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Abstract: In this paper, we study the Dirichlet problem for semilinear second order elliptic
equation. By using the mountain pass lemma and the least action principle, we obtain the existence
of weak solution to semilinear second order elliptic equation under some new conditions which are

different from the previous ones.
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1 Introduction

We consider the following elliptic equation with Dirichlet boundary value condition

—Au= Q
U f(x7u)7 x E J (11>
u =0, x € 01,

where  is a bounded domain in R”(n > 3) with smooth boundary 992 and f € C(Q xR, R).
Many authors were interested in studying the existence of nontrivial solution of (1.1)
via variational methods, for example, see [1-14].
Ambrosetti, Rabinowitz [1] established the existence of nontrivial solution of (1.1) by
applying mountain pass lemma under the following conditions (also see [3]).

(f;) There exist positive constants a, b and s € (O, b) such that for (z,u) € Q x R,

n—2
|f(z,u)| <a+blul”;

(f;) liminf @ > \; uniformly in x € ;
u——+o0

(f3) There exist positive constants > 2 and r > 0 such that for x € Q and |u| > 7,

0 <pF(z,u) <uf(z,u),
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where F'(z,u) fo x,t)dt and Ap is the first eigenvalue of the Laplacian (—A) on  with

zero Dirichlet boundary condition;

(

(f;) limsup ) < A; uniformly in z € Q.

u—

As is well 1<:novvn7 (f3) is so-called Ambrosetti-Rabinowitz condition (see [1]), (AR)
for short, which guarantees that Palais-Smale sequence of the Euler-Lagrange functional
is bounded. Actually, integrating (AR) it follows that liminf ! (I W = oo uniformly in

x € Q, and hence condition (f) can be eliminated in [3, Theo:em 4.8.13]. Recently, Mavinga
and Nkashama in [15] provided a new method to ensure that (PS) condition is satisfied.
Motivated by above references, we in this paper prove the existence of solution for (1.1) by
using mountain pass lemma, and replace (f;)—(f3) with

(f1) A1 <liminf @ < lim sup @ < X uniformly in x € Q, where ), is the second

lu|—o0 |u]—o0

eigenvalue of the Laplacian (—A) on 2 with zero Dirichlet boundary condition.
We also establish the existence of solution for (1.1) by the least action principle under

the conditions:
(f;) limsup (

|u|—o0

(f;) lim mf it ") > \; uniformly in z € Q.

Let the norm of u in Sobolev space W;?(Q) be lully o = (Jq |Dul?dz)? and |ju, =
(Js, lu|?dz)> stand for the usual L*norm. In addition, the W, (€2)-inner product is defined
as [u,v] = [, Du- Dvdz and we denote the n-dimensional Lebesgue measure of € by [€].

L <\ uniformly in z € Q;

From [10] we know that under (f;) the Euler-Lagrange functional
1
I(u) = 2/ |Du|2da:—/F(a:,u)d:r, Yu € W2 (Q)
Q Q
belongs to C*(W,*(Q),R) and

(I'(u / Du - Dcpda:—/fa: u)dz, Vu,thWOI’Q(Q).

Thus the critical points of I are the weak solutions to (1.1).
From [5] we have the following facts. The Laplacian (—A) on © with zero Dirichlet
boundary condition has a sequence of eigenvalues 0 < Ay < Ap <Az <+ <A <--- = 00

as j — oo. The first eigenvalue

[u,u] . [[ull? 2

M= P 2
wewd (@), llullz20 [[ullz  wewl2@) lulaz0 [lull3

(1.2)

is simple and there exists an eigenfunction ¢, € W;?(Q) N C?(Q) (see [2, Theorem 1.16])
corresponding to A; such that ¢;(z) > 0 in © and

Alleallz = llpallf - (1.3)
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The eigenspace corresponding to A; can be expressed as V = span{¢1} = {t¢; : t € R} and

[ullf 2

min 5
weWwd 2 (@nvL uls 0 [|ull3

)\2:

(1.4)

Now we introduce some auxiliary results which will be need in the sequel.

Let E be a real Banach space. For I € C'(E,R), we say I satisfies the Palais-Smale
condition ((PS) for short) if any sequence {u,,} C E for which {I(u,,)} is bounded and
I'(u,,) — 0 as m — oo possesses a convergent subsequence.

Lemma 1 [10] (Mountain pass lemma) Let I € C*'(E, R) satisfy (PS). Suppose I(0) =0
and

(I;) there are constants p, « > 0 such that I ‘33/) > «, and

(I) there is an e € E\B, such that I(e) < 0.

Then I possesses a critical value ¢ > a. Moreover ¢ can be characterized as

c=inf max I(u),
g€l ueg([0,1])
where I' = {g € C([0,1], E) | g(0) = 0,9(1) = e}
Lemma 2 [11] (The least action principle) Suppose E is a reflexive Banach space and
I: E — R is coercive and (sequentially) weakly lower semi-continuous, that is, the following
conditions are fulfilled:
(i) I(u) — oo as [|lul| — oo;
(ii) For any u € E, any sequence {u,,} in E such that u,, — u weakly in E there holds
I(u) < liminf I(u,,).

Then I is bounded from below and attains its infimum which is a critical value if I €
CY(E,R).
2 Main Results and Proofs

Theorem 1 If (f}) and (f;) are satisfied, then (1.1) has at least one nontrivial weak
solution u € Wy *(Q).
Proof We know easily from (f}) that (f;) is fulfilled. By (f;) we take € > 0 such that

Ate< llin‘l inf @ < lim sup @ < A2 —e. Then there exists r > 0 such that for |u| > r,
A1+s§f<3;’“)§/\2—s, vz € Q. (2.1)

First we prove that the functional I satisfies (PS). By (2.1) we denote 7: 2 x R — R
by

=] g uer ©2)
T\T,u) = z,r z,—T z,r)—f(z,—r :
fen i), | fen-feon |yl <o,
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Since f is continuous, 7 is continuous in  x R. It is easy to see from (2.1) that
A +e<T(z,u) <A —¢, V(z,u) € Q xR, (2.3)

Define I : @ x R — R by I(z,u) = f(z,u) — 7(x,u)u. Then it follows from the continuity of
f and 7 that there exists a constant k& > 0 such that

[l(x,u)| <k (2.4)

for all (z,u) € Q x R.
Now suppose {u,} € W, *(Q) for which {I(u,)} is bounded and lim I’(u,,) = 0. Let

U = Uy + W, Where v,, € V,w,, € X = V.
Since lim I'(uy,) = 0, there exists N > 0 such that(I"(um), wm —vm) < ellwm — vl 5

for all m > N. According to the orthogonality of w,, and v,, in WO1 ’Q(Q), we have

(I' () Wy, — V) = /QDum - D(Wyy — vy )dx — /Q (@, um) (W, — vy )dz

/ D(vm + wnL) : D(w’rn - U?n)dx - / f(xa u’rn)(wm - UnL)dx
Q Q

= /|Dwm|2dm—/|Dvm|2dx—/l(x,um)wmdx+/l(x,um)vmdx
) ) Q Q
—/T(J;,um)widx+/T(J;,um)v?ndx.
Q

Q
Thus

el 5 — lomllZ / (o w0+ / (@, un02da
Q

Q
< ellwm — Um||1,2 +/
Q

It follows from (2.3), (1.4) and (1.3) that

l(m,um)wmdx—/l(x,um)vmda:.
Q

el 5 — lomllZ — / (s )+ / (@ um)0da
Q Q

> fwmlZs — loml25 — (o — o) / wdz 1 (A + ) / W2 de
Q Q
2 2 )\2 — & 2 )\1 + £ 2 g g
> w2~ w2y — 22l + 25 o2, = il o
2 1 2 1

and from (2.4) and (1.2) that

el|wm, _Um”L? +/ Wz, U ) wpdx — / l(x, U, ) de
Q Q

< el + omllyy) + & / | de + & / o] e
Q Q
1 1
< elllwnllys+ [omll ») + KU mlla + KDL [0l
1.1
< (e +EkQI2N 2)(me||12 + ||”m||1,2)-
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Therefore,
£

€ 1 ,%
o lomllis + = llomllz < (e + QA ) ([[wn
2 1

[1.2)-

|1,2 + ||vm

By the orthogonality of w,, and v,,, we have

€ 2 € 2 2 € 2 € 2

- - < = -

Ao ||Um||12 Ao (||wm||1’2 + ||”m||1,2) =X ||me1,2 + A vaul,z,
and [lwp |12 4 [[mll1.2 < 2[|lum|l1,2. Hence

2 1 -1 A2
lmllyp < 2(e + KIQEA )= w1z,

which implies that {u,,} is bounded in W,*(€2). By [10, Proposition B.35], I satisfies (PS).

By means of mountain pass lemma, the rest of proof is similar to the proofs in [3,
Theorem 4.8.13] and [2, Theorem 8.11].

Theorem 2 If (f;), (f;,) and (f;) are satisfied, then (1.1) has at least one nontrivial
weak solution u € Wy*(Q).

Proof It follows from (f;) and [10, Proposition B.10] that I is weakly lower semi-
continuous. We will prove that I is coercive.

By (f;) and (f}), we can take 0 < ¢ < A; and there exists 0 < r < R such that for
ul > R,

< )\1 — E,Vl' S ﬁ, (25)

and for 0 < u <,
f(z,u) > (A +e)u, Vo € Q. (2.6)

From (2.5) we have that for [u| > R, F(z,u) < (A1 — e)u?,Vz € Q. For |u| < R, it is easy
to see from (f;) that F(z,u) < aR+ ﬁRS“ £ C,Vx € Q. Then for every (z,u) € Q x R,

F(z,u) < =(\ —e)u® + C. (2.7)

Thus for u € W, *(Q), we have from (2.7) and (1.2) that

1 1 5
I(w) > Slull; , — (A = )lull; — €19 > =—lull}, — ClQ|
2 21

2

and I is coercive. It follows from Lemma 2 that I has a critical point in u € W,*(Q) such

that I(u) = inf  I(v).
veEW % ()

Now we show that it is nontrivial. In fact, let ¢, € W, *(Q2)NC?(Q) be the eigenfunction
corresponding to A; with 0 < ¢1(z) < r in . Hence by (2.6) and (1.3) we have

I(p1) = ;/ngm?dx—/ﬂ </0¢ e, 1)t ) da

1 1 €
slerlite = 5n+ )l = —5-llenlit, <0

IN
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Therefore,
I(u)= inf I(v)<I(p;)<O.
vEW, ()
The proof is completed.
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