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1 � ����
f(x, y) ∈ C(Ω) ����� Ω = [−π ≤x≤ π,−π ≤ y ≤ π], � f(x, y) ����� Fourier ������������

Snm(f ; x, y) =

n
∑

k=0

m
∑

l=0

(ak,l cos kx cos ly + bk,l sin kx cos ly + ck,l cos kx sin ly + dk,l sin kx sin ly),

� � ak,l, bk,l, ck,l, dk,l

�
f(x, y) ����� Fouerier �����������  �

(xk, yl) = (
2kπ

2n + 1
,

2lπ

2m + 1
),

��� k = 0, 1, 2, . . .2n, l = 0, 1, 2, . . .2m,
����¡

Snm(f ; x, y) ¢�£�¤ ��¥ ��¦�§ f(x, y) ��¦�¨© ����ª�«�¬�­�®�¯�°�±�²�³�´�¦�µ�¶ � �

Hn,m(f ; x, y) =
1

MN

2n
∑

k=0

2m
∑

l=0

f(xk, yl)(1 + 2

n
∑

α=1

cosα(x − xk) + 2

m
∑

β=1

cosβ(y − yl)+

4
n

∑

α=1

m
∑

β=1

cosα(x − xk) cosβ(y − yl)),

��� M = 2m + 1, N = 2n + 1, ·�¸�¹�º�� Hnm(f ; x, y) »�¼�½�¾�¿���À�´�¦���°�±�Á�Â�¹�ÃÄ ��Å�Æ�¢�Ç�È�É�Ê�®�Ë�Ì�Í�� ��Î�Ï ��Ì�Í�Ð��Ñ®�Ò�Ó�Ô ��Õ�Ö�×���Ø�Ù ρα,β, Ú���Û�Ü�Ý�Þß ¯�à�á �
(1) limn,m→∞ ρα,β = 1;

(2)
∫∫

Ω
|1+2

∑n

α=1 ρα,0 cosαt+2
∑m

β=1 ρ0,β cosβτ+4
∑n

α=1

∑m

β=1 ρα,β cosαt cosβτ |dtdτ ≤

A, ��� A
��â ��ãäæå�çéè
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��ï�ð�ñ ×���Ø�Ù ��ò Ùôó Ý�¢ôÇôÈ�ÉôÊ�®ôËôõ�ÌôÍôö�÷ô¯ôÁ�Âô� f(x, y) ∈ C(Ω)[1,2], ø�½�ù×���Ø�Ù � Õ�Ö �ú®�û�ü�®�¯�ý � �ú¢�þ�ÿ�� � ��� Õ�Ö�×���Ø�Ù ρα,β , Ú�­�ï�ð�ñ ×���Ø�Ù �
°ô±ô²ô³ô´ô¦ôµô¶ � Tnm(f ; x, y) ½ô¾ô¿ô�ôÀô´ô¦ô�ô°ô±ôÁôÂô¹ôÃ Ä �ôÅôÆô¢ôÇôÈôÉôÊô®ôËôÌ
Í�ã���� Õ�Ö�� Þ �

ρα,β =1 − (−
1

2
)

r1+1

2

r1+1
∑

i=0

(−1)i

(

r1 + 1

i

)

cosαδin − (−
1

2
)

r2+1

2

r2+1
∑

j=0

(−1)j

(

r2 + 1

j

)

cosβδjm+

(−
1

2
)

r1+r2
2

+1
r1+1
∑

i=0

r2+1
∑

j=0

(−1)i+j

(

r1 + 1

i

)(

r2 + 1

j

)

cosαδin cosβδjm,

� � δin = ( r1+1
2 −i)µn,δjm = ( r2+1

2 −j)µm »�� Û Ü Ó�	 � cos(n+1)µn = 0, cos(m+1)µm = 0,

µn = O( 1
n
), µm = O( 1

m
). ��ï�ð�ñ ×���Ø�Ù ρα,β ��°�±�²�³�´�¦�µ�¶ � �

Tn,m(f ; x, y) =
1

MN

2n
∑

k=0

2m
∑

l=0

f(xk, yl)(1 + 2

n
∑

α=1

ρα,0 cosα(x − xk) + 2

m
∑

β=1

ρ0,β cosβ(y − yl)+

4

n
∑

α=1

m
∑

β=1

ρα,β cosα(x − xk) cosβ(y − yl)).

2 
���
��
���

2.1 � p(x, y) ü�� HT
n,m � § f(x, y)

�
ð���������¦�²�³�µ�¶ � ���

|p(x, y) − f(x, y)| ≤ E∗

nm(f),

�
Tnm(p; x, y) =p(x, y) − (−

1

2
)

r1+1

2

r1+1
∑

i=0

(−1)i

(

r1 + 1

i

)

p(x − δin, y)−

(−
1

2
)

r2+1

2

r2+1
∑

j=0

(−1)j

(

r2 + 1

j

)

p(x, y − δjm)+

(−
1

2
)

r1+r2
2

+1
r1+1
∑

i=0

r2+1
∑

j=0

(−1)i+j

(

r1 + 1

i

)(

r2 + 1

j

)

P (x − δin, y − δjm).

��� ��� ÿ�� [2] ���� 2 � ��!#"�$ Tnm(p; x, y) ����%�&�'�!#" ã���
2.2 Þ�É���(�) ��*�+ �

(1) limn,m→∞ ρα,β = 1;

(2)
∫∫

Ω |1 + 2
∑n

α=1 ρα,0 cosαt + 2
∑m

β=1 ρ0,β cosβτ + 4
n
∑

α=1

m
∑

β=1

ρα,β cosαt cosβτ | ≤ A,
�

� A
��â ��ã
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��� ��% G(t) = 1 + 2
∑n

α=1 ρα,0 cosαt, H(τ) = 1 + 2
∑m

β=1 ρ0,β cosβτ , ��9�:�!#"
(

∫ π

−π

|G(t)|dt)(

∫ π

−π

|H(τ)|dτ) = A1A2 ≤ A.

;�< !#" � A1 = O(1). = ù
ρα,0 cosαt = cosαt − (−

1

2
)

r1+1

2

r1+1
∑

i=0

(−1)i

(

r1 + 1

i

)

cosα(t − δin).

>
Dn(t) = 1 + 2

∑n

α=1 cosαt, ��ð
G(t) = 1 + 2

n
∑

α=1

ρα,0 cosαt

= Dn(t) − (−
1

2
)

r1+1

2

r1+1
∑

i=0

(−1)i

(

r1 + 1

i

)

Dn(t − (
r1 + 1

2
− i)µn).

����?
hn,1(t) = 1

2 (Dn(t − µn) + Dn(t + µn)).

½�ù r1 = 1, 3, 5, 7, . . .

hn,r1
(t) = hn,1(t) −

1

2
(hn,r1−2(t − µn) − 2hn,r1−2(t) + hn,r1−2(t + µn)),

��ª�« ó Ý�@���A�B�C�Ô�!#"
hh,r1

(t) = G(t). (2.1);�<�D
r1 = 1 E�F r1 = 3 G�� (2.1)

��H�I�*�+ ã
� r1 = l G�� (2.1)

��*�+ ���
hn,l(t) = Dn(t) − (−

1

2
)

l+1

2

l1+1
∑

i=0

(−1)i

(

l + 1

i

)

Dn(t − (
l + 1

2
− i)µn).

� D r1 = l + 2 G��
Dn(t) − (−

1

2
)

l+3

2

l+3
∑

i=0

(−1)i

(

l + 3

i

)

Dn(t − (
l + 3

2
− i)µn)

= Dn(t) +
1

2
(−

1

2
)

l+1

2

2
∑

i=0

(−1)i

(

2

i

) l+1
∑

j=0

(−1)j

(

l + 1

j

)

Dn(t − (
l + 3

2
− i − j)µn)

= Dn(t) +
1

2

2
∑

i=0

(−1)i

(

2

i

)

Dn(t − (1 − i)µn) −
1

2

2
∑

i=0

(−1)i

(

2

i

)

{Dn(t − (1 − i)µn) − (−
1

2
)

l+1

2

l+1
∑

j=0

(−1)j

(

l + 1

j

)

Dn(t − (1 − i)µn − (
l + 1

2
− j)µn}

= hn,1(t) −
1

2
(hn,l(t − µn) − 2hn,l(t) + hn,l(t + µn))

= hn,l+2(t),
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� r1 = l + 2 G�� (2.1)

��*�+ ã�J#= ��A�B�C�Ô ó º���½�¾�¿�� r1, (2.1)
��*�+ ã

Þ�É�!#" �
∫ π

−π

|G (t)|dt ≤ A1,

� � A1

��â ��ã�� µn = O( 1
n
), »���Û�Ü�Ó�	 cos(n + 1)µn = 0.

1

2
(Dn(t − µn) + Dn(t + µn))

=
1

2
{
sin(n + 1

2 )(t − µn)

sin 1
2 (t − µn)

+
sin(n + 1

2 )(t + µn)

sin 1
2 (t + µn)

}

=
cos(n + 1)t sin(n + 1)µn sin µn

−2 sin 1
2 (t − µn) sin 1

2 (t + µn)
.

ù�ü�K�@ Dn(t) L�Ð�§�½�M�Ð�ð
∫

E

|hn,1(t)|dt = 4
(

∫ 2µn

0

+

∫ π

2
−µn

2µn

+

∫ π

2

π

2
−2µn

)

|hn,1(t)| dt

= α1 + α2 + α3.

½�ù α1, α3, ð µn = O
(

1
n

)

, ø#= ù |Dn(t)| ≤ n + 1, ð |α1| ≤ c1, |α3| ≤ c2, ½�ù α2, K�@�Ê�É��!#" §�N�O �
2

π
t ≤ sin t ≤ t, 0 ≤ t ≤

π

2

ð
|α2| ≤ c3

∫ π

2
−µn

2µn

µn

(t − µn)(t + µn)
dt =

c3

2
(ln

t − µn

t + µn

)|
π

2
−µn

2µn
≤ c4,

¢�£�P ci (i = 1, 2, 3, 4) Q ��â ��ãR�S
α1, α2, α3,

ó ­
∫ π

−π

|hn,1(t)|dt ≤ c5,

� ∫ π

−π
|G (t)|dt ≤ A1,

©  ó ! ∫ π

−π
|H(τ)|dτ ≤ A2, £�T�!#"�U�V� 2.2

*�+ ãW��
2.1 X f(x, y) ∈ C(Ω), � limn,m→∞ Tnm(f ; x, y) = f(x, y) ¢�Ç�È�É�Ê�®�Ë *�+ ã��� H�I ��½�ù ×���Ø�Ù ρα,β ,

lim
n,m→∞

ρα,β =1 − (−
1

2
)

r1+1

2

r1+1
∑

i=0

(−1)i

(

r1 + 1

i

)

− (−
1

2
)

r2+1

2

r2+1
∑

j=0

(−1)j

(

r2 + 1

j

)

+

(−
1

2
)

r1+r2
2

+1
r1+1
∑

i=0

r2+1
∑

j=0

(−1)i+j

(

r1 + 1

i

)(

r2 + 1

j

)

=1.

ø#=�V� 2.2,

∫∫

Ω

|1 + 2

n
∑

α=1

ρα,0 cosαt + 2

m
∑

β=1

ρ0,β cos& βτ + 4

n
∑

α=1

m
∑

β=1

ρα,β cosαt cosβτ |dtdτ ≤ A,
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� � A
��â ��ã�=�Y ó Ý�!#" � ï�ð�Y ×���Ø�Ù ρα,β ��°�±�²�³�´�¦�µ�¶ � Tnm(f ; x, y) ½�¾

¿���À�´�¦���°�±�Á�Â�¹�Ã Ä ��Å�Æ�¢�Ç�È�É#Z ü�®�Ë�Ì�Í������� 1
*�+ ãW��

2.2 X f(x, y) ∈ Cs,r(Ω), ��ð
Tnm(f ; x, y) − f(x, y) =O{E∗

nm(f) + (
1

n
)sω(f

(s)
xs ;

1

n
, •) + (

1

m
)rω(f

(r)
yr ; •,

1

m
)+

(
1

n
)s(

1

r
)rω(f

(s+r)
xsyr ;

1

n
,

1

m
)),

��� E∗

nm(f) ü�� H∗

nm(f) � ��²�³�µ�¶ � § f(x, y) ����������¦�ã��� � p(x, y) ü�� HT
n,m � § f(x, y)

�
ð���������¦�²�³�µ�¶ � ����ð

|p(x, y) − f(x, y)| ≤ E∗

nm(f).

=�V� 2.1
ó º p(x, y) ð � Þ�Ð�[

Tnm(p; x, y) =p(x, y) − (−
1

2
)

r1+1

2

r1+1
∑

i=0

(−1)i

(

r1 + 1

i

)

p(x − δin, y)−

(−
1

2
)

r2+1

2

r2+1
∑

j=0

(−1)j

(

r2 + 1

i

)

p(x, y − δjm)+

(−
1

2
)

r1+r2
2

+1
r1+1
∑

i=0

r2+1
∑

j=0

(−1)i+j

(

r1 + 1

i

)(

r2 + 1

j

)

P (x − δin, y − δjm),

Tnm(f ; x, y) − f(x, y) = Tnm(f − P ; x, y) + (p(x, y) − f(x, y))−

(−
1

2
)

r1+1

2

r1+1
∑

i=0

(−1)i

(

r1 + 1

i

)

(p(x − δin, y) − f(x − δin, y))−

(−
1

2
)

r2+1

2

r2+1
∑

j=0

(−1)j

(

r2 + 1

j

)

(p(x, y − δjm) − f(x, y − δjm))+

(−
1

2
)

r1+r2
2

+1
r1+1
∑

i=0

r2+1
∑

j=0

(−1)i+j

(

r1 + 1

i

)(

r2 + 1

j

)

(p(x − δin, y − δjm) − f(x − δin, y − δjm))−

(−
1

2
)

r1+1

2

r1+1
∑

i=0

(−1)i

(

r1 + 1

i

)

f(x − δin, y) − (−
1

2
)

r2+1

2

r2+1
∑

j=0

(−1)j

(

r2 + 1

j

)

f(x, y − δjm)+

(−
1

2
)

r1+r2
2

+1
r1+1
∑

i=0

r2+1
∑

j=0

(−1)i+j

(

r1 + 1

i

)(

r2 + 1

j

)

f(x − δin, y − δjm) =

8
∑

i=1

ei.

= ù�½�ù i = 2, 3, 4, 5, ð ei = O(E∗

nm(f))

|e1| =O(E∗

nm(f)
1

MN

2n
∑

k=0

2m
∑

l=0

|

n
∑

α=1

ρα,0 cosαt + ρ0,β cosβτ + 4

n
∑

α=1

m
∑

β=1

ρα,β cosαt cosβτ |

=O(E∗

nm(f)),
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X f(x, y) ∈ Cs,r(Ω), ��K�@�\�� ��]�� ��^���ð

|e6| = (
1

2
)

r1+1

2

r1+1
∑

i=0

(−1)i

(

r1 + 1

i

)

f(x − (
r1 + 1

2
− i)µn, y)

= (
1

2
)

r1+1

2 |

r1+1−s
∑

i=0

(−1)i

(

r1 + 1 − s

i

) s
∑

j=0

(−1)j

(

k

j

)

f(x − (
r1 + 1

2
− i − j)µn, y) |

= (
1

2
)

r1+1

2 µs
n|

r1+1−s
∑

i=0

(−1)i

(

r1 + 1 − s

i

)

f
(s)
xs (ξi, y)|

= (
1

2
)

r1+1

2 µs
n|

r−k1
∑

i=0

(−1)i

(

r1 − s

i

)

(f
(s)
xs (ξi, y) − f

(s)
xs (ξi+1, y)| = O(

1

ns
ω(f

(s)
xs ;

1

n
, •)).

ø#= ù |e7| = O( 1
mr ω(f

(r)
yr ; •, 1

m
)|, |e8| = O( 1

ns

1
mr ω(f

(s+r)
xsyr ; 1

n
, 1

m
), = ei ��(�) � ó ­��� 2.2*�+ ã
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Linear Summability of Bivariate Trigonometric Interpolation

Polynomials

ZHANG Shu-ting, WANG Shu-yun, HE Jia-xing

(School of Mathematics, Jilin University, Changchun 130012, China)

Abstract: We construct a summation factor in this paper, such that the bivariate trigonometric poly-
nomials with the summation factor converge uniformly on the whole plane for any f(x, y) ∈ C(Ω), and
have the best approximation order.

Key words: summation factor converges uniformly; best approximation order.


