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1. Introduction

Let B be the open unit ball of C
n, and let H(B) be the set of all holomorphic functions

on B. A positive continuous function ϕ on [0, 1) is called normal if there are three constants

0 ≤ δ < 1 and −1 < a < b such that

ϕ(r)

(1 − r)a
is decreasing on [δ, 1) and lim

r→1

ϕ(r)

(1 − r)a
= 0; (1.1)

ϕ(r)

(1 − r)b
is increasing on [δ, 1) and lim

r→1

ϕ(r)

(1 − r)b
= ∞. (1.2)

We extend it to B by ϕ(z) = ϕ(|z|). For 0 < p < ∞ the weighted Bergman space Ap
a(ϕ) is the

space of all functions f ∈ H(B) for which

‖f‖p,ϕ =
(

∫

B

|f(z)|pϕ(z)dv(z)
)

1
p

< ∞.

Moreover, Hu [1] shows that

‖f‖p,ϕ ≃ |f(0)| +
(

∫

B

|ℜf(z)|p(1 − |z|2)pϕ(z)dv(z)
)

1
p

(1.3)

for all f ∈ H(B). Here and afterward, the expression A(f) ≃ B(f) means there exists C such

that for all f , C−1A(f) ≤ B(f) ≤ CA(f), where C stands for finite positive constant whose

value may change from line to line but independent of f .
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For g ∈ H(B), the extended Cesàro operator Tg on H(B) is defined by

Tgf(z) =

∫ 1

0

f(tz)ℜg(tz)
dt

t
, z ∈ B,

where ℜg(z) =
∑n

j=1 zj
∂g(z)
∂zj

is the radial derivative of g. The boundedness and compactness

of Tg on the Bergman spaces have been characterized by many authors [1–3]. Moreover, the

same problems of Tg on many function spaces, such as mixed norm spaces, Hardy spaces, Bloch

type spaces, Dirichlet type spaces and Zygmund spaces, have been studied [2, 4–9]. Our work is

to obtain the necessary and sufficient condition for g such that Tg is bounded or compact from

Ap
a(ϕ1) to Aq

a(ϕ2) for all 0 < p, q < ∞.

2. Some preliminary results

For z ∈ B and r > 0, denote by E(z, r) the Bergman ball on B. It is well known that

|E(z, r)| ≃ (1 − |z|2)n+1 and

|1 − 〈z, w〉| ≃ 1 − |z| ≃ 1 − |w|, ϕ(z) ≃ ϕ(w) for w ∈ E(z, r). (2.1)

Suppose 0 < p, q < ∞. A finite positive Borel measure µ on B is called a (p, q)−ϕ Carleson

measure if

sup
a∈B

µ(E(a, r))

(1 − |a|)
(n+1)q

p ϕ(a)
q

p

< ∞.

Moreover, if

lim
|a|→1

µ(E(a, r))

(1 − |a|)
(n+1)q

p ϕ(a)
q

p

= 0,

then µ is called a vanishing (p, q) − ϕ Carleson measure.

Lemma 2.1 ([10]) For any r > 0, there exists a sequence {aj} ⊆ B satisfying:

(1) B =
⋃∞

j=1 E(aj , r);

(2) There is a positive integer N such that each point in B belongs to at most N of the sets

E(aj , 2r).

Lemma 2.2 Let 0 < p ≤ q < ∞, and let ϕ be normal. Suppose µ is a finite positive Borel

measure on B, then the following statements are equivalent:

(1) The identity operator i : Ap
a(ϕ) → Lq(µ) is bounded;

(2) µ is a (p, q) − ϕ Carleson measure.

Furthermore,

‖i‖ ≃ sup
a∈B

µ(E(a, r))
1
q

(1 − |a|)
n+1

p ϕ(a)
1
p

. (2.2)

Proof (1)⇒(2). For any a ∈ B, set

fa(z) =
(1 − |a|2)β

ϕ(a)
1
p (1 − 〈z, a〉)

n+1
p

+β
, z ∈ B. (2.3)
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Here β is large enough. Then, ‖fa‖p,ϕ ≤ C by [1]. (2.1) yields

µ(E(a, r))

(1 − |a|)
(n+1)q

p ϕ
q

p (a)
≤ C

∫

B

|fa(z)|qdµ(z) ≤ C‖fa‖
q
p,ϕ ≤ C. (2.4)

(2)⇒(1). For f ∈ H(B), we have

|f(z)|p ≤
C

|E(z, r)|

∫

E(z,r)

|f(w)|pdv(w)

≃
1

ϕ(z)(1 − |z|)n+1

∫

E(z,r)

|f(w)|pϕ(w)dv(w).

Hence,

sup
z∈E(a,r)

|f(z)|p ≤
C

ϕ(a)(1 − |a|)n+1

∫

E(a,2r)

|f(w)|pϕ(w)dv(w). (2.5)

This implies
∫

B

|f(w)|qdµ(w) ≤

∞
∑

j=1

∫

E(aj ,r)

|f(w)|qdµ(w)

≤

∞
∑

j=1

µ(E(aj , r))
(

sup
w∈E(aj,r)

|f(w)|p
)

q

p

≤

∞
∑

j=1

µ(E(aj , r))

ϕ(aj)
q

p (1 − |aj |)
(n+1)q

p

(

∫

E(aj ,2r)

|f(w)|pϕ(w)dv(w)
)

q

p

≤ NC
(

∫

B

|f(w)|pϕ(w)dv(w)
)

q

p

.

This, together with (2.4), we have (2.2). 2

Lemma 2.3 ([1]) Let 0 < q < p < ∞, and let ϕ be normal. Suppose µ is a finite positive Borel

measure on B, then a necessary and sufficient condition for a constant G > 0 to exist such that

(

∫

B

|f(z)|qdµ(z)
)

1
q

≤ G
(

∫

B

|f(z)|pϕ(z)dv(z)
)

1
p

for all f ∈ Ap
a(ϕ) is that

∫

B
µ̂(z)sϕ(z)dv(z) < ∞, where 1

s
+ q

p
= 1, µ̂(z) = µ(E(z,1))

(1−|z|2)n+1ϕ(z) .

Furthermore,
(

∫

B

µ̂(z)sϕ(z)dv(z)
)

1
s

≤ CGq. (2.6)

Lemma 2.4 Let 0 < p ≤ q < ∞, and let ϕ be normal. Suppose µ is a finite positive Borel

measure on B, then the following statements are equivalent:

(1) The identity operator i : Ap
a(ϕ) → Lq(µ) is compact;

(2) µ is a vanishing (p, q) − ϕ Carleson measure.

Proof (1)⇒(2). For a ∈ B, define the test function as (2.3), then ‖fa‖p,ϕ ≤ C, and {fa}

converges to 0 uniformly on any compact subset of B as |a| → 1. It follows that

0 ≤
µ(E(a, r))

(1 − |a|)
(n+1)q

p ϕ
q

p (a)
≤ C

∫

B

|fa(z)|qdµ(z) → 0, |a| → 1.
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(2)⇒(1). For any r > 0, by Lemma 2.1, we can choose a sequence {aj} ⊆ B with |aj | → 1 as

j → ∞ satisfying (i) B =
⋃∞

j=1 E(aj , r); (ii) There is a positive integer N such that each point

z ∈ B belongs to at most N of the sets E(aj , 2r). Then for any ε > 0, by (2), there exists a

positive integer J0, if j > J0,

µ(E(aj , r))

(1 − |aj |)
(n+1)q

p ϕ
q

p (aj)
< ε. (2.7)

Suppose {fk} is any norm bounded sequence in Ap
a(ϕ) and fk → 0 uniformly on each compact

subsets of B. We claim that limk→∞ ‖fk‖Lq(µ) = 0. In fact, by (2.5) we obtain

‖fk‖
q

Lq(µ) ≤
(

J0
∑

j=1

+

∞
∑

j=J0+1

) µ(E(aj , r))

ϕ(aj)
q

p (1 − |aj |)
(n+1)q

p

(

∫

E(aj ,2r)

|fk(w)|pϕ(w)dv(w)
)

q

p

= I1 + I2.

On the one hand, for 1 ≤ j ≤ J0, E(aj , 2r) is a compact subset of B, then I1 < ε if k is

sufficiently large. On the other hand, (2.7) yields

I2 ≤ CNε
(

∫

B

|fk(w|pϕ(w)dv(w)
)

q

p

< Cε.

Therefore, i : Ap
a(ϕ) → Lq(µ) is compact. 2

3. Main results

Theorem 3.1 Let g ∈ H(B), and let ϕ1, ϕ2 be both normal. Then Tg : Ap
a(ϕ1) → Aq

a(ϕ2) is

bounded if and only if

(i) For 0 < p ≤ q < ∞, supa∈B

(1−|a|)
q−

(n+1)q
p ϕ2(a)

ϕ

q
p

1 (a)

∫

E(a,r)
|ℜg(z)|qdv(z) < ∞. Moreover,

‖Tg‖ ≃ sup
a∈B

(1 − |a|)1−
n+1

p ϕ
1
q

2 (a)

ϕ
1
p

1 (a)

(

∫

E(a,r)

|ℜg(z)|qdv(z)
)

1
q

. (3.1)

(ii) For 0 < q < p < ∞,

∫

B

|ℜg(z)|
pq

p−q (1 − |z|2)
pq

p−q ϕ
p

p−q

2 (z)

ϕ
q

p−q

1 (z)
dv(z) < ∞. (3.2)

Moreover,

‖Tg‖ ≃
(

∫

B

|ℜg(z)|
pq

p−q (1 − |z|2)
pq

p−q ϕ
p

p−q

2 (z)

ϕ
q

p−q

1 (z)
dv(z)

)

p−q

pq

.

Proof First, for f, g ∈ H(B), by direct calculation we see ℜ(Tgf)(z) = f(z)ℜg(z). By (1.3)

and Tgf(0) = 0, the operator Tg : Ap
a(ϕ1) → Aq

a(ϕ2) is bounded if and only if there exists C

such that

‖Tgf‖
q
q,ϕ2

≃

∫

B

|f(z)|qℜg(z)|q(1 − |z|2)qϕ2(z)dv(z) ≤ C‖f‖q
p,ϕ1

(3.3)

for all f ∈ Ap
a(ϕ1). Set dµg(z) = |ℜg(z)|q(1 − |z|2)qϕ2(z)dv(z).
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(i) For 0 < p ≤ q < ∞, Lemma 2.2 means that (3.3) holds if and only if µg is a (p, q) − ϕ1

Carleson measure. Furthermore, (3.1) follows by (2.2).

(ii) For 0 < q < p < ∞, Lemma 2.3 yields that (3.3) holds if and only if
∫

B

µ̂g(z)sϕ1(z)dv(z) < ∞.

Since µ̂g(z) =
µg(E(z,1))

(1−|z|2)n+1ϕ1(z) ≥ C|ℜg(z)|q(1−|z|2)qϕ2(z)
ϕ1(z) , together with (2.6), we have

(

∫

B

|ℜg(z)|
pq

p−q (1 − |z|2)
pq

p−q ϕ
p

p−q

2 (z)

ϕ
q

p−q

1 (z)
dv(z)

)

p−q

p

≤ C
(

∫

B

µ̂g(z)sϕ1(z)dv(z)
)

1
s

≤ C‖Tg‖
q. (3.4)

Conversely, (1.3) and Hölder’s inequality yield

‖Tgf‖
q
q,ϕ2

≃

∫

B

|f(z)|q|ℜg(z)|q(1 − |z|2)qϕ2(z)dv(z)

≤
{

∫

B

[ |ℜg(z)|q(1 − |z|2)qϕ2(z)

ϕ
q

p

1 (z)

]

p

p−q

dv(z)
}

p−q

p

×
{

∫

B

[|f(z)|qϕ
q

p

1 (z)]
p

q dv(z)
}

q

p

≤
{

∫

B

|ℜg(z)|
pq

p−q (1 − |z|2)
pq

p−q ϕ
p

p−q

2 (z)

ϕ
q

p−q

1 (z)
dv(z)

}

p−q

p

· ‖f‖q
p,ϕ1

(3.5)

for any f ∈ Ap
a(ϕ1). Furthermore, (3.4) and (3.5) show

‖Tg‖ ≃
{

∫

B

|ℜg(z)|
pq

p−q (1 − |z|2)
pq

p−q
ϕ

p

p−q

2 (z)

ϕ
q

p−q

1 (z)
dv(z)

}

p−q

pq

. 2

Theorem 3.2 Let g ∈ H(B), and let ϕ1, ϕ2 be both normal. Then Tg : Ap
a(ϕ1) → Aq

a(ϕ2) is

compact if and only if

(i) For 0 < p ≤ q < ∞, lim|a|→1
(1−|a|)

q−
(n+1)q

p ϕ2(a)

ϕ

q
p

1 (a)

∫

E(a,r) |ℜg(z)|qdv(z) = 0.

(ii) For 0 < q < p < ∞, (3.2) holds.

Proof (i) Set µg(z) as in Theorem 3.1, then

‖Tgf‖
q
q,ϕ2

≃

∫

B

|f(z)|qℜg(z)|q(1 − |z|2)qϕ2(z)dv(z) =

∫

B

|f(z)|qdµg(z).

Thus, Tg : Ap
a(ϕ1) → Aq

a(ϕ2) is compact if and only if i : Ap
a(ϕ) → Lq(µg) is compact, which is

equivalent to that µg is a vanishing (p, q) − ϕ1 Carleson measure if 0 < p ≤ q < ∞ by Lemma

2.4.

(ii) The necessity is clear by Theorem 3.1. We will show the sufficiency. For any ε > 0, by

(3.2), there is some η ∈ (0, 1) such that

∫

B\Bη

|ℜg(z)|
pq

p−q (1 − |z|2)
pq

p−q
ϕ

p

p−q

2 (z)

ϕ
q

p−q

1 (z)
dv(z) < ε,

where Bη = {z ∈ B : |z| ≤ η}. Given any sequence {fj} ⊆ Ap
a(ϕ1) satisfying ‖fj‖p,ϕ1 ≤ 1 and

fj(z) → 0 uniformly on compact subsets of B, we will show limj→∞ ‖Tgfj‖q,ϕ2 = 0. Similarly
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to the proof of (3.5), we have

‖Tgfj‖
q
q,ϕ2

≃
(

∫

Bη

+

∫

B\Bη

)

|fj(z)|q|ℜg(z)|q(1 − |z|2)qϕ2(z)dv(z)

≤ C1 sup
|z|≤η

|fj(z)|q + C2

(

∫

B\Bη

|ℜg(z)|
pq

p−q (1 − |z|2)
pq

p−q
ϕ

p

p−q

2 (z)

ϕ
q

p−q

1 (z)
dv(z)

)

p−q

p

‖fj‖
q
p,ϕ1

< Cε,

if j is large enough. 2
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