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Abstract In view of singularly perturbed problems with complex inner layer phenomenon,
including contrast structures (step-step solution and spike-type solution), corner layer behavior
and right-hand side discontinuity, we carry out the process with sewing connection. The pre-
sented method of sewing connection for singularly perturbed equations is based on the two points
singularly perturbed simple boundary problems. By means of sewing orbit smoothness, we get
the uniformly valid solution in the whole interval. It is easy to prove the existence of solutions
and deal with the high dimensional singularly perturbed problems.

Keywords sewing connection; internal layer phenomenon; asymptotic expansion.

MR(2010) Subject Classification 34E20; 34B15

1. Introduction

The research for nonlinear singularly perturbed problems arises in many efficient methods
such as boundary layer function theory [1,5], differential inequality [2], asymptotic matching
principle [3], etc. These methods have severe mathematics theory basis, in which not only the
asymptotic solutions are constructed but also the estimates of residual terms are given. After
entering the 21st century, the internal layer phenomenon of singular perturbation problems has
become the focus of attention, including contrast structures (step-step solution and spike-type
solution), corner layer behavior and right-hand side of discontinuity, etc. To solve these problems,
even in the scalar case with differential inequality, it is very complex to prove the existence
of solutions. What is more, if we deal with high-dimensional non-linear singularly perturbed
problems, these methods become powerless.

The method of sewing connection for singularly perturbed equations presented in this paper

is based on the two points singularly perturbed simple boundary problems, which are in allusion
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to complicated interior layers. By means of sewing orbit smoothness, we get the uniformly valid
solution in the whole interval. Our treatments have at least two advantages: first, it is easy to
prove the existence of solutions and carry out the estimate of residual terms; second, the sewing
connection can deal with the high dimensional singularly perturbed problems.

The theoretical basis of sewing connection is the following Vasili’eva theorem.

Lemma 1 (Vasili'eva Theorem) Consider Tikhnov system with z € RM y € R™

dz dy
—=F t — = t <t<1 1
‘udt (Zayv )5 dt f(zvya )7 0 =t =4 ( )
az(0,p) = az°,  b2(1,p) =b2°, y(0, ) =y’ (2)
E. 0 0 0
where a = b , b= , 1 <k < M, Ey and Ey;_y are unit matrices.
0 0 0 Epx

Assume that all the following conditions are satisfied:
[Hy] Vector functions F and f are smooth sufficiently on the domain;
[Hy] The eigenvalue M\ (t) (0 <t < 1) of matrix F,(t) = F.(2(t),y(t), t) satisfies

Rel(t) <0, i=1,....k< M,

ReX(t) >0, i=k+1,...,M.

Then the solution z(t, ) = (2(t, ), y(t, n))* of (1) and (2) exists, and has the residual terms
estimation
[ (t, 1) = Xn(t, )| < O™,

where X, (t, pt) = > p_o 1*(Z(t) + g (0) + Rz (r1)) is the n-order part sum with Ilyz (7o) and
Ryx(m), which are exponential decay as 19 — oo(11 — —00).

In allusion to step-step solution, in this paper, we will introduce how to construct uniformly
valid asymptotic solutions by using sewing connection.

We discuss the semi-linear boundary value problem as follows:
PPy =Fy,t), 0<t<1, 0<p<l, (3)
y(O0,m) = 4% y(lp) =y" (4)
First we give several hypotheses:
[A;] (smooth condition) F(y,t) is smooth sufficiently in D = {(y,t) : |y| < 1,0 <t < 1},
where [ is a given real number;
[As] (isolated-solution condition) The degenerate equation F(§(t),t) = 0 has three disjoint
real roots §(t) = p;(t) (i = 1,2, 3) satisfying ¢1(t) < pa2(t) < p3(t);
[As] (stable condition) Fy(p;(t),t) > 0(i = 1,3), F,(pa(t),t) <O.

2. The form of the construction of asymptotic solutions

The solution y(t, ) has the contrast structure. Consider the left problem and the right

problem which joint smoothly at ¢, (¢« is called transfer point).
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The left problem 0 <t <t,:

12y O = FyOn), v O0,m) =40y (b, 1) = pa(ts). (5)
The right problem ¢, <t < 1:
12y O = FyM0), Pt p) = o2(ts), y (1) =y, (6)

where 0 < t, < 1 is a parameter. From (5)-(6), we know that y(¥)(¢, ) is continuous at ¢ = t..
In order to make y(F) (¢, 1) joint smoothly at t = t,, the following equation must be satisfied:

d
4. ) (t 1), .
7Y Cen) =3y (b p) (7)
Suppose that the formal asymptotic solutions of (3) and (4) having the contrast structures

can be represented:

Z” t) + iy(ro) + Q4 y(r), 0<t<t,
y(t,p) = (8)
E:u +QWy(r) + Ryy(m)), t. <t <1,

where 7o = =1t >0, 7=p (t—t.), m=p"t(t—-1) <0, gj,(f)(t) (k > 0) are the coefficients of
regular series, I, y(79) (k > 0) are the coefficients of boundary layer series at t = 0, Ql(f)y(T) (k>
0) are the coefficients of interior layer series at ¢ = t., and Ryy(m1) (k > 0) are the coefficients
of boundary layer series at ¢t = 1.

Partially, ¢, can be expanded in the power series of u, that is,
te =to + puty -+ pFty + - (9)

According to boundary layer function theory, we put formal asymptotic solution (8) into (5) and
(6), and separate equations by measures ¢, 79, 7, 71, then compare the same order of u, thus each
term’s coefficients of equation and boundary value are obtained. At the same time in accordance

with requirements of sewing connection, we substitute (8) into (7), and get a series of relation:

d 50 = Lo
@0 ¥(0) = 7-Qo " y(0), (10)
LQ(0) + ¢ t0) = TQy(0) + g} (10). (1)
dr ! o) =g ’
Step 1. Write the equation for determining go(t) :
F(o(t),t) = 0. (12)

Eq.(10) is the degenerate equation. In view of the properties of step-step solution and condition
[A2], we have 5o = ¢1(t) (0 <t <19), 5o = p3(t) (to <t < 1). Here we only discuss the step-step
solution from ¢;(t) to s(t). Similarly, we can consider the step-step solution from @3(t) to
e1(2).

Step 2. Write the equation for determining g (¢) (k> 1) :

Fy(5o(®), ) gk = gr—1, k>1, (13)
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where gr—1(k > 1) are the known functions which depend only on g; (0 < j <k —1). By virtue
of [A3], Fy_l are known to exist, and we get i, = Fy_lgk_l.
Step 3. Write the equation and boundary value to determine Q((f)y(T) :

d2 (:F)
3272 = F(p13(to) + QéﬂF)y, to), (14)
Q57(0) = w2(to) = pralto),  QFy(Foo) = 0. (15)
The equations (14) and (15) are equivalent to the following problem:
dz(¥ dg(®)
— (7F) — ()
o = F@ ), =27, (16)
75(0) = pa(to), 5 (—00) = @1 (t0), 5 (+00) = s(to), (17)
where §(F) = @1 3(t0) + Q(():F)y. Integrating (16), we get a first integral passing through M; 3 as
7F) (1)
PP =2 [ Fytoy. (18)
#1,3(t0)

Hence, Q((f)y(T) and Q((JJr)y(T) are the solutions of the following Cauchy problems

d ) [ 1,3(t0)+Qy "y(T) ( ) 1 o o,
—Qy 'y = 2/ F(y,to)dy|” = G(Q{ y.t
dr 0 w1,3(to) 0 (19)

Q57y(0) = a(to) — @1 (to), Qy(—o0) =0,
and
@y = -G 1),
é+>y<o> = ¢a(to) — walto), Qfy(s) =0,
respectively. Substituting (18) into sewing joint condition (10) gives

w2 (to) »2(to)
/ F(y,to)dy = / F(y,to)dy,
]

1(to) #3(to)

(20)

that is,
w3(to)
Hito) = / Flyto)dy =0, (21)
©

1(to)
which is the equation for finding ¢o.
[A4] Suppose that Eq.(21) is solvable for ¢y (0 < to < 1), and <& H(t) # 0.
After obtaining ¢g, we consider the initial values of (19) and (20), which intersect the hete-
roclinic orbits, therefore, Q(:F) (1) exist. By using [A3] and L’Hospital rule, we can prove that

Q((J:F) (1) are exponential decay, that is,
Q) y(r)| < Ce ™Il reR.
Step 4. Write the equation and boundary value for determining Q,(f)y(T)(k >1):
d2 ~
WQ;(;F)ZJ = Fny)y + hi(7), (22)

QFy(0) = 55 (to)ts + ¢t (to, - -, te1), QT y(Foo) =0, (23)
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where F, = F,(p1.3(to) + Q(():F)y, to), hx is a known function depending only on Q;zF)y,tj (0 <
j<k-1).

The solutions of linear boundary value problems (22) and (23) can be expressed by square

formula:
_ o(T T " -
QP u(r) = 7 e+ ) E 4 ot0) [0 [ plohutordoan,
Foo
where (1) = %Q((f)y(T). It can be proved that Q((JJF)y(T) are exponential decay, as T — Foo,
that is,

1QFy(r)| < Ce ™"l 7 €R.

By employing the relationship (11) of sewing connection, the equation to determine ¢, is obtained

as
H'(to)ty = Py, (24)

where P; are known constants.

Step 5. Write the equation and boundary value to determine Iyy(7) :

d2
— Iy = F(p1(0) + Tloy, 0),

drg (25)
oy(0) = y° — ¢1(0), Toy(co) = 0.
The equation (25) is equivalent to the following system:
dz dy
== ZF(3,0), L=z 26
dro (,0), dro = (26)
9(0) =", §(00) = ¢1(0), (27)

where § = Ioy(70) + ©1(0).
On the phase plane, Mo(gol(O), 0) is a saddle. Separating the orbit passing through MO, one
can write the saddle of M© as
) 3(70)
) =2 [ F(,0)dy,
©1(0)
As 79 — oo, the separating orbit passing through M? is
WH(MO) : £ = —[2/
©1(0)
In order to ensure that (26) and (27) have solutions, we require that
[As] {9(0) =y} N W™ (M°) # 0.
Thus, the solution Iyy(mp) of (25) is gained, and we have

] 1

F(y,0)dy]”.

[Hoy(r0)| < Ce™™™, 75 2 0.

Step 6. Write the equation and boundary value to determine IIxy(7o) (k > 1) :

2

d . .
Fﬂky = gy + hi(70), (28)
To

Hy(0) = =gk (0), Ixy(oc) =0, (29)
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where F, = F,(1(0) + Ioy, 0), hy, is a known function depending only on ILiy(0<j<k-1).
By utilizing the square formula, the solutions of (28) and (29) can be obtained from

Mey(r0) = —3(0) ﬂ(gf - " o=2m) /OO B(0)hi(0)dody, (30)

where Iy (70) is exponential decay, as 19 — 400, that is,

My(mo)| < Ce™"™ ™, 15 > 0.

Step 7. Similarly, we can also discuss Rgy(m1) (k > 0).

[Ag] Suppose that {(0) = y*} NW*(M?) # 0, where §(0) = Roy(0) + ¢3(1), W*(M*) is a
saddle separating orbit which passes through M (p3(1),0).

Under the condition [Ag], Roy(m1) exists, Riy(m1)(k > 1) have the same expressions as (30),

and the estimates Of exponent Satisfy
Rk )| < Ce“le, < 0.
Yy > >

Now, the formal asymptotic solutions of (8) have been constructed completely.

3. The existence of step-step solution

In [4], the authors have ever used differential inequality to prove the existence of step-step
solution at great length. In this section, we will apply the sewing connection to determine the
transfer point ¢,, and complete the proof of the existence of step-step solutions. Namely, using
the left problem (5), the right problem (6) and the existence of solution for any parameter
0 < t. < 1, we get the asymptotic solution. The step-step solutions of problems (3)-(4) are
sewed smoothly, and asymptotic expansion is obtained.

We write the zeroth asymptotic expansions of the left problem (5) and the right problem (6)

respectively as

_ [ o)+ Toy(mo) + Q57 y(r) + O(u), 0<t<ts,
y(t,p) = (+) (31)
p3(t) + Qg "y(7) + Roy(m) + O(p), t <t <1,
and
Moz(70) + Q5 2(7) + O(p), 0<t<t.,
z(t, ) = (+) (32)
Q" 2(T) + Roz(11) + O(p), t. <t <1
Here, we do not expand the parameter t.,.
According to the boundary values of (3) and (4), we see
y(i)(t*a :u) = y(Jr) (t*v /L)a t* € (07 1)5 (33)

which implies y(¢, p) is continuous at ¢t = t,. Therefore, ¢, can be determined in this way provided

that derivatives of y(¢, u) are equal at ¢ = t,, that is,
2, ) = 2 (b, ). (34)
For this purpose, we introduce difference function A(¢,) :

A(t) = 2O (b, ) — 2 (8, 1) = [Q572(0)]2 = [Q5T 2(0)) + O(u), (35)
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where we have considered that IIpz(79), Roz(71) are exponentially small in the neighborhood of
the point ¢ = t.. We may consider that O(u) = Cu, where C' is a real number. The approach
of solving Q((f)z(O) in (35) is similar to those used in Section 2. Consequently, changing ¢y of
(14)—(21) into t, yields

d
A(t) = H(t.) + O(p) = H(to) + 3 H(to) (b — to) + O((t — t0)*) + O(n), (36)
where tg is known by (21). Let t, =t & ku, and put it into (36). We obtain
d
At £ kp) = :I:kuEH(to) + O(p). (37)

Let k in (36) be sufficiently large, and select u sufficiently small, such that the right-hand
side of (36) cannot be of the same symbol. By virtue of intermediate value theorem, there exists
ty € (to — ku,to + ku) such that A(t,) = 0. We can show that (34) holds, and ¢. = to + O(u).

We formulate the results in the following theorem.

Theorem 1 (transfer Limit Theorem) Suppose that the conditions [A1]-[Ag] are satisfied, then
there exist transfer point t, and step-step solution y(t,u) for Eqgs. (3)-(4), and the following

limiting process

I (t, 1) <t<
im y(t,pu) =
po 0 L <t<
holds.

If we put t. = to + O(u) into Q(()jF)y(T), then the order of (31)-(32) is not O(u). To get
the uniformly valid zeroth asymptotic solution, we need to expand t, to the first approximation,

namely, t, = to + pty + O(u?), where t; is determined by (24).

Theorem 2 Suppose that the conditions [A;]-[Ag] are satisfied, then Eqs. (3)—(4) have the

zeroth asymptotic expression:

y(t, p) = { #1(8) + oy (r0) + Q5 'y(r) + O(u), 0
’ pa(t) + QS y(r) + Roy(r) + O(u), 1

t

<
<t

<t
<1.
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