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0. Introduction

Throughout this paper, p denotes a number satisfying 1 < p < ∞, Ω denotes a connected

open set of R2n(n > 1) and dV denotes Lebesgue volume measure. For any x ∈ R2n, we rewrite

x = (x(1), x(2)), where x(1) = (x1, x2, . . . , xn), x(2) = (xn+1, xn+2, . . . , x2n). ρ(x) is a continuous

function defined on the closure of Ω satisfying ρ(x) > 0, x ∈ Ω. ∆1 = ∂
∂x2

1
+ ∂

∂x2
2

+ · · · + ∂
∂x2

n

,

∆2 = ∂
∂x2

n+1
+ ∂

∂x2
n+2

+ · · · + ∂
∂x2

2n

.

Definition Dp(Ω, ρ) is the set of functions u defined on Ω satisfying the following condions: u

is twice continuously differentiable, complex-valued, ∆1u = 0, ∆2u = 0,

‖u‖p =
(

∫

Ω

ρ|u|pdV
)1/p

<∞.

In the next section, we will prove D2(Ω, ρ) is a Hilbert space with inner product

〈u, v〉 =

∫

Ω

ρuvdV.

For each x ∈ Ω, the map u→ u(x) is a bounded linear functional on the Hilbert space D2(Ω, ρ).

Thus there exists a unique function TΩ(x, ) ∈ D2(Ω, ρ) such that

u(x) =

∫

Ω

ρ(y)u(y)TΩ(x, y)dV (y) (1)
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for every u ∈ D2(Ω, ρ). The function TΩ, which can be viewed as a function on Ω×Ω, is called the

reproducing kernel of Ω or the reproducing kernel for D2(Ω, ρ). In several complex variables, the

Bergman kernel of product domains equals to the product of kernels. But harmonic Bergman

kernel has no such property. What interests us is that TΩ(x, y) has the following important

property: If ρ(x) ≡ 1,Ω = Ω1 × Ω2, where Ω1,Ω2 are the connected open sets in Rn, then

TΩ(x, y) = RΩ1(x
(1), y(1)) × RΩ2(x

(2), y(2)), where RΩ1 , RΩ2 are the harmonic Bergman kernels

of Ω1,Ω2, respectively.

Harmonic Bergman spaces have not been studied as extensively as their holomorphic coun-

terparts. Holomorphic Bergman kernel functions have the following important property[1]: Let

Ω1, Ω2 be domains in Cn, f : Ω1 → Ω2 be biholomorphic. Then

detJCf(z)KΩ2(f(z), f(ζ))det JCf(ζ) = KΩ1(z, ζ).

Harmonic Bergman kernel functions have no such good property. Furthermore, the computation

of harmonic functions is more difficult than their holomorphic counterparts. For example, one

must use zonal harmonic functions and Poisson kernel to compute the harmonic Bergman kernel

for the unit ball in Rn[2]. And one also needs Poisson kernel to compute the harmonic Bergman

kernel for the upper half-space[3]. Bergman kernel functions play an important role in several

complex variables. One of the main applications is to construct Bergman metrics on bounded

domains of Cn. In this paper, the author makes use of TΩ(x, y) to construct metrics for bounded

domains in R2n.

Let us summarize the main results of this paper: In the first section, we proved that D2(Ω, ρ)

is complete, that TΩ(x, y) is the product of harmonic Bergman kernels, when Ω is a product

domain and ρ ≡ 1; In the second section, we calculated the reproducing kernel for D2(Ω, ρ),

when Ω = Bn × Bn and ρ are some special functions; In the third section, we constructed

a distance function and a semi-positive definite matrix drawing on TΩ(x, y) and obtained an

inequality about the distance function and the pseudo-distance induced by the semi-positive

definite matrix.

1. Preliminaries and basic lemmas

In this paper, B denotes the unit ball of Rn and S denotes the unit sphere. Normalized

surface-area measure on S is denoted by σ (σ(S) = 1). Ω will denote a bounded domain in R2n.

Lemma 1.1
[2] If u is a harmonic function on B(a, r), then there exist pm ∈ Hm(Rn) such that

u(x) =

∞
∑

m=0

pm(x − a)

for all x ∈ B(a, r), the series converges absolutely and uniformly on compact subsets of B(a, r).

Theorem 1.2
[2] Suppose (um) is a sequence of harmonic functions on D such that um converges

uniformly to a function u on each compact subset of D. Then u is harmonic on Ω. Moreover,

for every multiindex α, Dαum converges uniformly to Dαu on each compact subset of D.
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Lemma 1.3 If f is integral on Rn, then

1

nV (B)

∫

Rn

fdV =

∫ ∞

0

rn−1

∫

S

f(rξ)dσ(ξ)dr.

Theorem 1.4 Dp(Ω, ρ) is a complete space.

Proof Suppose that {uj} is a Cauchy sequence in Dp(Ω, ρ). Then {ρ1/puj} is a Cauchy sequence

in LP (Ω). There exists f ∈ LP (Ω) such that uj → f in LP (Ω). Let K be a compact subset

of Ω and 2r = dist(K,R2n\Ω). K∗ = {x|dist(x,K) ≤ r}. For each x ∈ K, B(x, r) ⊂ K∗. If

u ∈ Dp(Ω, ρ), then u is a harmonic function on Ω. For each x ∈ K,

u(x) =
1

V (B(x, r))

∫

B(x,r)

u(y)dV (y).

According to Hölder inequality, we have

|u(x)| ≤ 1

V (B(x, r))

∫

B(x,r)

|u(y)|dV (y)

=
1

V (B(x, r))

∫

B(x,r)

|u(y)|ρ(y)1/p 1

ρ(y)1/p
dV (y)

≤ 1

V (B(x, r))

(

∫

B(x,r)

|u|pρdV (y)
)1/p(

∫

B(x,r)

1

ρq/p
dV (y)

)1/q

≤ 1

rnV (B)
‖ u ‖p

(

∫

K∗

1

ρq/p
dV

)1/q

. (2)

|uj(x) − um(x)| ≤ 1

rnV (B)
‖ uj − um ‖p

(

∫

K∗

1

ρq/p
dV

)1/q

for all x ∈ K and j,m. The inequality above implies that{uj} converges uniformly on K. It

follows from Theorem 1.2 that {uj} converges uniformly on compact subset of Ω to a harmonic

function u on Ω and ∆1u = 0, ∆2u = 0. Because {ujρ
1/p} has a subsequence converging

to f poinwise almost everywhere on Ω, f equals to uρ1/p almost everywhere on Ω, and thus

u ∈ Dp(Ω, ρ). limj→∞(
∫

Ω ρ|uj − u|pdV )1/p = 0. 2

Take p = 2. Then the above theorem shows that D2(Ω, ρ) is a Hilbert space with inner

product

〈u, v〉 =

∫

Ω

ρuvdV.

For each x ∈ Ω, the map u → u(x) is a bounded linear functional on the Hilbert space

D2(Ω, ρ) (by formula (2)). Thus there exists a unique function TΩ(x, ) ∈ D2(Ω, ρ) such that

u(x) =

∫

Ω

ρ(y)u(y)TΩ(x, y)dV (y) (3)

for every u ∈ D2(Ω, ρ). The function TΩ, which can be viewed as a function on Ω × Ω, is called

the reproducing kernel of Ω.

Lemma 1.5 TΩ(x, y) has the following properties:

(a) TΩ is real valued;



590 ZHAO Z G

(b) If {um} is the orthonormal basis of D2(Ω, ρ), then

TΩ(x, y) =

∞
∑

m=1

um(x)um(y)

for all x, y ∈ Ω;

(c) TΩ(x, y) = TΩ(y, x) for all x, y ∈ Ω;

(d) ‖ TΩ(x, ) ‖2=
√

TΩ(x, x) for all x ∈ Ω.

Theorem 1.6 Let Ω1,Ω2 be the bounded domain of Rn, Ω = Ω1 × Ω2 and ρ(x) ≡ 1. Then

TΩ(x, y) = RΩ1(x
(1), y(1)) × RΩ2(x

(2), y(2)), where RΩ1 , RΩ2 are the harmonic Bergman kernels

of Ω1,Ω2, respectively.

Proof Suppose that t = (t(1), t(2)) ∈ Ω. We have

RΩ1(x
(1), t(1))RΩ2(x

(2), t(2)) =

∫

Ω1×Ω2

RΩ1(y
(1), t(1))RΩ2(y

(2), t(2))TΩ(x, y)dV (y)

=

∫

Ω1

RΩ1(y
(1), t(1))dV (y(1))

∫

Ω2

RΩ2(y
(2), t(2))TΩ((x(1), x(2)), (y(1), y(2)))dV (y(2))

=

∫

Ω1

RΩ1(y
(1), t(1))TΩ((x(1), x(2)), (y(1), t(2)))dV (y(1))

= TΩ((x(1), x(2)), (t(1), t(2))).

Lemma 1.7 Let B denote the unit ball in Rn, ρ ≡ 1. Then TB×B(x, y) = RB(x(1), y(1)) ×
RB(x(2), y(2)), where

RB(x(1), y(1)) =
(n− 4)|x(1)|4|y(1)|4 + (8x(1) · y(1) − 2n− 4)|x(1)|2|y(1)|2 + n

nV (B)(1 − 2x(1) · y(1) + |x(1)|2|y(1)|2)1+n/2
.

2. The reproducing kernel for B × B

Theorem 2.1 Suppose that x = (x(1), x(2)) ∈ R2n, and p(x) is a polynomial on R2n about

x satisfying ∆1p(x) = 0,∆2p(x) = 0. Then p(x) can be written in the following form: p(x) =
∑N

j=1 fj(x
(1))gj(x

(2)), where fj , gj are homogeneous harmonic polynomials on Rn about x(1),

x(2), respectively.

Proof p(x) can be written in the following form: p(x) =
∑

α(x(1))αgα(x(2)), where α =

(α1, α2, . . . , αn), gα(x(2)) is a polynomial about x(2). Because ∆2p(x) =
∑

α(x(1))α∆2gα(x(2)) =

0, we have ∆2gα(x(2)) = 0. Thus gα(x(2)) is a harmonic polynomial on Rn. There exists

nonnegative integer Nα such that gα =
∑Nα

j=0 g
(j)
α (x(2)), where g

(j)
α (x(2)) is a homogeneous har-

monic polynomial on Rn about x(2) of degree j. Let m = max{Nα|α} and dimHK(Rn) =

Lk, k = 0, 1, . . . ,m. Suppose that the basis for the HK(Rn) are pk1, pk2, . . . , pkLk
. p(x) can be

written in the following form: p(x) =
∑m

k=0

∑Lk

j=1 pkj(x
(2))fkj(x

(1)), where fkj(x
(1)) is a poly-

nomial about x(1). Because ∆1p(x) = 0, we have
∑m

k=0

∑Lk

j=1 pkj(x
(2))∆1fkj(x

(1)) = 0. For

each t ∈ R,
∑m

k=0

∑Lk

j=1 pkj(tx
(2))∆1fkj(x

(1)) =
∑m

k=0 t
k
∑Lk

j=1 pkj(x
(2))∆1fkj(x

(1)) = 0. Thus
∑Lk

j=1 pkj(x
(2))∆1fkj(x

(1)) = 0. Because pk1, pk2, . . . , pkLk
are the basis of HK(Rn), we have
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∆1fkj(x
(1)) = 0. fkj(x

(1)) is the sum of some homogeneous harmonic polynomials on Rn. The

desired result is proved. 2

Theorem 2.2 Let f be a function defined on Bn × Bn satisfying ∆1f = 0, ∆2f = 0. Then f

can be written in the following form:

f(x(1), x(2)) =

∞
∑

m=0

∑

j+k=m

f
(m)
j (x(1))g

(m)
k (x(2)), (4)

where f
(m)
j (x(1)) is a homogeneous harmonic polynomial on Rn about x(1) of degree j and

g
(m)
k (x(2)) is a homogeneous harmonic polynomial on Rn about x(2) of degree k. For each fixed

point x(2) ∈ Bn,
∑∞

m=0

∑

j+k=m f
(m)
j (x(1))g

(m)
k (x(2)) as a series about x(1) converges uniformly

on any compact subset of Bn.

Proof It follows from B2n ⊂ Bn × Bn that f is harmonic on B2n. According to Lemma

1.1, we can write f in the following form: f(x(1), x(2)) =
∑∞

m=0 pm(x(1), x(2)), x ∈ B2n, where

pm(x(1), x(2)) is a homogeneous harmonic polynomial on R2n about x of degree m. Because

∆1f(x(1), x(2)) =
∑∞

m=0 ∆1pm(x(1), x(2)) = 0,∆2f(x(1), x(2)) =
∑∞

m=0 ∆2pm(x(1), x(2)) = 0,

∆1pm(x(1), x(2)) = 0,∆2pm(x(1), x(2)) = 0. Theorem 2.1 shows that we can write f in the

following form:

f(x(1), x(2)) =
∞
∑

m=0

∑

j+k=m

f
(m)
j (x(1))g

(m)
k (x(2)), x ∈ B2n,

where f
(m)
j (x(1)) is a homogeneous harmonic polynomial on Rn about x(1) of degree j and

g
(m)
k (x(2)) is a homogeneous harmonic polynomial on Rn about x(2) of degree k. For each fixed

point x(2) ∈ Bn, f(x(1), x(2)) as a function about x(1) is harmonic. For each fixed point x(1) ∈ Bn,

f(x(1), x(2)) as a function about x(2) is harmonic. Lemma 1.1 shows that formula (4) holds for

any x ∈ Bn ×Bn. 2

Theorem 2.3 Suppose that f is a function defined on the open set containingBn ×Bn satisfying

∆1f = 0,∆2f = 0. Then we can write f in the following form:

f(x(1), x(2)) =

∞
∑

m=0

∑

j+k=m

f
(m)
j (x(1))g

(m)
k (x(2)),

where f
(m)
j (x(1)) and g

(m)
k (x(2)) are the same as in Theorem 2.2. The series converges uniformly

on any compact subset of Bn ×Bn.

Proof Suppose that p(t, ξ) is the Poisson kernel for Bn. Then p(t, ξ) = 1−|t|2
|t−ξ|n , and we can also

write p(t, ξ) in the following form: p(t, ξ) =
∑∞

m=0 Zm(t, ξ), t ∈ Bn, ξ ∈ S, where Zm(t, ξ) is the

zonal harmonic of degree m. The series converges absolutely and uniformly on K × S for every

compact set K ⊂ Bn.

f(x(1), x(2)) =

∫

S

f(ξ(1), x(2))p(x(1), ξ(1))dσ(ξ(1)))
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=

∫

S

p(x(1), ξ(1))dσ(ξ(1))

∫

S

f(ξ(1), ξ(2))p(x(2), ξ(2))dσ(ξ(2))

=

∞
∑

j=0

∞
∑

k=0

∫

S×S

f(ξ(1), ξ(2))Zj(x
(1), ξ(1))Zk(x(2), ξ(2))dσ(ξ(1))dσ(ξ(2))

=

∞
∑

m=0

∑

j+k=m

∫

S×S

f(ξ(1), ξ(2))Zj(x
(1), ξ(1))Zk(x(2), ξ(2))dσ(ξ(1))dσ(ξ(2)).

Theorem 2.2 shows that we can write f in the following form:

f(x(1), x(2)) =

∞
∑

m=0

∑

j+k=m

f
(m)
j (x(1))g

(m)
k (x(2)),

where f
(m)
j (x(1)) is a homogeneous harmonic polynomial on Rn about x(1) of degree j and

g
(m)
k (x(2)) is a homogeneous harmonic polynomial on Rn about x(2) of degree k. Hence we have

∑

j+k=m

∫

S×S

f(ξ(1), ξ(2))Zj(x
(1), ξ(1))Zk(x(2), ξ(2))dσ(ξ(1))dσ(ξ(2))

=
∑

j+k=m

f
(m)
j (x(1))g

(m)
k (x(2)).

By the property of zonal harmonic, there exists constant C > 0 such that

|Zj(x
(1), ξ(1))Zk(x(2), ξ(2))| ≤ Cjn−2|x(1)|jCkn−2|x(2)|k.

Let M = sup{f(ξ(1), ξ(2))|(ξ(1), ξ(2)) ∈ S × S}.
∫

S×S

f(ξ(1), ξ(2))Zj(x
(1), ξ(1))Zk(x(2), ξ(2))dσ(ξ(1))dσ(ξ(2)) ≤MCjn−2|x(1)|jCkn−2|x(2)|k.

Thus the desired result is proved. 2

Theorem 2.4 Suppose that ρ(x) is continuous on Bn ×Bn, ρ(x) > 0, for each x ∈ Bn×Bn. For

each f ∈ D2(Bn ×Bn, ρ) and ε > 0, there exists a polynomial u(x) =
∑

i pi(x
(1))qi(x

(2)), where

pi(x
(1)) is a homogeneous harmonic polynomial on Rn about x(1) and qi(x

(2)) is a homogeneous

harmonic polynomial on Rn about x(2), such that (
∫

Bn×Bn

ρ(y)|f(y) − u(y)|2dV (y))1/2 < ε.

Proof There exists M > 0 such that ρ(x) < M , x ∈ Bn × Bn. For each f ∈ D2(Bn ×
Bn, ρ) and ε > 0, there exists a continuous function g on R2n with compact support such that

(
∫

Bn×Bn

|f(y) − g(y)|2dV (y))1/2 < ε. For each real number r satisfying 0 < r < 1, we have

[

∫

Bn×Bn

ρ(y)|f(ry) − f(y)|2dV (y)
]1/2

≤
[

∫

Bn×Bn

ρ(y)|f(ry) − g(y)|2dV (y)
]1/2

+
[

∫

Bn×Bn

ρ(y)|g(y) − f(y)|2dV (y)
]1/2

≤
[

∫

Bn×Bn

ρ(y)|f(ry) − g(ry)|2dV (y)
]1/2

+
[

∫

Bn×Bn

ρ(y)|g(ry) − g(y)|2dV (y)
]1/2

+
√
Mε

≤
√
M

r2n

[

∫

Bn×Bn

ρ(y)|f(y) − g(y)|2dV (y)
]1/2

+
[

∫

Bn×Bn

ρ(y)|g(ry) − g(y)|2dV (y)
]1/2

+
√
Mε
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≤
(

√
M

r2n
+
√
M

)

ε+
[

∫

Bn×Bn

ρ(y)|g(ry) − g(y)|2dV (y)
]1/2

.

There exists δ > 0, such that when 0 < 1− r < δ, (
√

M
rn +

√
M) < 3

√
M ,

∫

Bn×Bn

ρ(y)|g(ry)−
g(y)|2dV (y) < ε. Hence we have (

∫

Bn×Bn

ρ(y)|f(ry) − f(y)|2dV (y))1/2 < (1 + 3
√
M)ε, when

0 < 1 − r < δ. Theorem 2.3 shows that f(ry) can be approximated uniformly on Bn ×Bn by

u(x). The desired result is proved. 2

Theorem 2.5 Let ϕ(t1, t2) =
∑l

i=0

∑m
j=0 aijt

i
1t

j
2, t1, t2 ∈ R, aij > 0 (i = 0, 1, . . . , l; j =

0, 1, . . . ,m) and ρ(x) = ϕ(|x(1)|, |x(2)|). Then

TBn×Bn
(x, y) =

1

[nV (Bn)]2

∞
∑

k1=0

∞
∑

k2=0

Zk1(x
(1), y(1))Zk2(x

(2), y(2))

[

l
∑

i=0

m
∑

j=0

aij
1

(2k1 + n+ i)(2k2 + n+ j)

]−1

. (5)

Proof Denote by F (x, y) the series on the right hand of formula (5). Let p(x(1)) be a ho-

mogeneous harmonic polynomial on Rn about x(1) of degree k1 and q(x(2)) be a homogeneous

harmonic polynomial on Rn about x(2) of degree k2.
∫

Bn×Bn

ρ(y)p(y(1))q(y(2))Zk1(x
(1), y(1))Zk2(x

(2), y(2))dV (y)

=

∫

Bn

p(y(1))Zk1(x
(1), y(1))dV (y(1))

∫

Bn

ϕ(|y(1)|, |y(2)|)q(y(2))Zk2(x
(2), y(2))dV (y(2))

∫

Bn

ϕ(|y(1)|, |y(2)|)q(y(2))Zk2(x
(2), y(2))dV (y(2))

= nV (B)

∫ 1

0

rn−1

∫

S

ϕ(|y(1)|, |rξ(2)|)q(rξ(2))Zk2(x
(2), rξ(2))dσ(ξ(2))dr

= nV (B)

∫ 1

0

ϕ(|y(1)|, r)r2k2+n−1dr

∫

S

q(ξ(2))Zk2(x
(2), ξ(2))dσ(ξ(2))

= nV (B)q(x(2))
l

∑

i=0

m
∑

j=0

aij

∫ 1

0

|y(1)|ir2k2+n+j−1dr

= nV (B)q(x(2))

l
∑

i=0

m
∑

j=0

aij |y(1)|i 1

2k2 + n+ j
.

Hence
∫

Bn×Bn

ρ(y)p(y(1))q(y(2))Zk1(x
(1), y(1))Zk2(x

(2), y(2))dV (y)

= nV (B)q(x(2))

∫

Bn

p(y(1))Zk1(x
(1), y(1))

l
∑

i=0

m
∑

j=0

aij |y(1)|i 1

2k2 + n+ j
dV (y(1))

= [nV (B)]2q(x(2))
l

∑

i=0

m
∑

j=0

aij
1

2k2 + n+ j

∫ 1

0

rn−1

∫

S

p(rξ(1))Zk1(x
(1), rξ(1))|rξ(1)|idσ(ξ(1))dr
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= [nV (B)]2q(x(2))p(x(1))
[

l
∑

i=0

m
∑

j=0

aij
1

(2k2 + n+ j)(2k1 + n+ i)

]

p(x(1))q(x(2)) =
1

[nV (Bn)]2

∫

Bn×Bn

ρ(y)P (y(1))q(y(2))×

Zk1(x
(1), y(1))Zk2(x

(2), y(2))
[

l
∑

i=0

m
∑

j=0

aij
1

(2k1 + n+ i)(2k2 + n+ j)

]−1

dV (y).

There exists C > 0 such that

∣

∣

∣
Zk1(x

(1), y(1))Zk2(x
(2), y(2))

[

l
∑

i=0

m
∑

j=0

aij
1

(2k1 + n+ i)(2k2 + n+ j)

]−1∣
∣

∣

≤ (2k2 + n)(2k1 + n)

a00
|x(1)|k1 |x(2)|k2 |y(1)|k1 |y(2)|k2Ckn−2

1 Ckn−2
2

≤ (2k2 + n)(2k1 + n)

a00
rk1
1 rk2

2 Ckn−2
1 Ckn−2

2 ,

where 0 < r1, r2 < 1, |x(1)| < r1, |x(2)| < r2, y
(1), y(2) ∈ Bn. The above inequality

shows that
∑∞

k1=0

∑∞
k2=0 Zk1(x

(1), y(1))Zk2(x
(2), y(2))[

∑l
i=0

∑m
j=0 aij

1
(2k1+n+i)(2k2+n+j) ]

−1 con-

verges uniformly and absolutely on (r1Bn × r2Bn) × (Bn ×Bn). Thus we have

p(x(1))q(x(2)) =

∫

Bn×Bn

ρ(y)P (y(1))q(y(2))F (x, y)dV (y). (6)

According to Theorem 2.4, for each f ∈ D2(Bn × Bn, ρ) there exists {uj} which has the same

form as u in Theorem 2.4 such that uj → f in D2(Bn ×Bn, ρ). Because uj satisfies formula (6),

we must have f(x) =
∫

Bn×Bn

ρ(y)f(y)F (x, y)dV (y). The desired result is proved. 2

Theorem 2.6 Suppose that ρ(x) = (1 − |x(1)|)L(1 − |x(2)|)N , where L,N are positive integers.

Then there exist positive constants c0, c1, . . . , cL+1; b0, b1, . . . , bN+1 such that

TBn×Bn
(x, y) =

[ 1

nV (B)L!

L+1
∑

i=0

ci
diP (tx(1), ty(1)))

dti

∣

∣

∣

t=1

]

×

[ 1

nV (B)N !

N+1
∑

i=0

bi
diP (tx(2), ty(2)))

dti

∣

∣

∣

t=1

]

,

where

p(t, w) =
1 − |t|2|w|2

(1 − 2〈t, w〉 + |t|2|w|2)n/2
, t, w ∈ Bn.

Proof Let p(x(1)) be a homogeneous harmonic polynomial on Rn about x(1) of degree k1 and

q(x(2)) be a homogeneous harmonic polynomial on Rn about x(2) of degree k2.
∫

Bn×Bn

ρ(y)p(y(1))q(y(2))Zk1(x
(1), y(1))Zk2(x

(2), y(2))dV (y)

=

∫

Bn

(1 − y(1))Lp(y(1))Zk1(x
(1), y(1))dV (y(1))×

∫

Bn

(1 − y(2))Nq(y(2))Zk2(x
(2), y(2))dV (y(2))
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= {nV (Bn)

∫ 1

0

rn−1

∫

S

(1 − r)Lp(rξ(1))Zk1(x
(1), rξ(1))dσ(ξ(1))dr}×

{nV (Bn)

∫ 1

0

rn−1

∫

S

(1 − r)N q(rξ(2))Zk2(x
(2), rξ(2))dσ(ξ(2))dr}

= [nV (Bn)]2p(x(1))q(x(2))

∫ 1

0

rn−1+2k1 (1 − r)Ldr

∫ 1

0

rn−1+2k2 (1 − r)Ndr

= [nV (Bn)]2p(x(1))q(x(2))
Γ(n+ 2k1)Γ(L+ 1)

Γ(n+ 2k1 + L+ 1)

Γ(n+ 2k2)Γ(N + 1)

Γ(n+ 2k2 +N + 1)

p(x(1))q(x(2)) =
1

[nV (Bn)]2

∫

Bn×Bn

ρ(y)p(y(1))q(y(2))
Γ(n+ 2k1 + L+ 1)

Γ(n+ 2k1)Γ(L+ 1)
×

Γ(n+ 2k2 +N + 1)

Γ(n+ 2k2)Γ(N + 1)
Zk1(x

(1), y(1))Zk2(x
(2), y(2))dV (y).

There exists C > 0 such that
∣

∣

∣

Γ(n+ 2k1 + L+ 1)

Γ(n+ 2k1)Γ(L + 1)

Γ(n+ 2k2 +N + 1)

Γ(n+ 2k2)Γ(N + 1)
Zk1(x

(1), y(1))Zk2(x
(2), y(2))

∣

∣

∣

≤ Γ(n+ 2k1 + L+ 1)

Γ(n+ 2k1)Γ(L+ 1)

Γ(n+ 2k2 +N + 1)

Γ(n+ 2k2)Γ(N + 1)
|x(1)|k1 |x(2)|k2 |y(1)|k1 |y(2)|k2Ckn−2

1 Ckn−2
2

≤ Γ(n+ 2k1 + L+ 1)

Γ(n+ 2k1)Γ(L+ 1)

Γ(n+ 2k2 +N + 1)

Γ(n+ 2k2)Γ(N + 1)
rk1
1 rk2

2 Ckn−2
1 Ckn−2

2 ,

where 0 < r1, r2 < 1, |x(1)| < r1, |x(2)| < r2, y
(1), y(2) ∈ Bn. The above inequality shows that

T ∗
Bn×Bn

(x, y) :=
∞
∑

k1=0

Γ(n+ 2k1 + L+ 1)

Γ(n+ 2k1)Γ(L + 1)
Zk1(x

(1), y(1))
∞
∑

k2=0

Γ(n+ 2k2 +N + 1)

Γ(n+ 2k2)Γ(N + 1)
Zk2(x

(2), y(2))

converges uniformly and absolutely on (r1Bn × r2Bn) × (Bn ×Bn). Thus we have

p(x(1))q(x(2)) =
1

[nV (Bn)]2

∫

Bn×Bn

ρ(y)p(y(1))q(y(2))T ∗
Bn×Bn

(x, y). (7)

According to Theorem 2.4, for each f ∈ D2(Bn × Bn, ρ) there exists {uj} which has the same

form as u in Theorem 2.4 such that uj → f in D2(Bn ×Bn, ρ). Because uj satisfies formula (7),

we must have

f(x) =
1

[nV (Bn)]2

∫

Bn×Bn

ρ(y)f(y)T ∗
Bn×Bn

(x, y).

Hence TBn×Bn
(x, y) = T ∗

Bn×Bn
(x, y).

Next, we shall obtain the explicit formula of TBn×Bn
(x, y).

Suppose that ψ(t) = (n+ t+L)(n+ t+L−1) · · · (n+ t). It is obvious that ψ is a polynomial

about t of degree L + 1. Γ(n + 2k1 + L + 1)/Γ(n + 2k1) = ψ(2k1). There exist c0, c1, . . . , cL+1

such that ψ(t) = c0 + c1t+ c2t(t− 1) + · · · cL+1t(t− 1)(t− 2) · · · (t− L).

∞
∑

k1=0

Γ(n+ 2k1 + L+ 1)

Γ(n+ 2k1)Γ(L + 1)
Zk1(x

(1), y(1)) =
1

nV (B)L!

∞
∑

k1=0

ψ(2k1)Zk1(x
(1), y(1))

=
1

nV (B)L!

∞
∑

k1=0

L+1
∑

i=0

ci2k1(2k1 − 1) · · · (2k1 − i+ 1)Zk1(x
(1), y(1))
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=
1

nV (B)L!

L+1
∑

i=0

ci

∞
∑

k1=0

2k1(2k1 − 1) · · · (2k1 − i+ 1)Zk1(x
(1), y(1))

P (x(1), y(1)) =
∞
∑

k1=0

Zk1(x
(1), y(1)) =

1 − |x(1)|2|y(1)|2
(1 − 2〈x(1), y(1)〉 + |x(1)|2|y(1)|2)n/2

, x(1), y(1) ∈ Bn.

Let G(t) =
∑∞

k1=0 Zk1(tx
(1), ty(1)) =

∑∞
k1=0 t

2k1Zk1(x
(1), y(1))

diG(t)

dti

∣

∣

∣

∣

t=1

=

∞
∑

k1=0

2k1(2k1 − 1) · · · (2k1 − i+ 1)Zk1(x
(1), y(1)) =

diP (tx, ty))

dti

∣

∣

∣

∣

t=1

.

1

nV (Bn)

∞
∑

k1=0

Γ(n+ 2k1 + L+ 1)

Γ(n+ 2k1)Γ(L + 1)
Zk1(x

(1), y(1)) =
1

nV (B)L!

L+1
∑

i=0

ci
diP (tx, ty))

dti

∣

∣

∣

∣

t=1

.

We can also prove that there exist b0, b1, . . . , bN+1 such that

1

nV (Bn)

∞
∑

k2=0

Γ(n+ 2k2 +N + 1)

Γ(n+ 2k1)Γ(N + 1)
Zk2(x

(2), y(2)) =
1

nV (B)N !

N+1
∑

i=0

bi
diP (tx, ty))

dti

∣

∣

∣

∣

t=1

.

The desired result is proved. 2

3. Metric matrix induced by reproducing kernel

Let H be a Hilbert space and consider the following equivalent relation between non-zero

elements ∼: h1 ∼ h2 ⇐⇒ h1 = ch2, where c is a complex number. The set of all equivalence

classes forms projective space P (H). This is a complete metric space with respect to the distance

ϕ([h1], [h2]) = dist([h1] ∩ S, [h2] ∩ S), where S ⊂ H is the unit sphere.

ϕ2([h1], [h2]) = inf
t1,t2

‖ eit1h1

‖ h1 ‖ − eit2h2

‖ h2 ‖ ‖2

= inf
t1,t2

[

2 − 2Re
ei(t1−t2)〈h1,h2〉

‖ h1 ‖‖ h2 ‖
]

= 2 − 2
|〈h1, h2〉|

‖ h1 ‖‖ h2 ‖ .

ϕ([h1], [h2]) =
√

2
[

1 − |〈h1, h2〉|
‖ h1 ‖‖ h2 ‖

]1/2

. (8)

Remark The knowledge about P (H) comes from [4].

Let Ω be a bounded domain in R2n. Define τ : Ω → P (D2(Ω, ρ)), τ(x) = [TΩ(x, )], x ∈ Ω. It

is obvious that τ is an injective map. Hence

φΩ(p, q) :=
1√
2
ϕ(τ(p), τ(q)) =

[

1 − |TΩ(p, q)|
√

TΩ(p, p)
√

TΩ(q, q)

]1/2

, (9)

∀p, q ∈ Ω, is a distance function. Let G be bounded domain in Cn and dG be the Bergman

distance of G,

φG(z, w) =
[

1 − |KG(z, w)|
√

KG(w,w)
√

KG(z, z)

]1/2

, z, w ∈ G,

where KG(z, w) is the Bergman kernel of G . In [5], Pflug proved that there exists c > 0 such

that φG(z, w) ≤ cdG(z, w). In this section, we will make use of TΩ(x, y) to construct a metric
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matrix and prove a similar result.

Definition 3.1 Let Ω be a bounded domain in R2n, and γ : [a, b] → Ω be a curve. Define

LφΩ(γ) = sup
∑n−1

i=0 φΩ(γ(ti), γ(ti+1)), where a = t0 < t1 < t2 < · · · < tn = b is a partition of

[a, b].

Definition 3.2 Let p, q ∈ Ω. Define φ∗Ω(p, q) = inf{LφΩ(γ)|γ : [0, 1] → D, γ is a piecewise

smooth curve, γ(0) = p, γ(1) = q}. φ∗Ω(p, q) ≥ φΩ(p, q).

Theorem 3.3 Let

Gjk(x, y) =
1

2T 2
Ω(x, x)

{∂2TΩ(x, x)

∂xj∂xk
TΩ(x, x) − 2

∂TΩ(x, y)

∂xj

∂TΩ(x, y)

∂xk
− 2TΩ(x, y)

∂2TΩ(x, y)

∂xj∂xk

}

.

GΩ(x, x) = {Gjk(x, x)}1≤j,k≤2n.

Then GΩ(x, x) is a real semi-definite matrix.

Proof

φ2
Ω(p, q) = 1 − |TΩ(p, q)|

√

TΩ(p, p)
√

TΩ(q, q)
=

√

TΩ(p, p)
√

TΩ(q, q) − |TΩ(p, q)|
√

TΩ(p, p)
√

TΩ(q, q)

=
TΩ(p, p)TΩ(q, q) − T 2

Ω(p, q)
√

TΩ(p, p)
√

TΩ(q, q)(
√

TΩ(p, p)
√

TΩ(q, q) + |TΩ(p, q)|)
.

Let γ : [0, 1] → Ω, be a piecewise smooth curve . For ∀t, s ∈ [0, 1],

φ2
Ω(γ(t), γ(s)) =

1
√

TΩ(γ(t), γ(t))
√

TΩ(γ(s), γ(s))

TΩ(γ(t), γ(t))TΩ(γ(s), γ(s)) − T 2
Ω(γ(t), γ(s))

(
√

TΩ(γ(t), γ(t))
√

TΩ(γ(s), γ(s)) + |TΩ(γ(t), γ(s))|)
.

Let Φ(h) = TΩ(γ(s) + h(γ(t) − γ(s)), γ(s) + h(γ(t) − γ(s)))TΩ(γ(s), γ(s)) − T 2
Ω(γ(s) + h(γ(t) −

γ(s)), γ(s)), 0 ≤ h ≤ 1. According to Taylor theorem, there exists ξ ∈ [0, 1] such that Φ(1) −
Φ(0) = Φ′(0) + Φ(2)(ξ)

2 . Let γ(t) = (γ1(t), γ2(t), . . . , γ2n(t)).

Φ′(h) =

2n
∑

j=1

[
∂TΩ(x, x)

∂xj
(γj(t) − γj(s))TΩ(γ(s), γ(s))−

2TΩ(x, γ(s))
∂TΩ(x, γ(s))

∂xj
(γj(t) − γj(s))],

where x = γ(s) + h(γ(t) − γ(s)). Φ′(0) = 0.

Φ(2)(h) =
2n
∑

j=1

2n
∑

k=1

{∂
2TΩ(x, x)

∂xj∂xk
(γj(t) − γj(s))(γk(t) − γk(s))TΩ(γ(s), γ(s))−

2
∂TΩ(x, γ(s))

∂xk

∂TΩ(x, γ(s))

∂xj
(γj(t) − γj(s))(γk(t) − γk(s))−

2TΩ(x, γ(s))
∂2TΩ(x, γ(s))

∂xj∂xk
(γj(t) − γj(s))(γk(t) − γk(s))}.
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Suppose that t > s. By the above formula, we have

lim
t→s

φ2
Ω(γ(t), γ(s))

(t− s)2
= lim

t→s

1

2T 2
Ω(γ(s), γ(s))

Φ(1) − Φ(0)

(t− s)2

=

2n
∑

j=1

2n
∑

k=1

γ′j(s)Gjk(γ(s), γ(s))γ′k(s).

Hence

lim
t→s

φΩ(γ(t), γ(s))

t− s
= {γ′(s)GΩ(γ(s), γ(s))[γ′(s)]′}1/2, t > s.

It is obvious that GΩ(x, x) is semi-definite, for ∀x ∈ Ω. 2

Definition 3.4 Define

BΩ(p, q) = inf
{

∫ 1

0

[γ′(s)GΩ(γ(s), γ(s))[γ′(s)]′]1/2ds|

γ : [0, 1] → Ω, where γ is a piecewise smooth curve, γ(0) = p, γ(1) = q
}

,

for all p, q ∈ Ω. BΩ(p, q) is called pseudo-distance induced by the reproducing kernel.

Theorem 3.5 φΩ(p, q) ≤ BΩ(p, q). If GΩ(x, x) is positive definite, then that BΩ(p, q) is a

distance and that (Ω, φΩ) is complete implies that (Ω, BΩ) is complete.

Proof Let

F (t, s) =







φΩ(γ(t), γ(s))

t− s
− {γ′(s)GΩ(γ(s), γ(s))[γ′(s)]′}1/2, t > s,

0, t = s,

where (t, s) ∈ {(t, s)|0 ≤ s ≤ t ≤ 1}. Since F (t, s) is uniformly continuous on {(t, s)|0 ≤ s ≤ t ≤
1}, we can easily get

LφΩ(γ) ≤
∫ 1

0

{γ′(s)GΩ(γ(s), γ(s))[γ′(s)]′}1/2ds.

It follows from the above definitions that

φΩ(p, q) ≤ φ∗Ω(p, q) ≤ BΩ(p, q).

The desired result is proved. 2

References

[1] KRANTZ S G. Function Theory of Several Complex Variables [M]. John Wiley & Sons, Inc., New York, 1982.
[2] AXLER S, BOURDON P, RAMEY W. Harmonic Function Theory [M]. Springer-Verlag, New York, 1992.

[3] RAMEY W C, YI H S. Harmonic Bergman functions on half-spaces [J]. Trans. Amer. Math. Soc., 1996,
348(2): 633–660.
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