pj
qj

(3,µ)
. (1.11)

Without loss of generality, in this paper, we only consider the case of m = 2, and C always

means a positive constant independent of the main parameters involved, but it may be different

from line to line. The p′ is the conjugate index of p, that is to say, 1
p
+ 1

p′
= 1.

The paper is organized as follows. In Section 2, we collect some useful definitions and

lemmas. Theorems will be proved in the last section.

2 Preliminaries

In this section, we will recall some necessary notions and notation and the boundedness of

Iα,2 in Ls(µ) which was established in [3]. We begin with the definition of (α, β)-doubling ball,

which can be found in [14].

Definition 2.1 Let α, β ∈ (1,∞). A ball B ⊂ X is called (α, β)-doubling if µ(αB) ≤ βµ(B).

It was proved in [14] that if a metric measure space (X , d, µ) is upper doubling and β >

C
log2 α

λ ≡ αν , then for every ball B ⊂ X , there exists some j ∈ Z+ ≡ N ∪ {0} such that αjB
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is (α, β)-doubling. Moreover, let (X , d) be geometrically doubling, β > αn with n ≡ log2 N0

and µ a Borel measure on X which is finite on bounded sets. Hytönen [14] also showed that

for µ-almost every x ∈ X , there exist arbitrarily small (α, β)-doubling balls centered at x.

Furthermore, the radius of these balls may be chosen to be of the form α−jr for j ∈ N and

any preassigned number r ∈ (0,∞). For any α ∈ (1,∞) and ball B, B̃α denotes the smallest

(α, βα)-doubling ball of the form αjB with j ∈ N, where

βα := max{α3n, α3ν}+ 30n + 30ν = α3(max{n,ν}) + 30n + 30ν.

In this paper we choose α = 6 and denote the ball B̃α simply by B̃.

Next, we give the definitions of constant KB,S and regular BMO space RBMO introduced

by Bui and Duong [1].

Definition 2.2 For any two balls B ⊂ S, define

KB,S = 1 +

∫

2S\B

1

λ(cB , d(x, cB))
dµ(x), (2.1)

where cB is the center of the ball B.

Remark 2.1 The following discrete version K̃B,S of KB,S defined in Definition 2.2 was first

introduced by Bui and Duong [1] in non-homogeneous metric measure spaces, which is more

close to the quantity KQ,R introduced by Tolsa [20] in the setting of non-doubling measures.

For any two balls B ⊂ S, let K̃B,S be defined by

K̃B,S = 1 +

NB,S∑

k=1

µ(6kB)

λ(cB , 6krB)
,

where rB and rS respectively denote the radii of the balls B and S, and NB,S the smallest

integer satisfying 6NB,SrB ≥ rS . Then KB,S ≤ CK̃B,S , but, in general, it is not true that

KB,S ∼ K̃B,S.

Now we introduce the fractional coefficient K̃γ
B,S from [9]; see also [4] for the case of Eu-

clidean spaces associated with non-doubling measures.

Definition 2.3 For any two balls B ⊂ S, K̃γ
B,S is defined by

K̃γ
B,S = 1 +

NB,S∑

k=1

( µ(6kB)

λ(cB, 6krB)

)1−γ

,

where γ ∈ (0, 1) and NB,S is defined as in Remark 2.1.

Next we give out some properties of K̃γ
B,S appeared in [9, Lemma 3.4], which are completely

analogous to [4, Lemma 3].

Lemma 2.1 Let γ ∈ (0, 1).

(i) For all balls B ⊂ R ⊂ S, K̃γ
B,R ≤ 2K̃γ

B,S.

(ii) For any ρ ∈ [1,∞), there exists a positive constant C(ρ), depending only on ρ, such that

for all balls B ⊂ S with rS ≤ ρrB, K̃γ
B,S ≤ C(ρ).
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(iii) There exists a positive constant C(γ), depending on γ, such that for all balls B, K̃γ

B,B̃
≤

C(γ).

(iv) There exists a positive constant c, depending on Cλ and γ, such that for all balls B ⊂

R ⊂ S, K̃γ
B,S ≤ K̃γ

B,R + cK̃γ
R,S.

(v) There exists a positive constant c̃, depending on Cλ and γ, such that for all balls B ⊂

R ⊂ S, K̃γ
R,S ≤ c̃K̃γ

B,S.

Now we give the definition of regular BMO space RBMO introduced by Bui and Duong in

[1].

Definition 2.4 Let 1 < ρ < ∞ be some fixed constant. A function b ∈ L1
loc(µ) is said to

belong to RBMO(µ) if there exists a positive constant C > 0, such that for any ball B,

1

µ(ρB)

∫

B

|b(x)−m
B̃
(b)|dµ(x) ≤ C, (2.2)

and for any two doubling balls B, S, such that B ⊂ S,

|mB(b)−mS(b)| ≤ CKB,S , (2.3)

where

mB(b) =
1

µ(B)

∫

B

b(x)dµ(x). (2.4)

The minimal constant C appearing in (2.2), (2.3) is defined as the RBMO(µ) norm of f

and denoted by ‖b‖∗ or ‖b‖RBMO(µ).

Now, we recall the definition of function space Lip(β) introduced by Zhou and Wang [23].

Definition 2.5 Suppose that β ∈ (0, 1], we say that the function f : X → C satisfies a

Lipschitz condition of order β provided that

|f(x)− f(y)| ≤ Cλ(x, d(x, y))
β
n (2.5)

for every x, y ∈ X and the smallest constant in this inequality will be denoted by ‖f‖Lip(β).

It is easy to see that the linear space with the norm ‖.‖Lip(β) is a Banach space, and we call

it Lip(β). The following Morrey Mp
q (k, µ) and weak Morrey space WMp

q (k, µ) appear in [2];

see also [17].

Definition 2.6 Let k > 1 and 1 ≤ q ≤ p < ∞. Define

Mp
q (k, µ) = {f ∈ Lq

Loc : ‖f‖Mp
q (k,µ) < ∞}, (2.6)

where

‖f‖Mp
q (k,µ) = sup

B

µ(kB)
1
p
− 1

q

(∫

B

|f |qdµ
) 1

q

. (2.7)

Definition 2.7 Let k > 1 and 1 ≤ q ≤ p < ∞. We say that f belongs to weak Morrey space

WMp
q (k, µ) if

‖f‖WM
p
q (k,µ) = sup

B

µ(kB)
1
p
− 1

q sup
λ>0

(λqµ({x ∈ B : |f(x)| > λ}))
1
q < ∞. (2.8)
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Cao and Zhou showed in their paper [2] that for different k the Morrey spaces Mp
q (k, µ) are

equivalent with each other.

Lemma 2.2 Let k, r > 1. Then

Mp
q (k, µ) ≈ Mp

q (r, µ). (2.9)

The following ε-weak reverse doubling condition was introduced by Fu, Yang and Yuan in

[9].

Definition 2.8 Let ε ∈ (0,∞). A dominating function λ is satisfying the ε-weak reverse

doubling condition if, for all r ∈ (0, 2diam(X )) and a ∈
(
1, 2diam (X )

r

)
, there exists a number

C(a) ∈ [1,∞), depending only on a, r and X , such that for all x ∈ X ,

λ(x, ar) ≥ C(a)λ(x, r), (2.10)

and moreover,

∞∑

i=1

1

[C(ai)]ε
< ∞. (2.11)

Remark 2.2 (i) It is easy to see that if ε1 < ε2, then λ also satisfies the ε2-weak reverse

doubling condition.

(ii) Assume that diam(X ) = ∞. For any fixed x ∈ X , we know that

lim
r→0

λ(x, r) = 0, lim
r→∞

λ(x, r) = ∞. (2.12)

(iii) It is easy to see that the ε-weak reverse doubling condition is much weaker than the

assumption introduced by Bui and Duong in [1]: There exists m ∈ (0,∞) such that for all

x ∈ X and a, r ∈ (0,∞), λ(x, ar) = amλ(x, r).

Finally, we give the (Lq1(µ)×Lq2(µ), Ls(µ)) boundedness of general integral operator Iα,2,

which can be found in [3].

Lemma 2.3 Suppose 1 < qi < ∞, αi > 0, 1
si

= 1
qi

− αi

n
for i = 1, 2. Let 1

s1
+ 1

s2
= 1

s
and

α = α1 + α2. If Iα,2 is bounded from L1(µ)× L1(µ) to L
n

2n−α
,∞(µ), then there exits a positive

constant C such that

‖Iα,2(f1, f2)‖Ls(µ) ≤ C‖f1‖Lq1(µ)‖f2‖Lq2(µ).

3 The Proofs of Theorems 1.1–1.3

In this section, we always suppose that the point x 6= y, B is the ball with center x and

radius r = d(x, y), obviously 2B ⊂ B(y, 3r) = 3B(y, r). First, we prove Theorem 1.1.

Proof of Theorem 1.1 For any ball B ⊂ X , let f0
j = fjχ2B, f

∞
j = fj − fjχ2B, j = 1, 2,

and set

hB = mB[Iα,2(f
∞
1 , f0

2 ) + Iα,2(f
0
1 , f

∞
2 ) + Iα,2(f

∞
1 , f∞

2 )].

Then

1

µ(6B)

∫

B

|Iα,2(f1, f2)(x) −m
B̃
(Iα,2(f1, f2))|dµ(x)
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≤
1

µ(6B)

∫

B

|Iα,2(f1, f2)(x) − hB| du(x) + |hB − h
B̃
|

+ |h
B̃
−m

B̃
(Iα,2(f1, f2))|

≤
1

µ(6B)

∫

B

|Iα,2(f1, f2)(x) − hB| du(x) + |hB − h
B̃
|

+
1

µ(B̃)

∫

B̃

|Iα,2(f1, f2)(x) − h
B̃
| du(x) (3.1)

and for any two (6, β6) doubling balls B ⊂ S,

|mB(Iα,2(f1, f2))−mS(Iα,2(f1, f2))|

≤ |mB(Iα,2(f1, f2))− hB|+ |hB − hS |+ |hS −mS(Iα,2(f1, f2))|

≤
C

µ(6B)

∫

B

|Iα,2(f1, f2)(x)− hB|dµ(x) + |hB − hS|

+
C

µ(6S)

∫

S

|Iα,2(f1, f2)(x) − hS |dµ(x). (3.2)

Therefore, to prove Theorem 1.1, it suffices to show that for any ball B,

1

µ(6B)

∫

B

|Iα,2(f1, f2)(x)− hB|dµ(x) ≤ C

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
(3.3)

and that for all balls B ⊂ S with S being (6, β6)-doubling,

|hB − hS | ≤ CKB,S

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.4)

Let us prove (3.3) firstly. Write

1

µ(6B)

∫

B

|Iα,2(f1, f2)(x) − hB|dµ(x)

≤
1

µ(6B)

∫

B

|Iα,2(f
0
1 , f

0
2 )(x)|dµ(x) +

1

µ(6B)

∫

B

(|Iα,2(f
∞
1 , f0

2 )(x)

−mB(Iα,2(f
∞
1 , f0

2 ))|+ |Iα,2(f
0
1 , f

∞
2 )(x)−mB(Iα,2(f

0
1 , f

∞
2 ))|

+ |Iα,2(f
∞
1 , f∞

2 )(x) −mB(Iα,2(f
∞
1 , f∞

2 ))|) dµ(x)

≤
1

µ(6B)

∫

B

|Iα,2(f
0
1 , f

0
2 )(x)|dµ(x) +

1

µ(B)

1

µ(6B)

∫

B

∫

B

(∫

2B

∫

X\2B

|Kα(x, z1, z2)−Kα(y, z1, z2)|

2∏

i=1

|fi(zi)|dµ(zi)

+

∫

X\2B

∫

2B

|Kα(x, z1, z2)−Kα(y, z1, z2)|

2∏

i=1

|fi(zi)|dµ(zi)

+

∫

X\2B

∫

X\2B

|Kα(x, z1, z2)−Kα(y, z1, z2)|

2∏

i=1

|fi(zi)|dµ(zi)
)
dµ(x)dµ(y)

:= E1 +
1

µ(B)

1

µ(6B)

∫

B

∫

B

(E2 + E3 + E4)dµ(x)dµ(y). (3.5)
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Therefore, to prove (3.3), we need only to prove that Ei ≤ C
2∏

j=1

‖fj‖M
pj
qj

(3,µ)
for i = 1, · · · , 4.

Suppose that
αj

n
= 1

pj
for j = 1, 2, α = α1 + α2 and δ = δ1 + δ2, where δ1, δ2 > 0. Let us

estimate E1 first. For 1
s
= 1

q
− α

n
, by Hölder’s inequality and Lemma 2.3, we get

E1 ≤
1

µ(6B)

(∫

B

|Iα,2(f
0
1 , f

0
2 )(x)|

sdµ(x)
) 1

s

µ(B)
1
s

′

≤ Cµ(6B)−
1
s

( ∫

2B

|f1(z1)|
q1dµ(z1)

) 1
q1

( ∫

2B

|f2(z2)|
q2dµ(z2)

) 1
q2

= Cµ(6B)
1
p1

− 1
q1

(∫

2B

|f1(z1)|
q1dµ(z1)

) 1
q1

× µ(6B)
1
p2

− 1
q2

( ∫

2B

|f2(z2)|
q2dµ(z2)

) 1
q2

≤ C
2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.6)

Now we estimate E2. E3 can be done in the same way by notice the fact that λ(x, r) ≤

Cλ(y, r) if d(x, y) < r. Using (1.6), Hölder’s inequality, (2.9) and (2.11), we have

E2 ≤ C

∫

2B

∫

X\2B

λ(x, d(x, y))
δ
n |f1(z1)f2(z2)|

[ 2∑
i=1

λ(x, d(x, zi))
]2−α

n
+ δ

n

dµ(z1)dµ(z2)

≤ Cλ(x, d(x, y))
δ
nµ(2B)1−

1
q1

(∫

2B

|f1(z1)|
q1dµ(z1)

) 1
q1

×
∞∑

i=1

∫

2i+1B\2iB

|f2(z2)|

λ(x, d(x, z2))2−
α
n
+ δ

n

dµ(z2)

≤ C‖f1‖Mp1
q1

(3,µ)µ(6B)1−
1
p1 λ(x, d(x, y))

δ
n

×

∞∑

i=1

( ∫

2i+1B

|f2(z2)|
q2dµ(z2)

) 1
q2 µ(2i+1B)

1
q2

′

λ(x, 2ir)
2−α

n
+ δ

n

≤ C‖f1‖Mp1
q1

(3,µ)‖f2‖Mp2
q2

(2,µ)λ(x, 6r)
1+ δ

n
− 1

p1

×

∞∑

i=1

µ(2i+1B)
1
q2

′

µ(2i+2B)
1
q2

− 1
p2

λ(x, 2ir)2−
α
n
+ δ

n

≤ C‖f1‖Mp1
q1

(3,µ)‖f2‖Mp2
q2

(2,µ)λ(x, r)
1+ δ

n
− 1

p1

∞∑

i=1

λ(x, 2i+2r)1−
1
p2

λ(x, 2ir)2−
α
n
+ δ

n

≤ C‖f1‖Mp1
q1

(3,µ)‖f2‖Mp2
q2

(2,µ)λ(x, r)
1+ δ

n
− 1

p1

×

∞∑

i=1

λ(x, r)
1
p1

− δ
n
−1

C(2i)
1
p1

− δ
n
−1

≤ C

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.7)
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By the condition (1.6), Hölder’s inequality and (2.9), we also obtain

E4 ≤ Cλ(x, d(x, y))
δ
n

∫

X\2B

∫

X\2B

|f1(z1)f2(z2)|
[ 2∑
i=1

λ(x, d(x, zi))
]2−α

n
+ δ

n

dµ(z1)dµ(z2)

≤ Cλ(x, d(x, y))
δ
n

2∏

j=1

∫

X\2B

|fj(zj)|

λ(x, d(x, zj))1−
αj
n

+
δj
n

dµ(zj)

≤ Cλ(x, d(x, y))
δ
n

2∏

j=1

∞∑

i=1

(∫

2i+1B\2iB

|fj(zj)|
qjdµ(zj)

) 1
qj

×
( ∫

2i+1B\2iB

dµ(zj)

λ(x, d(x, zj))
(1−

αj
n

+
δj
n
)q′j

) 1

q′
j

≤ Cλ(x, d(x, y))
δ
n

2∏

j=1

∞∑

i=1

‖fj‖M
pj
qj

(2,µ)

(µ(2i+2B))
1
qj

− 1
pj (µ(2i+1B))

1

q′
j

λ(x, 2i−1r)1−
αj
n

+
δj
n

≤ Cλ(x, d(x, y))
δ
n

2∏

j=1

‖fj‖Mpj
qj

(2,µ)

∞∑

i=1

C(2i)−
δj
n λ(x, r)

1
qj

− 1
pj λ(x, r)

1

q′
j

λ(x, r)1−
αj

n
+

δj

n

≤ Cλ(x, d(x, y))
δ
n

2∏

j=1

‖fj‖M
pj
qj

(2,µ)
λ(x, r)−

δj

n

∞∑

i=1

C(2i)−
δj

n

≤ C

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
. (3.8)

Inequalities from (3.5) to (3.8) yield (3.3).

Next, we show (3.4) for chosen hB and hS . Denote the smallest positive integer N such

that 2S ⊂ 6NB simply by N1. Write

|hB − hS |

≤ |mB(Iα,2(f1χ6N1B\2B , f2χ2B))|+ |mB(Iα,2(f1χ2B, f2χ6N1B\2B))|

+ |mB(Iα,2(f1χ6N1B\2B, f2χ6N1B\2B))|+ |mS(Iα,2(f1χ6N1B\2S , f2χ2S))|

+ |mS(Iα,2(f1χ2S , f2χ6N1B\2S))|+ |mS(Iα,2(f1χ6N1B\2S , f2χ6N1B\2S))|

+ |mB(Iα,2(f1χX\6N1B, f2χ6N1B))−mS(Iα,2(f1χX\6N1B, f2χ6N1B))|

+ |mB(Iα,2(f1χ6N1B, f2χX\6N1B))−mS(Iα,2(f1χ6N1B, f2χX\6N1B))|

+ |mB(Iα,2(f1χX\6N1B, f2χX\6N1B))−mS(Iα,2(f1χX\6N1B, f2χX\6N1B))|

:=
9∑

i=1

Fi. (3.9)

By the size condition (1.5), Hölder’s inequality and the fact that 1
p
= 1

p1
+ 1

p2
= α

n
, we have

|Iα,2(f1χ6N1B\2B , f2χ2B)(y)|

≤ C

N1−1∑

k=1

∫

6k+1B\6kB

∫

2B

|f1(z1)f2(z2)|
( 2∑

i=1

λ(y, d(y, zi))
)2−α

n

dµ(z2) dµ(z1)
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+

∫

6B\2B

∫

2B

|f1(z1)f2(z2)|
( 2∑

i=1

λ(y, d(y, zi))
)2−α

n

dµ(z2) dµ(z1)

≤ C

N1−1∑

k=1

µ(6k+2B)1−
α
2n

µ(6k+2B)1−
α
2n

1

λ(cB , 6krB)2−
α
n

2∏

i=1

∫

6k+1B

|fi(zi)| dµ(zi)

+
µ(62B)1−

α
2n

µ(62B)1−
α
2n

1

λ(cB , 2rB)2−
α
n

2∏

i=1

∫

6B

|fi(zi)| dµ(zi)

≤ C

N1−1∑

k=1

µ(6k+2B)1−
α
2n

λ(cB , 6k+2rB)1−
α
2n

1

µ(6k+2B)1−
α
2nλ(cB , 6k+2rB)1−

α
2n

×

2∏

i=1

µ(6k+1B)
1

q′
i

( ∫

6k+1B

|fi(zi)|
qi dµ(zi)

) 1
qi

+
µ(62B)1−

α
2n

λ(cB , 62rB)1−
α
2n

×
1

µ(62B)1−
α
2nλ(cB, 62rB)1−

α
2n

2∏

i=1

(∫

6B

|fi(zi)|
qi dµ(zi)

) 1
qi
µ(6B)

1

q′
i

≤ C

2∏

j=1

‖fj‖M
pj
qj

(3,µ)

(
1 +

N1−1∑

k=1

( µ(6k+2B)

λ(cB , 6k+2rB)

)1− α
2n
)

≤ CK̃
α
2n

B,S

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.10)

Hence

F1 ≤ CK̃
α
2n

B,S

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
.

Similarly, we see that

F2 ≤ CK̃
α
2n

B,S

2∏

j=1

‖fj‖M
pj
qj

(3,µ)

and

F4 + F5 ≤ CK̃
α
2n

B,S

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
.

On the other hand, it follows from (1.5), (1.3) and (1.4) that for all y ∈ B,

|Iα,2(f1χ6N1B\2B , f2χ6N1B\2B)(y)|

≤ C

N1−1∑

k=1

∫

(6k+1B\6kB)2

|f1(z1)f2(z2)|
( 2∑

i=1

λ(y, d(y, zi))
)2−α

n

dµ(z2) dµ(z1)

+

∫

(6B\2B)2

|f1(z1)f2(z2)|
( 2∑

i=1

λ(y, d(y, zi))
)2−α

n

dµ(z2) dµ(z1)

≤ C

N1−1∑

k=1

µ(6k+2B)1−
α
2n

µ(6k+2B)1−
α
2n

1

λ(cB , 6krB)2−
α
n

2∏

i=1

∫

6k+1B

|fi(zi)| dµ(zi)
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+
µ(62B)1−

α
2n

µ(62B)1−
α
2n

1

λ(cB , 2rB)2−
α
n

2∏

i=1

∫

6B

|fi(zi)| dµ(zi)

≤ CK̃
α
2n

B,S

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
, (3.11)

which implies

F3 ≤ CK̃
α
2n

B,S

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
.

Analogously,

F6 ≤ CK̃
α
2n

B,S

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
.

Now, we estimate F8. F7 can be done in the same way. Notice that

F8 ≤
1

µ(B)

1

µ(S)

∫

B

∫

S

|Iα,2(f1χ6N1B , f2χX\6N1B)(y)

− Iα,2(f1χ6N1B, f2χX\6N1B)(z)| dµ(z) dµ(y),

while, by a familiar argument similar to that used in the estimate for E2,

|Iα,2(f1χ6N1B, f2χX\6N1B)(y)− Iα,2(f1χ6N1B, f2χX\6N1B)(z)| ≤ C

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
.

Therefore

F8 ≤ C

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
.

Finally, using the same method that appeared in the estimate for E4, we can get

F9 ≤ C

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
.

Combining all the estimates for Fi with i = 1, · · · , 9, we get (3.9), which completes the proof

of Theorem 1.1.

Proof of Theorem 1.2 For any x, y ∈ X , it suffices to prove

|Iα,2(f1, f2)(x)− Iα,2(f1, f2)(y)| ≤ C[λ(x, d(x, y))]
α
n
− 1

p

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.12)

Write

|Iα,2(f1, f2)(x) − Iα,2(f1, f2)(y)|

≤

∫

2B

∫

2B

|Kα(x, z1, z2)|

2∏

i=1

|fi(zi)|dµ(zi)

+

∫

2B

∫

2B

|Kα(y, z1, z2)|

2∏

i=1

|fi(zi)|dµ(zi)
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+

∫

2B

∫

X\2B

|Kα(x, z1, z2)−Kα(y, z1, z2)|

2∏

i=1

|fi(zi)|dµ(zi)

+

∫

X\2B

∫

2B

|Kα(x, z1, z2)−Kα(y, z1, z2)|

2∏

i=1

|fi(zi)|dµ(zi)

+

∫

X\2B

∫

X\2B

|Kα(x, z1, z2)−Kα(y, z1, z2)|

2∏

i=1

|fi(zi)|dµ(zi)

:= G1 +G2 +G3 +G4 +G5. (3.13)

Suppose
αj

n
= 1

pj
for j = 1, 2, δ = δ1+δ2, where δ1, δ2 > 0. We estimate G1 firstly. Noticing

the fact (1.4), G2 can be done in the same way. Apply the size condition (1.5), Hölder’s

inequality, ε-weak reverse doubling condition of dominating function λ and Lemma 2.2, we can

get

G1 ≤

2∏

j=1

∫

2B

|fj(zj)|

λ(x, d(x, zj))1−
αj
n

dµ(zj)

≤ C

2∏

j=1

( ∫

2B

|fj(zj)|
qjdµ(zj)

) 1
qi

(∫

2B

1

λ(x, r)(1−
αj
n

)q′j
dµ(z)

) 1

q′
j

≤ C

2∏

j=1

‖fj‖M
pj
qj

(2,µ)
µ(4B)

1
qj

− 1
pj

( ∞∑

j=0

µ(2−j+1B)

λ(x, 2−jr)(1−
αj
n

)q′j

) 1

q′
j

≤ C

2∏

j=1

‖fj‖M
pj
qj

(2,µ)
λ(x, 4r)

1
qj

− 1
pj

( ∞∑

j=0

λ(x, 2−jr)1−(1−
αj
n

)q′j

) 1

q′
j

≤ C
2∏

j=1

‖fj‖Mpj
qj

(2,µ)
λ(x, r)

αj
n

− 1
pj

( ∞∑

j=0

1

C(2j)
(
αj
n

− 1
qj

)q′j

) 1

q′
j

≤ C[λ(x, d(x, y))]
α
n
− 1

p

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
. (3.14)

Secondly, we estimate G3 and G4. Using the fact that 0 < α
n
< δ

n
+ 1

p
< δ

n
+ 1

p2
+ 1, an

argument similar to that used in the estimate for E2, we have

G3 +G4 ≤ C‖f1‖Mp1
q1

(3,µ)‖f2‖Mp2
q2

(2,µ)λ(x, r)
1+ δ

n
− 1

p1

×

∞∑

i=1

λ(x, r)
α
n
− 1

p2
− δ

n
−1C(2i)

α
n
− 1

p2
− δ

n
−1

≤ Cλ(x, d(x, y))
α
n
− 1

p

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.15)

Finally, we estimate G5. Applying the same method to estimate E4, we can get

G5 ≤ Cλ(x, d(x, y))
δ
n

2∏

j=1

‖fj‖Mpj
qj

(2,µ)

×

∞∑

i=1

C(2i)
αj
n

− 1
pj

−
δj
n
λ(x, r)

1
qj

− 1
pj λ(x, r)

1

q′
j

λ(x, r)1−
αj
n

+
δj
n
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≤ Cλ(x, d(x, y))
δ
n

2∏

j=1

‖fj‖M
pj
qj

(2,µ)
λ(x, r)

αj
n

− 1
pj

−
δj
n

∞∑

i=1

C(2i)
αj
n

− 1
pj

−
δj
n

≤ Cλ(x, d(x, y))
α
n
− 1

p

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.16)

Combining inequalities (3.13) to (3.16), we finish the prove of equality (3.12), so we have

finished the prove of Theorem 1.2.

Proof of Theorem 1.3 To prove the inequalities (1.10) and (1.11), we need only to prove

µ(3B)
1
p
− 1

q

(∫

B

|Iα,2(f1, f2)(x)|
sdµ(x)

) 1
s

≤ C

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
(3.17)

and

µ(3B)
1
p
− 1

q sup
λ>0

(λsµ({x ∈ B : |Iα,2(f1, f2)(x)| > λ}))
1
s

≤ C

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
, (3.18)

respectively.

Let f0
j = fjχ2B, f∞

j = fj − fjχ2B, j = 1, 2. Firstly, we estimate (3.17). Write

µ(3B)
1
p
− 1

q

(∫

B

|Iα,2(f1, f2)(x)|
sdµ(x)

) 1
s

≤ µ(3B)
1
p
− 1

q

(∫

B

|Iα,2(f
0
1 , f

0
2 )(x)|

sdµ(x)
) 1

s

+ µ(3B)
1
p
− 1

q

(∫

B

|Iα,2(f
0
1 , f

∞
2 )(x)|sdµ(x)

) 1
s

+ µ(3B)
1
p
− 1

q

(∫

B

|Iα,2(f
∞
1 , f0

2 )(x)|
sdµ(x)

) 1
s

+ µ(3B)
1
p
− 1

q

(∫

B

|Iα,2(f
∞
1 , f∞

2 )(x)|sdµ(x)
) 1

s

:= H1 +H2 +H3 +H4. (3.19)

We estimate H1 to H4 respectively. Using the fact that 1
s
= 1

q1
+ 1

q2
− α

n
and Lemma 2.2, we

have

H1 ≤ Cµ(3B)
1
p
− 1

q

2∏

j=1

( ∫

2B

|fj(zj)|
qjdµ(zj)

) 1
qj

≤ C
2∏

j=1

‖fj‖
M

pj
qj

(
3
2
,µ
) ≤ C

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.20)

By the same method to that used in the estimate for E2 in the case δ
n
= 0 and noticing the

fact that 1
s
= 1

q1
+ 1

q2
− α

n
, α

n
− 1

p
< 0 and 0 < α < 2n, we have

|Iα,2(f
0
1 , f

∞
2 )(x)|
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≤ C

∫

2B

∫

X\2B

|f1(z1)f2(z2)|
[ 2∑
i=1

λ(x, d(x, zi))
]2−α

n

dµ(z1)dµ(z2)

≤ C‖f1‖Mp1
q1

(3,µ)‖f2‖Mp2
q2

(2,µ)λ(x, r)
1− 1

p1

∞∑

i=1

λ(x, 2i+2r)
1− 1

p2

λ(x, 2ir)
2−α

n

≤ Cλ(x, r)
α
n
− 1

p

2∏

j=1

‖fj‖Mpj
qj

(3,µ)

≤ Cλ(x, 3r)
1
q
− 1

p
− 1

s

2∏

j=1

‖fj‖M
pj
qj

(3,µ)

≤ Cµ(3B)
1
q
− 1

p
− 1

s

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.21)

Thus

H2 ≤ C

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.22)

Similarly

H3 ≤ C

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
. (3.23)

By the same method to that used in the estimate for E4 in the case that δ
n
= δ1

n
= δ2

n
= 0,

one gets

|Iα,2(f
∞
1 , f∞

2 )(x)|

≤ C

2∏

j=1

‖fj‖M
pj
qj

(2,µ)

∞∑

i=1

µ(2i+2B)
1
qj

− 1
pj µ(2i+1B)

1

q′
j

λ(x, 2ir)1−
αj
n

≤ Cλ(x, r)
α
n
− 1

p

2∏

j=1

‖fj‖M
pj
qj

(3,µ)

≤ Cλ(x, 3r)
α
n
− 1

p

2∏

j=1

‖fj‖Mpj
qj

(3,µ)

≤ Cµ(3B)
1
q
− 1

p
− 1

s

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.24)

So

H4 ≤ C

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
. (3.25)

Therefore (3.17) has been proved.

Next, we prove (3.18), write

µ(3B)
1
p
− 1

q sup
λ>0

(λsµ({x ∈ B : |Iα,2(f1, f2)(x)| > λ}))
1
s
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≤ µ(3B)
1
p
− 1

q sup
λ>0

(
λsµ

({
x ∈ B : |Iα,2(f

0
1 , f

0
2 )(x)| >

λ

4

})) 1
s

+ µ(3B)
1
p
− 1

q sup
λ>0

(
λsµ

({
x ∈ B : |Iα,2(f

0
1 , f

∞
2 )(x)| >

λ

4

})) 1
s

+ µ(3B)
1
p
− 1

q sup
λ>0

(
λsµ

({
x ∈ B : |Iα,2(f

∞
1 , f0

2 )(x)| >
λ

4

})) 1
s

+ µ(3B)
1
p
− 1

q sup
λ>0

(
λsµ

({
x ∈ B : |Iα,2(f

∞
1 , f∞

2 )(x)| >
λ

4

})) 1
s

:= M1 +M2 +M3 +M4. (3.26)

We first estimate M1. Due to the fact that 1
s
= 1

q1
+ 1

q2
− α

n
, Lemma 2.3 and Lemma 2.2,

λ
(
µ
({

x ∈ B : |Iα,2(f
0
1 , f

0
2 )(x)| >

λ

4

})) 1
s

≤ λ
( ∫

B

|4Iα,2(f
0
1 , f

0
2 )(x)/λ|

sdµ(x)
) 1

s

≤ C
( ∫

2B

|f1(z1)|
q1dµ(z1)

) 1
q1

( ∫

2B

|f2(z2)|
q2dµ(z2)

) 1
q2

≤ Cµ(3B)
1
q
− 1

p

2∏

j=1

‖fj‖Mpj
qj

( 3
2
,µ)

≤ Cµ(3B)
1
q
− 1

p

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
. (3.27)

So

M1 ≤ C

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
. (3.28)

Now, we estimate M2. M3 can be done in the same way. By Lemma 2.3 and inequality

(3.21),

λ
(
µ
({

x ∈ B : |Iα,2(f
0
1 , f

∞
2 )(x)| >

λ

4

})) 1
s

≤ C
( ∫

B

|Iα,2(f
0
1 , f

∞
2 )(x)|sdµ(x)

) 1
s

≤ Cµ(B)
1
sµ(3B)

1
q
− 1

p
− 1

s

2∏

j=1

‖fj‖Mpj
qj

(3,µ)

≤ Cµ(3B)
1
q
− 1

p

2∏

j=1

‖fj‖M
pj
qj

(3,µ)
. (3.29)

Hence

M2 ≤ C

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.30)
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Due to inequality (3.24), we can get

λ
(
µ
({

x ∈ B : |Iα,2(f
∞
1 , f∞

2 )(x)| >
λ

4

})) 1
s

≤ C
( ∫

B

|Iα,2(f
∞
1 , f∞

2 )(x)|sdµ(x)
) 1

s

≤ Cµ(B)
1
s µ(3B)

1
q
− 1

p
− 1

s

2∏

j=1

‖fj‖M
pj
qj

(3,µ)

≤ Cµ(3B)
1
q
− 1

p

2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.31)

Thus

M4 ≤ C
2∏

j=1

‖fj‖Mpj
qj

(3,µ)
. (3.32)

Therefore we have finished the prove of Theorem 1.3.
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