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Abstract An associative ring with identity R is called Armendariz if, whenever (37" a;z")

(-0 bjz?) = 0 in R[z], a;b; = 0 for all i and j. An associative ring with identity is called
reduced if it has no non-zero nilpotent elements. In this paper, we define a general reduced ring
(with or without identity) and a general Armendariz ring (with or without identity), and identify
a class of maximal general Armendariz subrings of matrix rings over general reduced rings.
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1. Introduction

According to Rege and Chhawchharial”), a ring R is called Armendariz if, whenever

(> asw' (3 bja’) =0
i=0 j=0

in R[z], a;b; = 0 for all ¢ and j. A ring is called reduced if it has no non-zero nilpotent elements.
Every reduced ring is Armendariz by Armendariz?, but the more comprehensive study of the
notion of Armendariz rings was carried out just recently!!-3—6:8.9]

Rege and Chhawchharial” showed that every n-by-n full matrix ring over any ring is not
Armendariz, where n > 2. For a reduced ring R, it is interesting to find some general Armendariz
subrings of matrix rings. In this paper, a class of maximal general Armendariz subrings of matrix
rings are described.

By the term “ring” we mean an associative ring with identity, and by a general ring we mean
an associative ring with or without identity. For clarity, R will always denote a ring, and a

general ring will be denoted by I. We write M,,(R) for the n-by-n full matrix ring over a ring R.
2. Main results

Definition 2.1 A general ring I is called general reduced if it has no non-zero nilpotent elements.
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Definition 2.2 A general ring I is called general Armendariz if, whenever

(> asw')(3 bja’) =0
i=0 =0

in I[x], a;b; =0 for all i and j.
Clearly any general reduced ring is general Armendariz. In the following we will see the

converse is not true.

a;l a;l DR a;l
a/2 a/2 ... a/2

Let D,,(I) = L . | a; €I forn>2.
a/n a/n ... a/n

Lemma 2.3 Let I be a general reduced. If ab =0 for a,b € I, then ba = 0.
Proof Since ab=0 for a,b € I, (ba)?> = 0. Thus ba = 0 because [ is a general reduced ring.

Theorem 2.4 If I is a general reduced ring, then D, (I) is a general Armendariz subring of
M, (I) for n > 2.

Proof Suppose that f(z) = Y1" ) Aix’, g(x) = 3°7", Bjz? € Dy (I)[x], such that f(z)g(z) = 0.
We need to prove that A;B; =0 for all ¢ and j. Let

d o . o RORTORNC)
() 40 (@) W) u) G)
CL CL .. CL b b ... b
| g
ORI ORI ) B0 )

where agi),bgj) elfor0<i,j<m,1<s<n.

It follows from f(x)g(z) = 0 that

> AiBj=0 for 0<1<2m. (2.1)
i+j=l

We will show that A;B; = 0 by induction on i + j.

If i+ 3 =0, then AgBy =0 by (2.1).

Now suppose that there exists a positive integer k such that A;B; = 0 when i+ j < k. It
follows from A;B; = 0 when i + j < k that

a®p? + 68 4.+ bD] =0 for i+j<k and 1<s<n. (2.2)
By Lemma 2.3, we have

B 409+ +6Da =0 for i+j<k and 1<s<n. (2.3)
We will show that A;B; =0 when ¢ + j = k. From (2.1), we get

AgBr + A1Byp_1+---+ ArBy = 0. (24)
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That is,

a6 +aP o) 4+ aP S T) =0 for 1<i<n. (2.5)
s=1

s=1 s=1
Thus, multiplying (2.5) by the (ags))'s from the right by (2.3) leads to
ags) [bgkis) + békfs) + 405 ] =0 for 0<s<k and 1<i<n. (2.6)

Hence we show that A;B; = 0 when ¢ + j = k by (2.6). Therefore, by induction, 4;B; = 0 for

any ¢ and j.

Example 2.5 Let R be a reduced ring. Then D2 (R) is a general Armendariz subring of Ms(R)

1oy,
-1 -1) — 7

but ( 11 ) # 0. Hence D4(R) is not general reduced.

by Theorem 2.4. Since

-1 -1
Theorem 2.6 If I is a general reduced ring, then D, (I) is a maximal general Armendariz

subring of M,,(I) for n > 2.

Proof Suppose that T is a general Armendariz subring of M, (I) and T properly contains
D,,(I). Then there exists A = (a;;) € T\D,(I) where 1 <1i,j <n. It suffices to show that 7" is

not general Armendariz. We will proceed with the following two cases.

Case 1 Suppose that a11 = a2 =+ =a1,j-1 # a1,; where 2 < j <n. Then a; ;1 —a;; #0.
Let
aij Qij -0 Al
Q2,5 Q245 - A2
A=A~ . .
An,j Qng *** Qn,j
ann—ai; o a1 —ay; 0 arip—ay o ain —au
agi—agj -0 azjo1—az; 0 agjpr—az; -0 agzn —ag;
= )
An,1 = Gnj  Gnj-1 = 0nj 0 Gnjt1—anj - Anp = Gnj
aij-1 Gij-1 -°c G151
a2,j-1 Q2j5-1 ' Q24-1
Ay =A—
Ungj—1 Gnj—1 - Gnj—1
a1 —aij-1 - G1j-2—ai1j—1 0 aij—aij1 - Qi — a1
az1 — az;j—1 o aA245-2 — A2 451 0 a2 —a245-1 - G2pn —a245-1
Api —Apj—1 “*° Apj-—2—0nj-1 0 Gnj—anj-1 -+ app—anj -1

Then Al, A2 cT.
Let f(z) = A1 + Asz be in T[z]. Let
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0 0 0
Bi=|aj1—-a; aj1—-a; - arja—a | (j),
0 0 0
0 0 0
B2 = a17j71 — CLl_’j a17j71 — alyj s a17j71 — CLl_’j (_7 — 1) Then Bl,BQ (S T.
0 0 0

Let g(x) = By + Box be in T[z]. Then f(z)g(x) =0, but

(a1,j-1 — a1,)? e (a1,j-1 — a;)?
AB, - (azj-1 — az,j)'(alyjfl —ai;) - (ag -1 — az,j).(al.,jfl —a;) L0,
(@nj—1 = anj)(arj—1 —a1;) - (anj—1 = anj)(arj—1 — a15)
This is a contradiction.
Case 2 Suppose that a;1 = at2 = -+ = az, where 1 <t <i—1, and a;; = aj2 =+ =

Qi j—1 7§ Qi,j, where 1 < Z,j < n. Then A 5—1 — Q45 7§ 0. Let

a1 a1 ce a1
j—1,4—1 QAi—14—-1 -  Gj—15—1
Ay=A—| aij @ij ot Qi
Ait1,5 Qi+l Ai+1,5
Qn,j Qn,j U Qn,j
0 0 0 0 0
0 0 0 0 0
N Qi1 — Q45 e Aij—1 — Qi 0 Qi j+1 — Qij T Ain — Q4,j ’
Air1,1 — Gi+1,5 0 Airl,5—1 — G415 0 Qi1,541 — Qi41,5  ° Girln — Aifl g

n,l = Wn, n,j—1 = Wn, n,j+1 = Wn, n,n — Un,
alaj Cle CLj OCle CLj a CLj
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a1 a1 a1
Aj—1,45—1 QAi—14—-1 *°°  Gj—145—1
Ay =A—| ai; Gij-1 o Qi1
Air1,5—1 Gir1,5—-1 - Qip1,5-1
an,j—l an,j—l e an,j—l
0 0 0 0
0 0 0 0 0
o ;1 — Q51 ce Qi 5—2 — Q4,51 0 Qj5 — Q5 5—1 ce Ajn — Qi -1
Air1,1 — Gi+1,5—1 - Qi41,5-2 — Qi41,5—1 0 Qir1,5 — Qi41,5—1 Gipln — Ai41,5—1
QAn,1 — An j—1 T QAn,j—2 — An j—1 0 Qn,j — Qn,j—1 T Qn,n — n,j—1

Then Al, A2 cT.
Let f(z) = A1 + Asz be in T[z]. Let

0 0 0
0 0 0
By = Qi 5—1 — Q4,5 Q451 — Q45 Qi 5—1 — Q45 (]),
0 0 0
0 0 0
0 0 0
0 0 0
By = aij1—aij aij1—aij -~ aija—aij| (j—1). Then By, By eT.
0 0 0
0 0 0
Let g(x) = By + Bax be in T'[z]. Then f(z)g(x) = 0, but
0 o 0
0 . 0
A1By = (aij—1 — aij)? e (aij—1 — aij)? £ 0.
(@iv1j-1 = aiv1j)(@ij-1 —aiz) - (@iy1j-1 — aiv1,5)(@ij-1 — aij)
(anj—1 = anj)(@ij—1 —aiz) - (Gnj-1 = anj)(@ij-1 — aij)

This is a contradiction. Thus T is not general Armendariz.
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