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Abstract Let F be a field of characteristic 0, M, (F) the full matrix algebra over F, t the
subalgebra of M, (F) consisting of all upper triangular matrices. Any subalgebra of M, (F)
containing t is called a parabolic subalgebra of M, (F). Let P be a parabolic subalgebra of
M, (F). A map ¢ on P is said to satisfy derivability if ¢(z-y) = p(z)-y+z-o(y) for all z,y € P,
where ¢ is not necessarily linear. Note that a map satisfying derivability on P is not necessarily
a derivation on P. In this paper, we prove that a map ¢ on P satisfies derivability if and only
if ¢ is a sum of an inner derivation and an additive quasi-derivation on P. In particular, any
derivation of parabolic subalgebras of M, (F) is an inner derivation.
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1. Introduction

Significant research has been done in studying automorphisms and derivations of matrix
algebras and their subalgebras [1-4,6-9]. Let M, (F) be the associative algebra consisting of all
n x n matrices over a field F and with the matrix multiplication, t the subalgebra of M, (F)
consisting of all upper triangular matrices. It is well-known that any derivation of M, (F) or t
over a field F is an inner derivation. However, we could not find any reference about derivations
of non-trivial parabolic subalgebras of M,,(F), or about nonlinear maps on parabolic subalgebras
of M, (F). In this paper, we determine the parabolic subalgebras of the full matrix algebras over
a commutative ring, then prove that any map satisfying derivability on the parabolic subalgebras
of the full matrix algebras over a field is a sum of an inner derivation and an additive quasi-
derivation (see Theorem 3.2). In particular, we obtain a corollary that any derivation of the

parabolic subalgebras of the full matrix algebras is an inner derivation (see Corollary 3.3).
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Let us give an explicit description of the parabolic algebras of M,,(R) over a commutative ring
R. For the associative ring M,,(R), there is a corresponding general linear Lie algebra gl(n, R)

also consisting of the n x n matrices over R and with the bracket operation

[Tyl =2-y—y-
Any subalgebra of gl(n, R) containing t is also called a parabolic subalgebra of gl(n, R). We will
prove that the set of the parabolic subalgebras of the full matrix algebra M, (R) coincides with
the set of the parabolic subalgebras of the general linear Lie algebra gl(n, R).

At first we recall some results in [10] about the parabolic subalgebras of the general linear
Lie algebra gl(n, R) over a commutative ring R. We denote by F the identity matrix in M, (R)
and by E;; the matrix in M,,(R) whose sole nonzero entry 1 is in the (4, j)-position. Let D be
the set of all diagonal matrices in M,,(R). Let I(R) be the set consisting of all ideals of R,

d={A; e (R)1<i<j<n}
a subset of I(R) consisting of n(n — 1)/2 ideals of R. If
AjAps € Aj; T Aj N Ay

for any 1 < i < j <n and any k (if exists) for which ¢ < k < j, then ® is called a flag of ideals
of R. By [10, Theorem 2.5], P is a parabolic subalgebra of gl(n, R) if and only if there exists a
flag ® = {A4;;|]1 <i < j <n} of ideals of R such that
P=t+ Y AiEj;
1<i<j<n
Taking a proof similar to that in [10, Theorem 2.5], we can prove that the parabolic subalgebras

of M, (R) also have the form of the above P. See the following lemma:

Lemma 1.1 P is a parabolic subalgebra of M,,(R) if and only if there exists a flag ® = {A;;|1 <
i < j <n} ofideals of R such that P =t + 37, ; ., AjiEji.

If R = F is a field, then there are only two different ideals of I, i.e., 0 and F. For any
1<i< k< j<n,itis easily checked that

AjAgs = Aji N Ag;

for any Ay; and Aj; in the flag ®, and so A;; = A N Ay, is determined by Aj;, and Ay, in the
flag ®. Thus a flag ¢ is determined by A;114,7=1,2,...,n— 1. Let

Then the subalgebra Zlgz‘qgn Aj;Ej; of P is generated by {E;11,:|i € S}. Let Si be a subset of
T ={1,2,...,n}, I} (resp., si) the largest (resp. smallest) number in Sj. Sy is called a piecewise

subset if Sj consists of the continuous natural numbers between s, and [, i.e.,
Sk = {m S N|Sk <m< lk}.

For any piecewise subset Si, there is a subalgebra p associated with S, spanned by all elements
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Er, s <t <r <lg. Or equivalently,

pr= Y FE,

s <t<r<ly

The following corollary is easily obtained from Lemma 1.1.

Corollary 1.2 P is a parabolic subalgebra of M, (F) if and only if there are some pairwise
disjoint piecewise subsets of S1,Ss,...,S; of T ={1,2,...,n} such that

l
P:t—l-ij,
j=1

where p; is the subalgebra associated with the piecewise subset S;.

Remark If lezl p; is the set of all strictly low triangular matrices, then P is the full matrix
algebra M, (F). If 22:1 p; = 0, then P is the upper triangular matrix algebra t.
Let us give an example for parabolic subalgebras. For n = 10, in the parabolic subalgebra
P as above, if A;11,; = 0 for i = 2,5,6, and A;41,; = F for any ¢ # 2,5,6. Let S1 = {1,2},
Sa = {3,4,5}, S5 ={7,8,9,10}. Then
P=t+pi1+p2+ps,
where p; is the subalgebra of P associated with the piecewise subset S;, j = 1,2,3. More

explicitly, p1 = {aFai|a € F}, p2 = {aF3 + bEsy + cEs3la,b,c € F}, p3 = {aFgr + bEog +
cE199 + dEg7 + eE198 + fE107]a,b,c,d,e, f € F}.

2. Certain maps satisfying derivability on parabolic subalgebras
A map @ on an associative F-algebra A is said to satisfy derivability if

pla-y) = o) -y +z-py)
for all z,y € A. The map ¢ is not necessarily linear. If ¢ is linear, then ¢ is a usual derivation

on the associative algebra A. For any map ¢ satisfying derivability on A, it is easy to see that
p(0) =0
and
pla-y-z)=¢@) y-z2+z-0y) z+z-y 0(2)

for any x,y,z € A. In this section, we construct certain standard maps satisfying derivability
on a parabolic subalgebra P of the full matrix algebra M, (F), which will be used to describe
arbitrary maps satisfying derivability on P.

(A) Inner derivations:

For any A = (aij)nxn € P, the map

adA: P—-P, B—~A-B-B-A

is called an inner derivation of P. Obviously, any inner derivation is a usual derivation, and so

satisfies derivability on P.
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(B) Additive quasi-derivations:
Let f be a map on a field F satisfying the following two conditions:
(i) f(a+b)= f(a)+ f(b) for any a,b € T;
(i) f(ab) = f(a)b+ af(b) for any a,b € F.
We call such a map f an additive quasi-derivation of F.

Let f be an additive quasi-derivation of . Define a map ¢y on P in the way that
A= (aij)nxn — Af - (f(azj))an

Then it is easy to verify that ¢ satisfies derivability. We call such a map ¢ an additive
quasi-derivation on P.

It should be pointed out that if f is not a zero map, then ¢ fails to preserve F-scalar
multiplication, and so ¢ is not linear, i.e., ¢ is not a derivation on P. Here we give an example
of an additive quasi-derivation which is not a derivation. Let Q() be the simple transcendental

extension of the rational number field Q by the circular frequency , i.e.,

Q(m) = {
Define an additive quasi-derivation on Q(m) by

Q@) — Q(x),
ap+arm+ -+ apm™ Hﬁ(ao—l—alx—i—---—i—amxmﬂ
by + b1+ -+ + by Ax " bg+bix + - -+ byan Jlz=

DY m
a[f _:-C;)ﬂ;_:— _:—C(L)m;:n |m7n€ ZZOvai’bj €Q0<i<m,0 SRS n}
o 1 "

where 8% g(x) denotes the derived function of a function g(x). It is easily checked that f is a

nonzero additive quasi-derivation on Q(7). So ¢y is an additive quasi-derivation on P which is

not a derivation.

3. Maps satisfying derivability on P

In this section,
l

P=t—+ Z P;
j=1
always denotes a parabolic subalgebra of the full matrix algebra M, (F), where p; is the subalge-
bra associated with the piecewise subset S; of Z = {1,2,...,n}. Let I; (resp., s;) be the largest
(resp., smallest) number in the piecewise subset S; of Z. For 4,j € Z, let L;; = {aE;jla € F} if
E;; € P,and let L;; =0if E;; € P. Set

P = {(17]) EIX:Z-'Z #juEij € P}

Lemma 3.1 Let P be a parabolic subalgebra of the full matrix algebra M, (F) over a field F,
where n > 2, ¢ a map satisfying derivability on P. If ¢(L;;) = 0 for any i,j € T with (i,j) € P,
and p(L;;) =0 for any i =1,2,...,n, then ¢ = 0.
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Proof For any

B = (brs)nxn = Z brsErs S P7

r,s=1

let
SD(B) = (b;s)nxn = Z b/rsErs S P

rs=1
For any (k,l) e Por k=1€{1,2,...,n},
VB = Exr - ©(B) - Eu = ¢(Ei, - B+ Ey) = (b E) = 0.
So b}, = 0. Thus ¢(B) = 0. Therefore ¢ =0. O
Theorem 3.2 Let P be a parabolic subalgebra of the full matrix algebra M, (F) over a field

F of characteristic 0, where n > 2. Then a map (without linearity assumption) ¢ on P satisfies

derivability if and only if it is a sum of an inner derivation and an additive quasi-derivation.

Proof It is easy to verify that a sum of several maps satisfying derivability on P still satisfies
derivability. Thus the sufficient direction of the theorem is obvious. Now we prove the essential
direction of the theorem.
Let ¢ be a map satisfying derivability on P. Choose a fixed diagonal matrix

Dy = diag{1,2,...,n}.
Let

@(Do) = (bij)nxn e P.
For any (i,j) € P,

(ad(bij (i = 5) "' Eij)) Do = ~bi; Eij.

Let

p1 = 90+ Z ad(bw(l —j)_lEij).
(4,5)€P

Then 901(D0) = diag{bll, b22, ey bnn} € D.
For any diagonal matrix D' = diag{t1,ts,...,t,} € D,

Do-D' =D’ Dy,

then
¢1(Do - D') = 1(D" - Dy),

i.e.,

©1(Do) - D"+ D - 1(D") = ¢1(D") - Do + D" - p1(Dy).
Since ¢1(Dy), D’ are diagonal matrices, we have

¢1(Do) - D" = D" - 1(Do),



796 Z. X. CHEN and Y. E. ZHAO

and so
Do - p1(D") = ¢1(D’) - Do. (1)
Set
©1(D") = (cst)nxn € P.

By the equality (1), we have
Cst(S — t)Est =0

for any s,t. If s # t with (s,t) € P, then ¢y = 0. Thus p1(D’) = diag{ci1,¢22,...,¢nn} is a
diagonal matrix. Therefore,
©1(D) € D.

For any a € T, (4,j) € P, we write aF;; in the form that
aFE;; = E;; - (aE;j). (2)
Applying ;1 on the both sides of the equality (2), we have
p1(akij) = o1(Eii) - aBij + Ei; - p1(aEij). 3)

Let
01(aE;j) = (cri)nxn € P,p1(Ey) = diag{dy,ds, ..., d,},

where d; € F, s = 1,2,...,n. By the equality (3), if k¥ # ¢, then ¢ Er = 0 for any [, and so
cx; = 0 for any [. On the other hand, we write

abi; = al;j - Eyj.
Similarly, if [ # j, then ¢g; = 0 for any k. Thus, for any a € F and (4, j) € P, we have
v1(aE;j) = cijEij € Ly;.
Or equivalently, p1(L;;) C L.
Assume that
01(Eiit1) = biEiiq1,
b €F,i=1,2,...,n— 1. Choosing by, bs,...,b, € F such that
bi —bip1 =b;,i=1,2,....n—1,
we can construct a diagonal matrix
ho = diag{b1, b2, ..., by}
Then (p1 —adhg)(E;i41) =0 for any i = 1,2,...,n — 1. Denote
2 = p1 — ad ho.
Thus
¢2(Eiit1) =0

for any i =1,2,...,n— 1, and @2(D) C D, p2(L;;) C L;; for any (i,7) € P.
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Now for 1 < i < n —1, we may define a map f; : F — F in such a way that
pa(abiit1) = fila)Ei iy
for any a € F. At first we show that all f; are the same function. Foranya € F, i =1,2,...,n—2,
applying (2 on the equality
(aFiit1) - Eip1,i42 = Eiiv1 - aEig1i42,
we have
(fila)Eiiv1) - Biv1iv2 = Eiiv1 - (fir1(a)Biv1iv2),

which forces that f;(a) = fit1(a) foralla € F. So f; = fiy1. It follows that f1 = fo = = f_1.
Now we denote f1 by f.

Next we show that the same function f is just an additive quasi-derivation of the field F. Let
a,b e F. Since

aFqy - Erg = akno,
we have
fla)E12 = pa(akr2) = pa(aFry) - Eig,

which implies that the coefficient of Eqy in wa(aF11) is f(a). Applying @2 on the equality

(aF11) - (bE11) = abEny,
we have

p2(akrr) - (bE1) 4 (aEh) - 02 (bEr1) = p2(abEry ). (4)
Comparing the coefficients of E1; on both sides of the equality (4), we have

F(ab) = af(b) + F(a)b.

So
(1) =f(=1) =0, f(=b) = = f(b).
In particular, the coefficient of E1; in po(E11) is f(1) = 0. Applying @2 on the equality
Ey - (aE12 + Ei) = albha,

we have

Ev1 - p2(aBr2 + E11) + w2(E11) - (aE12 + E11) = f(a)Era. (5)

Thus, by the equality (5), the coefficient of E1s in po(aFE12+ E11) is f(a). Similarly, applying
(o on the equality
(aE12 4+ Eq1) - E1p = Eig,

we have

(p2(£LE12 =+ Ell) . E12 = 0 (6)
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By the equality (6), the coefficient of Ey;1 in w2(aFE12+ E11) is 0. By the same way, we obtain
that the coefficient of Eag (resp., F12) in pa(FEas + bE12) is 0 (resp., f(b)). Then, applying ¢
on the equality

(aE12 + Ev1) - (E22 + bE12) = (a + b)E1a,

we have
2(aFB12 + Evy) - (Eoz + bE12) + (aE12 + E11) - p2(E2 + bEq2)
= f(a+ b)E1a. (7)
By the preceding results, the equality (7) leads to f(a+b) = f(a) + f(b). Thus the map f is
an additive quasi-derivation of F.

Therefore, we can construct an additive quasi-derivation ¢ ¢ of P extended by f as in Section
2. Denote

Y3 = Y2 — Pf.
Thus
p3(aliit1) = p2(abiiv1) — pr(aBiiv1) = f(a)Eiit1 — f(a)Eiiy1 =0

forany a € Fand any : =1,2,...,n— 1, i.e., ¢3(Li41) =0 forany i =1,2,...,n — 1.
For any diagonal matrix
D' = diag{t1,t2,...,tn},
and any ¢ = 1,2,...,n — 1, applying @3 on
D' E; i1 =tE; i1,
we have
03(D") - E; 41 = 0.
Let
p3(D") = diag{t],th,...,t.}.

Then t,E; ;41 = 0, which implies that ¢, = 0 for any ¢ = 1,2,...,n — 1. Similarly, applying ¢3
on

Eiiy1-D' =t 1 Fii,
we have tj , =0 for any i =1,2,...,n — 1. Thus

©3 (DI) =0.

Or equivalently, ¢3(D) = 0.
For any a € F and 1 <14 < j < n, applying @3 on

abBij = aEiip1 - Bigrito - Bigojivs - Ejo1j,

we have
p3(aki;) =0,
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since @3(Lix+1) =0 for any k=1,2,...,n— 1. If (4,7) € P, applying ¢3 on
Eij - (aEj;) = aEy,
we have
Eij . 903(an1’) =0.
By construction of s,
w3(Lji) € L.
Let p3(aEj;) = a'Ej;, where a’ € F. Then
Eij - ¢3(aEji) = a'Ey,
which implies that o’ = 0, and so p3(aE;;) = 0 for any ¢ < j with (j,4) € P, a € F. Thus
p3(akji) =0
for any a € F and any (i,7) € P. Or equivalently, ¢3(L;;) = 0 for any (i,j) € P.
By Lemma 3.1, we know that 3 is a zero map on P, i.e.,
0= P+ Z ad(bu(z - j)_lEij) —adhg — ©r-

(i,5)€P

Thus ¢ is a sum of an inner derivation
- Z ad(bu(z — j)_lEij) + ad hg

(i,5)€P
and an additive quasi-derivation ¢y on P. O
Remark From Theorem 3.2, it is interesting to see that a map on a parabolic subalgebra of the
full matrix algebra preserves the additive operation if it satisfies derivability.

It is well-known that any (usual) derivation on the full matrix algebra M, (IF) or the upper

triangular matrix algebra t is an inner derivation. The following corollary generalizes the result

to any parabolic subalgebra P of the full matrix algebra M, (FF).

Corollary 3.3 Let P be a parabolic subalgebra of the full matrix algebra over a field F of

characteristic 0, where n > 2. Then any (usual) derivation ¢ on P is an inner derivation.

Proof For a usual derivation ¢, ¢ is a linear map satisfying derivability. By Theorem 3.2, we
can write ¢ as the following form

p=adz + ¢y,
where adz is an inner derivation associated with some x € P, and ¢y is an additive quasi-
derivation on P induced by an additive quasi-derivation f on the field F. Since ¢ and adz are

linear, ¢ is also linear. For any a € F, 0 # b € F, then, by linearity of ¢y,
prla-bEn) =a-¢f(bEir) = af(b)Er.

On the other hand,
prla-bEn) = ¢r(abEr) = f(ab)En.
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Since f is an additive quasi-derivation on the field I, we have

pr(a-bEn) = (af(b) + f(a)b)Err.
Therefore,
af(b) = af(b) + f(a)b,
which leads to f(a)b = 0. Since b # 0, we have f(a) = 0. Thus f = 0. Or equivalently, ¢; = 0.

It follows that ¢ = ad z is an inner derivation. O
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