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1 Introduction

We will study the parabolic operator
Lu = aijug,qo; + bity, — au — cuy (1.1)

acting on functions in D = Q x [0,T] , where a;;(z,t) € WL(D),b;,a € Loo(D), ¢ = c(z) €
WL (Q) and Q is a connected bounded subset of n-dimensional space.

Using a continuous method, Sigillito exlpored the solution for the heat equation, see [1].
Elcart and Sigillito derived an explicit coercivity inequality |||u||| < const||L,ul|, and gave
a sufficient condition for the existence and uniqueness of solution to the the second order
parabolic, see [2].

Recently, in this area, the global diffeomorphism theorem was used to prove the ex-
istence and uniqueness of solutions of nonlinear differential equation of certain classes. In
addition, many authors were extensively investigated this problem, see Mayer [3], Plastock
[4], Radulescu and Radulescu [5], Shen Zuhe [6-7], Zampieri [8]. These theorems may be
used for solving nonlinear systems of equation.
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Motivated by these results, we shall utilize an interesting tool, the attraction basin to
give a new set of sufficient condition for the existence and uniqueness of the second order
parabolic boundary value problems in this paper, which can be founded in Section 3. Using
our approach it is easy to obtain results of Elcart and Sigillito. Moreover, the methods apply

not only to this problem but also to other nonlinear diffierential equations.

2 Preliminaries

In this section, we will state some lemmas which are useful to our results. First, we
introduce the basin of attraction.

Lemma 2.1 (see [8]) Let G, F be Banach spaces, D be an open subset of G, zy € D and
f:D C G — F be a C! mapping and a local homeomorphism. Then for any x € D, the
path-lifting problem

{ F(t) = f(zo) + e (f(x) — f(z0)), tER---,

(2.1)
71(0) =, Vm(t) eED---

has a unique continuous solution ¢ — ~,(¢) defined on the maximal open interval I, =
(tp—yty+), —00 <ty t,+ < +00. Moreover, the set {(x,t) € DxR:t€ I,}isopenin Dx R
and the mapping is (z,t) — 7, (¢) continuous.

Definition 2.1 [8] In the setting of Lemma 2.1, the basin of attraction of z is the set

A={X €D :t] =+o0}.

Theorem 2.1 [9] With the above setting, f is a global homeomorphism onto Y if and
only if 7,(t) is defined on R for all x € A, namely, v,(¢) can also be extended to —oc.

Lemma 2.2 (see [8]) Let X be Banach space, a,b € R and p : [a,b] — X be a C*
mapping on [a,b]. Then ||p(t)| has derivative ||p(t)||” almost everywhere and ||p(t)||" < |[p(¢)|
fora <t <b.

Second, the following comparison theorem play an important role to prove the sufficient
condition for the existence of a unique solution of problem (1.1).

Let E be an open (t,z)-set in R? and g € C[E,R]. Consider the scalar differential

equation with an initial condition

{ =gt (2.2)

u(to):uo---.

Assume that there exists a sequence t; such that ¢, < t;, — b as k — oo and u® =
klingo u(ty) exists. If g(t,u) is bounded on the intersection of E and a neighbourhood of
(b,u"), then 11&1) u(t) = u°. If in addition, g(b,u°) is defined such that g(¢,u) is continuous
at (b,u®), then u(t) is continuously differentiable on [ty, b] and is a solution of (2.2) on [to, b]
(see [10]). In this case the solution wu(t) can be extended as a solution to the boundary of
E.
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Theorem 2.2 (Comparison theorem in [9]) With the above setting, suppose that [to, to+

b) is the largest interval in which the maximal solution r(t) of (2.2) exists. Let
m € Cllto, to +b), R], (t,m(t)) € E for t € [to,to +b),m(to) < uop
and for a fixed Dini derivative
Dm(t) < g(t,m(t)),t € [to, to +D)\T,
where T' denotes an almost countable subset of ¢ € [tg, to + b)\T, then

m(t) < r(t),t € [to,to +b).

3 Existence Theorem

Consider the boundary value problem

aijuximj +bzuz7 — CUy¢ 70/“/:0 ,
u, =0, (x,t) €92 x (0,T)---,

where u; € Ly([0,T], W3(2)). Let Wo(D) denote the Hilbert space with the norm
(||u||2’1)2 = VQ/D‘D2u|2dxdt + / p(cu,?)dt,

where |D2u|2 represents the sum of the a squares of all the second derivatives with respect
to space variables and v is positive constant.

The following assumptions are needed later.

A1 The boundary of €2 is piecewise smooth with nonnegative mean curvature every-
where.

A2 f:Wy(D) — Ly(D) is continuous and a bounded function of ¢, 21, -+, zp, u.

Define S = sup‘bi —(aij), |, a1 = supga(z) and ay = infpa, then S < Vv? and

Tj

|Aul*dx
ap > VAS — M2, where A = inf 22— > 0 is the lowest eigenvalue of —A in Q.
/ u?dx
Q

Elcart and Sigillito gave the following inequality in [2].
Lemma 3.1 If v € Wy, then

lully, < CllLullg---, (3.2)
where

C? = 336+ 204a(ag + A\® — SVA) 2 + Oy [n* B*v 2
+403% 4 82(28 + 2uy1 + 72)].
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Denote Mu = a;juq, o, +bits, —cuy, then M is the linear operator from Wy (D) to Ly(D).
We may express (3.1) in the form

Fu=Mu—au=0.
For u, ¢ € Wy(D), we have
F'(u)(qS) =M¢ — au(xau<t’x))¢'

Define
F'(z)™

46(s) = ma
( ) HIHSXS

Theorem 3.1 In the setting of the above, equation (1.1) exists a unique solution if
the following conditions hold
(1) s%rxlgza" > =\

(2) for each, the maximum solution of the initial value problem

y'(t) =nd(y(t),t € [0,¢)---,

y(0) =0 33

is defined on [0, ¢) and there exists a sequence t,, — ¢ as n — oo such that lim y(t,) = y*

n—oo

is finite.
Proof We have from (2.1) and Lemma 2.2 that

IN

Dl < IOl = [F @)™ || e 1F@) - P

< kel @) (k= |[F(z) — F(ao)l)-

A

By assumption A2, we know the maximum solution y(t) of (3.3) is defined on [0, ¢) and there

exists a sequence t,, — ¢ as n — oo such that

lim y(t,) =y*

n—oo
is finite. It follows that y(t) is continuous on [0, ¢) and there is a constant M such that
ly(t)] < M,t € [0,c].
By the comparison theorem, we have

2O < ly(®)] < Mt € [0,d].

From conditions Al, A2 and condition (1), since A = inf > 0 is the lowest

/ | Aul*da
Q
uldx

Q
eigenvalue of —A in Q, it follows that for all w € Wy(D), zero is not an eigenvalue of
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Mo — ay(z,u(t,z))p, so for every u € Wy(D), the operator F'(u) = M — a,1 is invertible
and F' is a local homeomorphism from Wy(D) onto Ly(D), where I denotes the identical
operator.

Then in view of Theorem 2.1, we need only show that for all z € A, v,(¢) can also be
extended to —oo, namely, we need consider the problem in the opposite direction.

Let g(—h) = v.(t),t € (a,0],h € [0, —a),a < 0 for t;,t5 € (a,0], we have

—hy

Ielt) =7 (t)] = Igﬁ—hﬂ-—QPJwHZL/ lg'(s)llds

—ho
/hl
—ho

F'(72(5)) " || |F(2) — F(0)|| ds

_hl
< [Mn&%@mwnﬂm—FwMMs
< @[hWamwmam
S k‘é(M)efa\tl —t2|

So 7,(t) is Lipschitz continuous on (—a, 0], 7, (¢) can also be extended to —oo, the theorem
is proved.
Elcart and Sigillito [2] studied the following initial-boundary value problem

QiU ; + bzuml — Cup = f(x7t7u) T

(3.4)
u=0 for t=0 and (x,t) € 9Q x (0,T)---,

where 9Q € C? and f is continuous and has three derivatives with respect to u. Problem
(3.4) may be formulated as an operator equation Pu = 0, where Pu = Mu — f(x,u) is a
mapping of Wy (D) onto Ly (D).

Corollary 3.1 Assume that f satisfies

(1) dnf fi > =A;

o0
(ii) uniformly in x, ||f’,|| = w(||u||), where w is continuous map satisfying / — =
w
00, then there is a unique solution of the equation Pu = 0 in Wy(D). ’

Proof Compare with equations (3.4) and (3.1), we have f(z,u) = au, so condition

dt
(1) of Theorem 3.1 is satisfied. Denote wi(t) = aw(t) + 3, then / @ = oo and
a Wi
8(s) = HmHa<x P'(x)""||. We have from Lemma 3.1
|| < asuplf () + 5 (3.5)

for positive constant «, 3, then 0(t) < w;(t), and thus

oo dt oot
tl &w>1 w(®) O (0




y(t) 1
From problem (3.3), Vt > 0, —
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= nt. Let y(r) = s, we have / ds = nt.

Coy(r)
/o 5" o) 005)

For equation (3.6), we have that y(¢) is bounded. Consequently, there exist is a real

sequence {t,}: t, — ¢ as n — oo such that lim y(¢,) = y* exists. The corollary is proved.

Remark Condition (ii) in Corollary 3.1 can be replaced with f/ = O(u), because

< dt

/ o = 00 holds. The result of Elcart and Sigillito in [2] becomes a special case of
. W

Theorem 3.1.

References

[1] Sigillito V G. On a continuous method for approximating solution of the heat equation[J]. Assoc.
Comp. Mach., 1967, 14(5): 732-741.

[2] Elcrat A R, Sigillito V G. An explicit a priori estimate for parabolic equations with applications to
semilinear equations[J]. J. Math. Anal. Appl., 1976, 7(5): 746-753.

[3] Meyer G H.On solving nonlinear eauations with a one-parameter operator imbedding[J]. STAM. J.
Numer. Anal., 1968, 5(5): 739-752.

[4] Plastock R. Homeomorphism between Banach space[J]. Trans. Amer. Math. Soc., 1974, 200(3):
169-183.

[5] Elcrat A R, Sigillito V G. Coercivity for a third order Pseudoparabolic operator with applications
to semilinear equations[J]. J. Math. Anal., 1977, 61(3): 841-849.

[6] Shen Z H. On the periodic solution to the Newtonian equation of motion[J]. Nonl. Anal., 1989,
13(2): 145-149.

[7] Shen Z H, Wolfe M A. On the existence of periodic solution of periodically perturbed conservative
systems[J]. Math. Anal. Appl., 1990, 153(1): 78-83.

[8] Zampieri G. Diffeomorphisms with Banach space domains[J]. Nonl. Anal., 1992, 19(10): 923-932.

[9] Lakshmikantham V, Leeda S. Differential and integral inequalities Vol.II[M]. New York: Academic
Press, 1969.

[10] Feng Y Q, Wang Z Y. Global homeomorphism and the existence of solutions for periodically per-
turbed conservative systems[J]. J. Nanjing Univ. Math. Biqu., 2011, 28(1): 24-32.

[11] Cai Xinmin. Coupled fixed point theorem for a kind of nonlinear operators[J]. J. Math., 2002, 22(2):
162-164.

5| 27— st Ein) B R F A E— M PR N A

DR, £E%K
(5 PN L2 B O 56 T2 e, YL 5 54 213000)

T B ARSCWEI T I 2R AR 10 AR 0 A7 AR ME— PRI [ R R R 5] 2 iR A R IR IR
HES I 2R I AE 10 R RRATAEME—PE R — AN TR SR, ITIHE) T SR AEAE R — L E 2.

X B8 iE WSlE; SRR WIME R I a1

MR(2010)F & 43 &£ 5: 35K20 F B o E S 0175.26



