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Bn � n ��������������������� Bn � ��������������������� 2n2 �����������¡ ¢ �¤£�¥�¦ A ∈ Bn, § � ����¨�©���ª�«�¬�­ k, ® Ak = Ak+p £�¯���°�¬�­ P ��±��¤²�³��
k ´�µ A ��¶�·�¸�­��¡¹�º k(A), »�´�¼�½�¾�¿ Ak(A) = Ak(A)+p ��¨�©�°�¬�­ P µ A ��ÀÁ �Â¹�º P (A). IBn � n ��Ã�Ä�Å�Æ�������� RBn � n ��Ä�Å�����Æ���������� Pn � n �Ç�È Æ����������¡É A ∈ Pn Ê � P (A) = 1,

¢ Ê ¹ k(A) µ γ(A), ´�µ A � Ç�È ¸�­��¡£��
¥�¦ Ç�È�Ë ©�Ì�Í�Î��ÐÏ�Ñ D, Ò [7] Ó�Ô�� 6 ≤ γ(D) ≤ n2 − 4n + 6. Ò [7] Õ�Ö�� Ë ©�Ì�Í�Î
�ÐÏ�Ñ�×�Ø�Ã�Ù�Ú����¡» Ç Ò�Õ�Ö�� Ë ©ÛÌ�Í�ÎÛ�ÐÏÂÑ�ÜÛÝ���ÚÛ�¡ÞÛ»�ß��ÛÙ d ��Ú Ë ©�Ì�Í
Î��ÐÏ�Ñ�à NPn( µ n � Ç�È�á�â Ä�Å�����ÆÛ���Û�Û� ), NBn µ n � á�â Ä�Å�����Æ������
��� NDn µ n � á�â Ä�Å�ã�ä�����Æ�� ( å�æ�ç��ÐÏ�Ñ D(A) ��Ì�Í�Î�ã�è�´�µ�é Ë ©�Ì�Í
Î����ëê�ã�èÐì�Ü�Ý���Ú��ëí�î�ï�¥�ð���¾�ñ�ò�Ã�Í�Î�ó ) �����ëê�£�¥�ð A ∈ NDn, A ��ô�õö�÷�ø ����ù�ß�ú���Ä�Å�ã�ä�û�ü�Æ��
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

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

, (1.1)

åÐì�ý���£�ü�ä Aii(i = 1, 2, · · · , m) þ � á�â Ä�Å�Æ����¡ÿ�� ÷�� � A ��æ�ç��ÐÏ�Ñ D(A) �Ë ©�Ì�Í�Î�ã�è D(Aii)(i = 1, 2, · · · , m).�����	�
: 2003-09-08
�����

: �������	���������
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� Ç ÒÐì�� (vi, vj) ����Þ vi � vj ��ñ�� � vi = vj , ! ¢ ñ�µ�Ú�� vi ´�µ�Ú�"�� £ D(A)

ì�¥�� Ë ©�Ì�Í�Î�ã�è D(Aii) ì�¥���¾�ñ ( #�ó�Ú�$�% ), &�î�ÿ�'�� D(Aii) ò�Ã�Í�Î�ó��
¹ Dn(d) = {A|A ∈ Bn,A (�� d ��°�£�ü�)�� 1 ≤ d ≤ n},

Hn(d) = {A|A ∈ Dn(d) * A ∈ NDn}.

��� A + πAπ−1 (π � õ ö Æ�� ) ,�´�µ�õ ö�÷�ø �¡¹�µ A ≈ πAπ−1. £�¶�·�¸�­�-�.�/0 �21�3�¥�4 ��5 ô�¨�6�7�8�9 � ¨�6�7�:��������; � k(A), <�=ÐÓ�����>�?�@��A�B
A

[2] £�¥�¦�� A ∈ NDn, k(A) ≤ (n − 2)2 + 2, k(A) = (n − 2)2 + 2 É�*�C�É � õ ö÷�ø ¦�D���� A = (aij), åÐì j = i + 1, aij = 1, i = 1, 2, · · · , n − 1, an,3 = 1, an−1,1 = 1, å�E
aij = 0.A�B

B £�¥�¦�� A ∈ Hn(d) * A ∈ Pn, k(A) ≤ 2n− d − 1, *�F�ù�G�H � Ä�$�9 � ���I�J £ A ��æ�ç��ÐÏ�Ñ D(A) ì�¥���" vi, K�L�M�N�µ n − d ��O�P � ����Ú��¡»Ð� ¢
Ú�"�Q�¨�L�M�N n− 1 ��O � 9�¥���" vj , � � γ(vi, vj) ≤ (n− d) + (n− 1) = 2n− d− 1, Þ�»
γ(A) = γ(D(A)) = max1≤i,j≤n γ(vi, vj) ≤ 2n − d − 1.

Ñ 1

R�S Ô�� γ(vd+1, vn) = 2n − d − 1 = γ(D). 2A�B
C

[2] £�¥�¦�� A ∈ NDn * A 6∈ NBn, k(A) ≤ (n − 3)2 + 3, k(A) = (n − 3)2 + 3 É
*�C�É � õ ö�÷�ø ¦�D�� A = (aij), åÐì j = i + 1, aij = 1, i = 1, 2, · · · , n − 3 T an−2,1 = 1,

an−1,3 = 1, an,1 = 1, å�E aij = 0.U
1970 V�$�'���W�X�Y�V�Z��¤£�Ä�Å�����Æ���¶�·�¸�­���/ 0 á�â�[ ��\�]�^`_�� [1] Þa�b Ä�Å�����£ � ����c��ÐÏ�Ñ�d�e��gf�h�i�j�k�^�l�m�¶�·�¸�­�n�l�m�À Á �go�p�j�q � ó��

����c�i�F�r�� k(D) ≤ n + s0(n0/f0 − 2), åÐì s0 � D ��s�Ì�ã�èÐìts�¨�©�u�N���¨�6�v��
n0 � D ��¨�6�Ì�ã�èÐìt:�Ù�"�­�� f0 � D ��:���u�N���¨�6�w�Å�­���Þ ¢ ��x�f�ó�/ 0 Ä�Å
����������¶�·�¸�­���/ 0 �¡Ò [4],[5] + [6] / 0 ó�y¡ª�z���������¶�·�¸�­���F�r�+ Ë ���
°�{ [3] ìt:�ù�� £�����|�}�~�à�����c�����������¶�·�¸�­���/ 0���� x�� � Ç Ò � [3],[4]

+ [5] ������F�q � ó�$���^��2����c�i�?�@��
£�¥�¦�� A ∈ Hn(d), �

k(A) ≤
{

(n − d − 2)2 + 2, 1 ≤ d ≤ sn

2n − d − 1, sn ≤ d ≤ n,

åÐì sn =
⌊

2n−5−
√

4n−3
2

⌋

.
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� *�£�F�ù�9 � F�r�������º������������
2 H

n
(d) ���������������

� ������� n ��������������� Bn +�$ {1, 2, · · · , n} µ���"���� n ���ÐÏ�Ñ�������Z�Ä  ±�����£ � [1].
� ��´ A ∈ Bn :�£ � ���ÐÏ�Ñ D(A) = (V, E) µ A ��æ�ç��ÐÏ�Ñ��¡åÐì

V, E ã�¡�µ D ����"���+�ñ���� � ����n�Ñ���²�¢�£ � ���Â£�Ã�Ä�Å������ á�â Ä�Å������ ÇÈ ����� á�â Ä�Å Ç�È ������/ 0�£�¤ F�ò � ã�¡�£�Ì�Í�Î��ÐÏ�Ñ�� Ë ©�Ì�Í�Î��ÐÏ�Ñ�� Ç�È �
Ï�Ñ�� Ë ©�Ì�Í�Î Ç�È �ÐÏ�Ñ���/ 0 � Þ�»��¦¥�£ Hn(d) ��/ 0 � Ä�$�§�¨�µ�£�(�Ù d ��Ú�"
� ��© � Ë ©�Ì�Í�Î�ã�è����ÐÏ�Ñ���/ 0 �A�B

1
�

A ��ª ��ß�ú (1.1) �������¡£�¥�¦ A ∈ Hn(d), �
k(A) ≤

{
(n − d − 2)2 + 2, 1 ≤ d ≤ sn,
2n− d − 1, sn ≤ dn ≤ n,

åÐì sn =
⌊

2n−5−
√

4n−3
2

⌋

I�J �
Hn(d) ��¥�������µ A, å�æ�ç��ÐÏ�Ñ�µ D, !��«�¬

1 D µ�Ù d ��Ú�� Ë ©�Ì�Í�Î��ÐÏ�Ñ��2!Ð��ô�­ B ��� k(D) ≤ 2n − d − 1.«�¬
2 (1) D µ�Ù d ��Ú���ª�Ì�Í�Î ( í�ý�����ã�è�þ � Ë ©�Ì�Í�Î ) �ÐÏ�Ñ

(2) £�� D ��¯�����ã�è Di(ni = |V (Di)|) � Ù di ��Ú��2! k(Di) ≤ 2ni − di − 1.

(3) � Dj Ã�Ù�Ú��2!Ð� [2] ì�ô�­ 1 � k(Dj) ≤ (nj − 2)2 + 2.

(4) ��� Di ì © Ù�� di ��Ú��2® ni ≤ n − (d − di) = n + di − d, Þ�»
k(Di) ≤ 2(n + di − d) − di − 1 = 2n + (di − d) − d − 1 ≤ 2n− d − 1 (di ≤ d).

(5)   Dj Ã�Ù�Ú��2® nj ≤ n − d, ® k(Dj) ≤ (n − d − 2)2 + 2.

(6) ¯ k(vi, vj) = k(D).

W (vi, vj) µ vi � vj :���°�±������ P (vi, vj) ∈ W (vi, vj) :��Ð� vi � vj ��°�±�: R�²
� Ë ©�Ì�Í�Î�ã�è�¹�µ D1, D2, · · · , Dr .«�³

2.1 vi � vj ��:���°�±�Ã R�² ¥���Ú�"�� ¢ Ê � :���²�|�Í�Î�ã�è D1, D2, · · · , Dr

ì���"�:�´���µ���¶�Ñ�µ D0, ! n0 ≤ n − d, � [2] ìt·�Ö 1 �
k(D0) ≤ (n0 − 2)2 + 2 ≤ (n − d − 2)2 + 2,

:�$ k(D) = k(vi, vj) ≤ k(D0) ≤ (n − d − 2)2 + 2.«�³
2.2 W (vi, vj) ì�§ � ¯���¾Ð� vi � vj ��°�±�K�¸ R�² ����Ú�"��

vi = u = u1 vj = v = vr.

�
P (u, v) = W (u1, v1)+v1u2+W (u2v2)+v2u3+· · ·+W (ur, vr), åÐì W (ui, vi) µ P (ui, vj)

� Di ì���°�±��
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Di ì���Ú�"�µ di ����Ã�¹ � D1 ì�� d1 ��Ú�"��t!�Þ u ��º��tK�L�M n1 − d1 ��O�N
n�¯�Ú�" x

÷�»�¼ �¡Ø�'�Q�Þ x ��º��2K�L�M n1 − 1 ��O�N � 9 v1,

Þ�» u � v ��O�N ≤
r∑

i=1

(ni − 1) + (r − 1) + (n1 − d1)

=

r∑

i=1

ni − r + r − 1 + n1 − d1 (n1 ≤ n − (d − d1))

≤ n − 1 + n1 − d1 ≤ n − 1 + n − (d − d1) − d1

= 2n − d − 1,

ê k(vi, vj) ≤ 2n − d − 1.«�¬
3 ½���¾�¿ 1,2 �

k (vi, vj) ≤ max
{

(n − d − 2)
2

+ 2, 2n− d − 1
}

≤
{

(n − d − 2)2 + 2, 1 ≤ d ≤ sn

2n − d − 1, sn < d ≤ n

åÐì
sn =

⌊
(2n − 5) −

√
4n − 3

2

⌋

.

A�B
2 F�ù�?�@ ��À�Á q � ���¡ê�É d ≥

⌊
(2n−5)−

√
4n−3

2

⌋

Ê � k(A) = 2n − d − 1 Ä�$
9 � �¡É 1≤ d ≤

⌊
(2n−5)−

√
4n−3

2

⌋

Ê � k(A) = (n − d − 2)2 + 2 Ä�$�9 � �I�J �

A1 =
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,

A2 =





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


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

n−d
︷ ︸︸ ︷

0 1
· ·

· ·
· 1
· 0

0
0

0
0

1
0

0
0

0
1

1 1
· ·

· ·
· 1
· 1







d




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


,
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Á S Ô k(A1) = (n − d − 2)2 + 2, k(A2) = 2n− d − 1.A�B
3 � 1≤ d ≤ (2n−5)−

√
4n−3

2 , A ∈ Hn(d), ! k(A) = (n − d − 2)2 + 2, É�*�C�É

A ≈


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
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

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

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












( )n d
2 1.

åÐì (*) m�ã���ý���)�Â�Ä�µ 1 Ã 0.I�J
(1)
�

A õ ö�÷�ø � (2.1) ú�Ä�Å���ã�ä������
¹

B =













0 1
0 0
... ...
... ...
... ...
1 0 ... ... ... 0 1
0 0 1 ... ... 0 0













(n−d)×(n−d)

.

��ô�­ A, k(B) = (n − d − 2)2 + 2, � �
k(A) ≥ k(B) = (n − d − 2)2 + 2

Æ ��Æ�Ç�����ô�­ 1 Ä�� k(A) ≤ (n − d − 2)2 + 2, ® k(A) = (n − d − 2)2 + 2.

(2) � A ∈ Hn(d), * k(A) = (n− d− 2)2 + 2, � A ∈ Hn(d)∩NBn, ! A ∈ Hn(d)∩NPn,

��ô�­ B, k(A) ≤ 2n − d − 1 < (n − d − 2)2 + 2, È�É��2® � A ∈ Hn (d) ∩ NDn , Ã�¹ � A ª
� (1.1) ��ß�ú (m ≥ 2).Ê

D (A) ��Ë���Ã�Ì�Ì�Í�Î�ã�è���"�´�����"�£�ã���{���û�à�Í
w1 = {(u, v)|u, v Ë���Ã�Ì�Ì�Í�Î�ã�è�*�§ � ¯�¾Ð� u � v ��K�¸ R�² ����Ú�"���°�± }
w2 = {(u, v)|u, v Ë���Ã�Ì�Ì�Í�Î�ã�è�*�§ � � u � v ��°�±��¡í�:��Ð� u � v ��°�±�þ

Ã R�² :���Ú�" }
w3 = {(u, v)|u, v Ë���Ã�Ì�Ì�Í�Î�ã�è�* u � v Î�Ú�" }
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1 Ñ���¯�� i, 1 ≤ i ≤ m, ®�q D (Aii)
[ ��Ú�"��2Ò�!�� � i = 1, 2, · · ·, m, D (Aii)Ó Ù�Ú�"�� � D (Aii) ì�þ�Ù di ��Ú�"�� 1 ≤ di ≤ d , ��ô�­ B,

k (Aii) ≤ 2 |V (D (Aii))| − di − 1 ≤ 2 (di + n − d) − di − 1

= 2n− d − 1 + (di − d) ≤ 2n − d − 2 (di < d) .

¯ h = 2n− d − 2, ! Ah
ii = Ah+p

ii , p � A ��À Á � ¢ Ê P = 1.
�

Ah =







Ah
11

C21 Ah
22

...
Cm1 Cm2 ... Ah

mm







,

Ah+p =







Ah+p
11

D21 Ah+p
22

...
Dm1 Dm2 ... Ah+p

mm







(2.2)

� ��ã�Ô�¢�¾�ß�Õ�Ö�Í«�³
1. � Aij ��µ 0 (i 6= j), ! Cij = Dij = 0, Þ�» Ah = Ah+p.«�³
2. � Aij Ã���µ 0 (i 6= j),

¢ Ê ©�Õ�a�Ö Ã � D(A) ��Ì���Ì�Í�Î�ã�èÐì���"�£��«�³
2.1. � (u, v) ∈ w3, ! k (u, v) = 0.«�³
2.2. � (u, v) ∈ w2, �t× � w2 = ϕ, ! k (u, v) = 0.«�³
2.3. � (u, v) ∈ w1,

� � u � v ��¯�¾�°�± w (u, v)
R�² ¯�Ú�"��¡ÿ�: R�² � Ë ©�Ì

Í�Î�ã�è�ã�¡�µ D (At1t1), D (At2t2) , · · · , D (Atsts
). � D (Atiti

) ì R�² °�±�µ w (ui, vi), � �
w (u, v) = w (u1, v1) + v1u2 + w (u2, v2) + v2u3 + · · · + w (us, vs) · · · + w(us, vs),

åÐì u1 = u, vs = v.� ²Û¾`°`± R`² D(Atj tj
) ìÂ�ÛÚ`"Û�2Q � D

(
Atjtj

) ìÂÚ`"Û�Û­Ûµ dtj
, D

(
Atjtj

) �Û­Ûµ
ntj

.

����ý�� D (Atiti
) ì�� ui � vi ��N�Ø ≤ |V (Dtiti

)| − 1 ��O��¡» � D
(
Atjtj

) ì��2Ù�Þ
uj ��º�K�L R N�Ø�µ ∣

∣V
(
D

(
Atjtj

))∣
∣ − dtj

��O�Ñ�n�¯���Ú�" »�¼ �2Q � ¢ Ú`"�M`K�L`N`Ø�µ
∣
∣V

(
D

(
Atj tj

))∣
∣ − 1 ��O � 9 vj , ®Ð� u � v Ñ���N�Ø�µ

w ≤
s∑

i=1

(|V (D (Atiti
))| − 1) + (s − 1) +

(
ntj

− dtj

)
≤ n − 1 + (ntj

− dtj
) � R�² Ú�"���°

±��
��ª�Ú�"�ã�� � L������ Ë ©�Ì�Í�Î�ã�èÐì��2! ntj

− dtj
< n − d, � w ≤ 2n − d − 2.

��ª�Ú�"�ã�� � ��� Ë ©�Ì�Í�Î�ã�èÐì��¦! u,v ����Ñ�µ�Ú�"�� ¢ Ê � � u � v Ñ���N�Ø
µ w ≤

s∑

i=1

(|V (D (Atiti
))| − 1) + s − 1 ≤ n − 1 ≤ 2n − d − 2 ��°�±��Ú ¦ � w ≤ 2n − d − 2, Û�Ü�Ú�"���� u � v Ñ���N�Ø�µ h + h + p ��°�±��

²�³�£ D (A) ��Ã � Ì�� Ë ©�Ì�Í�Î�ã�èÐì���"�£ (u, v), � u � v ��N�µ h = 2n− d− 2

��°�±�É�*�C�ÉÐ� u � v ��N�µ h+p ��°�±���®�£�:�� i,j , i 6= j, Cij = Dij , Þ�» Ah = Ah+p

® k (A) ≤ h = 2n − d − 2 < (n − d − 2)
2
+ 2, È�É��2?�Ö�µ�Ý��
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Ï�Ð
2 £ i = 1, 2, · · ·, m, K�L������ i, ® D (Aii) Î�Ú�"��2Ò�!�� � K�¸���Ô�� Ë ©�Í

Î�ã�è Ó Ã�Ù���Ú�"��
� D (Aii) Î�Ú�"��2!Ð��ô�­ A,

K (Aii) ≤ (|V (D (Aii))| − 2)
2

+ 2 ≤ (n − d − 1 − 2)
2

+ 2 ≤ (n − d − 2)
2

+ 1.

� D (Aii) ��Ú�"��2!Ð��ô�­ B,

K (Aii) ≤ 2 |V (D (Aii))| − di − 1 ≤ 2 (di + n − d − 2) − di − 1 ≤ 2n − d − 2,

²�Þ di ��� D (Aii) ì�Ú�"���­��
¯ h = (n − d − 2)2 + 1, ! Ah

ii = Ah+p
ii (i = 1, 2, · · ·, m), p � A ��À Á � ��

Ah, Ah+p ª �àß 2.2 á ì���ß�ú��
��Ç�ã�Ô�¢�¾�ß�Í«�³

1. � Aij ��µ 0(i 6= j), ! Cij = Dij = 0, Ah = Ah+p.«�³
2. � Aij Ã���µ 0(i 6= j),

a�Ö
D (A) ��Ë���Ã�Ì Ë ©�Ì�Í�Î�ã�èÐì���"�:�´�����"

£�� «�³
2.1. � (u, v) ∈ w3, ! k (u, v) = 0.«�³
2.2. � (u, v) ∈ w2,

� � u � v ��°�±�: R�² � Ë ©�Ì�Í�Î�ã�è�µ�����¶�Ñ�µ D0, ×
Ø�� D0 ª�Ì�Í�Î�*�Î�Ú�"���� [2] ì�ô�­ 3 �

k (D0) ≤ (n − d − 3)2 + 3 ≤ (n − d − 2)2 + 1 = h.

®�£ w2 ì���"�£ (u, v), � u � v ��N�µ h ��°�±���É�*�C�ÉÐ� u � v ��N�µ h + p ��°�±��«�³
2.3. � (u, v) ∈ w1, à ø ��?�Ö 1 ì���Õ�Ö���� u � v ��N�µ

w ≤
s∑

i=1

(|V (D (Atiti
))| − 1) + s − 1 +

(
ntj

− dtj

)
≤ n − 1 +

(
ntj

− dtj

)

≤ n − 1 + n − d − 2 ≤ (n − d − 2)
2

+ 1

� ² Ú`"Û�`°`±Û�¡²`Þ Atjtj
, ntj

, dtj
�Û¦`D`Ì`?ÛÖ 1 �Û³Û�2Û`ÜÛÚ`"Û��� u � v �`N`ØÛµ

(n − d − 2)
2

+ 1 = h + h + p ��°�±��
²Û³Û£ D (A) �ÛÃ � ÌÛ�ÛÌÛÍÛÎÛãÛè ìÂ�`" �Û� �`" £ (u, v), � u � v �`NÛµ h =

(n − d − 2)2 +1 ��°�±�É�*�C�ÉÐ� u � v ��N�µ h+ p ��°�±���®�£�:�� i, j, i 6= j, Cij = Dij ,

Þ�» Ah = Ah+p, k (A) ≤ h < (n − d − 2)
2

+ 2, È�É��2?�Ö�â�µ�Ý��
�t?�Ö 1, 2, � A11, A12, · · · , Amm (m ≥ 2) ì�� (�������� � µ Ai0i0 , ®�q D (Ai0i0) Î�Ú"��¡å�E D (Aii) (i 6= i0) þ���Ú�"��Ï�Ð

3 K (Ai0i0) = (n − d − 2)
2
+2. Ò�!�� � K (Ai0i0) < (n − d − 2)

2
+2, É i 6= i0 Ê �

D (Aii) ��Ú�"�����ô�­ B �
K (Aii) ≤ 2 |V (D (Aii))| − di − 1 ≤ 2 (n − d − 1 + di) − di − 1 ≤ (n − d − 2)

2
+ 1.

à ø ��?�Ö 2 Ôäã�Ä�q�� k (A) < (n − d − 2)
2

+ 2, È�É��2?�Ö�µ�Ý��
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� � D (Ai0i0) Î Úå" �æ* �ç? Ö 3, k (Ai0i0) = (n − d − 2)
2
+2, � ôå­ A � � |V (D (Ai0i0))| =

n − d, Þ�» D (Aii) (i 6= i0) ì���"�þ � Ú�"��¦QÐ��ô�­ A ��� A(i0, i0) ≈ B, � � ��ô�­ D �
A õ ö�÷�ø � (2.1) ú�Ä�Å���ã�ä������ 2
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The Index of Convergence of Nearly Reducible Block Matrices

JIANG Zhi-ming1, WANG Zong-yao1, LIU Bo-lian2

(1. Dept. of Math., East China University of Science and Technology, Shanghai 201512, China;
2. Dept. of Math., South China Normal University, Guangzhou 510631, China )

Abstract: Let Hn(d), 1 ≤ d ≤ n, be the set of nearly reducible Boolean block matrices of order n with
exact d non–zero diagnols. The index of convergence of a matrix A is denoted by k(A). This paper
solves the problem for the exact upper bound of k(A) completely. The following result is proved:

k (vi, vj) ≤ max
{
(n − d − 2)2 + 2, 2n − d − 1

}

≤
{

(n − d − 2)2 + 2, 1 ≤ d ≤ sn

2n − d − 1, sn < d ≤ n

sn =

⌊
(2n − 5) −

√
4n − 3

2

⌋

.

And we give complete characterization for the extreme matrices with the largest convergent index in
Hn(d).

Key words: Boolean matrix; convergent index; exact upper bound; extreme matrix.


