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Fixed Points of Order Convex Maps in Ordered Banach Spaces*

Huang Chunchao (% 5&31)
(Shandong University)

In this paper we discuss problems of the existence of fixed points of order
convex maps,

Lemma 1 1Let (E,P) be an OBS,S, ={xEP||x|=1}. Suppose f; S,—>S, isa
completely continuous map, Then f has fixed points in §,.

Lemma 2 Let (E,P) be an OBS whose positive cone is normal and has nohempty
interior, Suppose f; P—P is a continuous, order increasing convex map, f(0) = 0;
J0«x<y such that 0<<f(¥)«¥, f(¥)>y, Then there exist a convex subset HCP
and a positive number r such that HDB, (B, = {x€p||lx||<r})and f(H)CH, f(6H) C0H.

Lemma 3 For the set H in Lemma 2, T, x+>x/|x|| is a homeomorphism from

[ ] -]
0HDPonto S, NP,
Lemma 4 Let f; 9H—>9H be completely continuous, u &P ,|ull =1,then for any

0<e<%, there exists x, C3H N 1; such that

f(x) +2ellf (x|l x,
fxo) +2e{lf e llull ~ (1]l ©

Proof Put P,(u) = {x € P|x=>e|/x|u},then P,(u)is a cone and gH N P, (u)is bounded,

(1)

. -1 2 -1 . .
Obviously B; x> ”’}((Ilz_l;‘)) :zjlill){gg";)lllztﬂ (xES,NP,(w)) is completely continuous

from §, NP,(u) into §, NP, (1),
Therefore,by Lemma 1, there exists x/ €S, N P,(u) such that
FCrixl) + 2e(f(T %D |luw _
IFCT™ %0y + 2e[[f (T ') [[u]|
Let x, =T 'x/, then x/ =Tx,=x,/||x,]|. Consequently, x, satisfies( 1),
Theorem 1 Let f, P—P be a completely continuous, order increasing convex

x2. 1)

map, f(0) =0, Suppose the following three conditions are satisfied:
(1) 30«kx<y such that f(¥) <K%, f(F)>7;

(ii) ZueP,|lull=1 and ¢>>0 such that f2(x)=a|f2(x)|u, YXEP;
(iii) There exists a continuous function ¢; R,—>R, such that f (tx) <@ (£)f(x),
VXEP, tER,,
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Then f has at least one fixed point in P.
Theorem 2 Let f; P—>P be a completely continuous, order increasing convex

map, f(0) =0, Suppose that the following two conditions are satisfied:
(1)’ 30« x<y such that £(¥)Kx, f(¥y)>¥y;
(ii)’ EIMEI;,HuII=1 and a>0 such that f(x)=alf(x)|u.

Then f has at least one point in 1;

Proof of theorem i and 2 Under the conditions of theorem 1 or theorem 2,
it is easy to show, by lemmas 1-4, that for any 0<e<lT,there exists x, € gH satis-
fying (1), and that the set {x,} is bounded. Hence, since f is completely continuous,
the set {f(x,)} is compact. Therefore, we can choose a sequence of number &,—>0 as
n—» + co such that f(x,) and ||x, || are both convergent, By(1), x,, is also convergent,

We assume that x,,—»xEP as n—»+oco, Now, putting x,=x,, in formula (1), we

obtain (letting n—> + oo) the equality “;E;; T = H::“ . Since gH i; closed and f(3H)

CodH, it follows that x€9H and f(x) €§H, By lemma 3, we obtain f(x) =x, By
the condition (ii) of theorem 1 or (ii)’ of theorem 2, we have xEI;.

Applying Theorems 1—-2 to nonlinear integral equations of Hammerstein type,
we obtain correspondently the following

Theorem 3 Let Q be a bounded closed domain in Euclidean space R" and p>>1.
Suppose that K(x,y) is non-negative and continuous on @ x Q. and gK(x,z)K(z,y) dz

>0, V(x,¥)ENxQ, Then equation
| KGa» 9oy dy—9 (0 =0

has at least one positive continuous solution,

Theorem 4 Let Q be a bounded closed domain in Euclidean space R". Suppose
K(x,y) is continuous on Qx Q and K(x,y)=m >0, and f; R,—~»R, is a continuous,
convex function satisfying

1im S =0, lim—f—(r—)~=+oo
ro40 T rete I

Then equation

LK(x,y)f(‘P(y))dY—W(x) =0

has at least one positive continuous solution,
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