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1. Introduction

The concept of complete convergence was introduced by Hsu and Robbins in [14] as follows:

A sequence of random variables {Xn, n ≥ 1} is said to converge completely to a constant C if
∑∞

n=1 P (|Xn − C| > ε) < ∞ for all ε > 0. From then on, many authors devote their study to

complete convergence [7, 8, 10–13].

Recently, Sung [10] proved the following result:

Theorem A Let {Xn, n ≥ 1} be a sequence of zero-mean independent random variables which

is stochastically dominated by a random variable X , i.e., P (|Xn| > x) ≤ CP (|X | > x) for

all x > 0 and all n ≥ 1, where C is a positive constant. Assume that E|X |γ < ∞, where

γ = p(t + β + 1) > 0 and p > 0. Let {ani, i ≥ 1, n ≥ 1} be an array of real numbers satisfying

|ani| = O(1),
∞
∑

i=1

|ani|
α = O(nβ) for some α < γ. (1)

Assume that
∑∞

i=1 aniXi is finite a.s.,

(i) If 1 ≤ γ < 2, then

∞
∑

n=1

ntP
(

n−1/p|

∞
∑

i=1

aniXi| > ε
)

< ∞ for all ε > 0. (2)
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(ii) If γ ≥ 2, and
∞
∑

i=1

a2
ni = O(nq) for some q < 2/p, (3)

then (2) holds.

Let Z be the set of integers and let

N(n, m + 1) = ♯{k ∈ Z : |ank| ≥ (m + 1)−1/p}, p ≥ 2, n ≥ 1, m ≥ 1.

Wang et al. [13] proved the following result:

Theorem B Let r > 1, p > 2. Let {X, Xi, i ∈ Z} be a sequence of i.i.d. random variables and

let {ani, i ∈ Z} for each n ≥ 1 be a constant sequence with

N(n, m + 1) ≈ mq(r−1)/p, n ≥ 1, m ≥ 1, 2 ≤ q < p, (4)

EX = 0, when 1 ≤ q(r − 1), (5)

∑

i∈Z

a2
ni = O(nδ) as n → ∞, when 2 ≤ q(r − 1), where 0 < δ < 2/p. (6)

Then the following statements are equivalent:

(i) E|X |p(r−1) < ∞; (7)

(ii)
∑

i∈Z

2i(r−1) max
2i−1≤n<2i

P
(

n1/p|
∑

k∈N

ankXk| > ε
)

< ∞, ∀ε > 0. (8)

When p = 2, taking q = 2, and taking
∑

i∈Z

|ani|
2(r−1) = O(1) as n → ∞, (9)

and

E|X |2(r−1) log(1 + |X |) < ∞, (10)

instead of (6) and (7), respectively, then the above results still hold.

A finite family of random variables {Xi, 1 ≤ i ≤ n} is said to be negatively associated (NA)

if for every pair of disjoint subsets A and B of {1, 2, . . . , n},

Cov(f1(Xi, i ∈ A), f2(Xj , j ∈ B)) ≤ 0.

Whenever f1 and f2 are coordinatewise increasing and such that the covariance exists. An infinite

family of random variables {Xi, i ≥ 1} is NA if for every positive integer n ≥ 2, {Xi, 1 ≤ i ≤ n}

is NA. An array {Xni, i ≥ 1, n ≥ 1} is rowwise NA if for every positive integer n, the sequence

of random variables {Xni, i ≥ 1} is NA. This definition was introduced by Alam and Saxena

[1] and carefully studied by Joag-Dev and Proschan [2] and Block et al. [3]. NA sequences

have many good properties and extensive applications in multivariate statistical analysis and

reliability theory, and the notion of NA random variables has received more and more attention

in recent years. We refer to Joag-Dev and Proschan [2] for fundamental properties, Matula [4]

for the three series theorem, Su et al. [5] for a moment inequality, a weak invariance principle

and an example to show that there exists infinite family of non-degenerate non-independent

strictly stationary NA random variables, Shao [6] for the Rosenthal type maximal inequality
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and the Kolmogorov exponential inequality, Su and Qin [7] and Qiu and Gan [8] for complete

convergence, Qiu and Yang [9] for strong laws of large numbers.

The main purpose of this paper is to extend and improve Theorem A and the sufficient

part of Theorem B to arrays of rowwise NA random variables {Xni, i ≥ 1, n ≥ 1} which are

stochastically dominated by a random variable X. That is,

P (|Xni| > x) ≤ CP (|X | > x) for all x > 0 and for all i ≥ 1 and n ≥ 1,

where C is a positive constant.

Throughout this paper, we assume that
∑∞

i=1 aniXni is finite a.s., C always stands for a

positive constant which may differ from one place to another.

2. Preliminaries

In order to prove our main result, we need the following lemmas.

Lemma 1 ([6]) Let {Xn, n ≥ 1} be a sequence of NA random variables with EXn = 0 and

E|Xn|
2 < ∞, n ≥ 1. Let Sk =

∑k
i=1 Xi, Bn =

∑n
i=1 EX2

i . Then for all x > 0, b > 0

P ( max
1≤k≤n

|Sk| ≥ x) ≤ 2P ( max
1≤k≤n

|Xk| ≥ b) + 4 exp (−
x2

8Bn
) + 4(

Bn

4(xb + Bn)
)x/(12b)

Lemma 2 ([6]) Let {Xn, n ≥ 1} be a sequence of NA random variables with EXn = 0 and

E|Xn|
p < ∞, n ≥ 1, where 1 ≤ p ≤ 2. Then

E|

n
∑

i=1

Xi|
p ≤ 23−p

n
∑

i=1

E|Xi|
P , ∀n ≥ 2.

Lemma 3 Let {Xni, i ≥ 1, n ≥ 1} be an array of random variables which is stochastically

dominated by a random variable X . Then for any q > 0 and x > 0

(i) E|Xni|
qI(|Xni| ≤ x) ≤ C [E|X |qI(|X | ≤ x) + xqP (|X | > x)],

(ii) E|Xni|
qI(|Xni| > x) ≤ CE|X |qI(|X | > x).

Lemma 4 Let h(x) > 0 be a slowly varying function as x → +∞ and X be a random variable

with E|X |γh(|X |p) < ∞ for some γ > 0 and some p > 0. Then

(i)
∑∞

i=0 2−iδ/ph(2i)E|X |γ+δI(|X | ≤ 2(i+1)/p) ≤ C + CE|X |γh(|X |p) for any δ > 0,

(ii)
∑∞

i=0 2iδ/ph(2i)E|X |γ−δI(|X | > 2i/p) ≤ C + CE|X |γh(|X |p) for some δ > 0 such that

γ − δ > 0,

(iii)
∑∞

i=0 2iγ/ph(2i)P (|X | > 2i/p) ≤ C + CE|X |γh(|X |p).

Proof First of all, we mention that the proofs of (ii) and (iii) are similar to that of (i), so we

only prove (i). By the property of slowly varying function [11], we have

∞
∑

i=0

2−iδ/ph(2i)E|X |γ+δI(|X | ≤ 2(i+1)/p)

≤
∞
∑

i=0

2−iδ/ph(2i) +
∞
∑

i=0

2−iδ/ph(2i)
i

∑

j=0

E|X |γ+δI(2j/p < |X | ≤ 2(j+1)/p)
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≤ C +

∞
∑

j=0

E|X |γ+δI(2j/p < |X | ≤ 2(j+1)/p)

∞
∑

i=j

2−iδ/ph(2i)

≤ C + C

∞
∑

j=0

h(2j)E|X |γI(2j/p < |X | ≤ 2(j+1)/p)

≤ C + CE|X |γh(|X |p).

Lemma 5 Let h(x) > 0 be a slowly varying function as x → +∞ and {Xni, i ≥ 1, n ≥ 1} be an

array of random variables which is stochastically dominated by a random variable X satisfying

E|X |γh(|X |p) < ∞ , where γ = p(t + β + 1) > 0 and p > 0. Let {ani, i ≥ 1, n ≥ 1} be an array

of real numbers satisfying (1). Then we have

(i)
∑∞

j=0 2j(t+1)h(2j)max2j≤n<2j+1

∑∞

i=1 E|n−1/paniXniI(|Xni| ≤ n1/p)|γ+δ ≤ C+CE|X |γh(|X |p)

for any δ > 0.

(ii)
∑∞

j=0 2j(t+1)h(2j)max2j≤n<2j+1

∑∞

i=1 E|n− 1
p aniXniI(|Xni| > n

1
p )|γ−δ ≤ C+CE|X |γh(|X |p)

for some δ > 0 such that γ − δ ≥ α and γ − δ > 0.

Proof First we note that (1) implies

∞
∑

i=1

|ani|
α+r = O(nβ) for any r ≥ 0.

Thus by Cr-inequality, Lemmas 3 and 4, we can get
∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

∞
∑

i=1

E|n−1/paniXniI(|Xni| ≤ n1/p)|γ+δ

≤ C

∞
∑

j=0

2−j(β+ δ
p
)h(2j) max

2j≤n<2j+1

∞
∑

i=1

|ani|
γ+δ

[

E|X |γ+δI(|X | ≤ n
1
p ) + n

γ+δ
p P (|X | > n

1
p )

]

≤ C

∞
∑

j=0

2−δj/ph(2j)E|X |γ+δI(|X | ≤ 2(j+1)/p) + C

∞
∑

j=0

2jγ/ph(2j)P (|X | > 2j/p)

≤ C + CE|X |γh(|X |p).

Therefore, (i) is proved. By Lemmas 3 and 4, we also get

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

∞
∑

i=1

E|n−1/paniXniI(|Xni| > n1/p)|γ−δ

≤ C

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

n−(γ−δ)/p
∞
∑

i=1

|ani|
γ−δE|X |γ−δI(|X | > n1/p)

≤ C

∞
∑

j=0

2δj/ph(2j)E|X |γ−δI(|X | > 2j/p)

≤ C + CE|X |γh(|X |p).

Thus (ii) is proved. 2

3. Main results and proofs

Theorem 1 Let h(x) > 0 be a slowly varying function as x → +∞ and {Xni, i ≥ 1, n ≥ 1}
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be an array of zero-mean rowwise NA random variables which is stochastically dominated by a

random variable X satisfying E|X |γh(|X |p) < ∞, where γ = p(t + β + 1) > 0 and p > 0. Let

{ani, i ≥ 1, n ≥ 1} be an array of real numbers satisfying (1) for some α < γ.

(i) If γ ≥ 2, and {ani, i ≥ 1, n ≥ 1} satisfies (3). Moreover, we assume that E|X |2 < ∞

when γ = 2. Then

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

P
(

n−1/p|

∞
∑

i=1

aniXni| > ε
)

< ∞ for all ε > 0, (11)

and
∞
∑

n=1

nth(n)P
(

n−1/p|
∞
∑

i=1

aniXni| > ε
)

< ∞ for all ε > 0. (12)

(ii) If 1 < γ < 2, then (11) and (12) hold.

(iii) If γ = 1, and E|X | < ∞, then (11) and (12) hold.

Proof If (11) holds, then

∞
∑

n=1

nth(n)P
(

n−1/p|

∞
∑

i=1

aniXni| > ε
)

=

∞
∑

j=0

∑

2j≤n<2j+1

nth(n)P
(

n−1/p|

∞
∑

i=1

aniXni| > ε
)

≤ C + C

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

P
(

n−1/p|

∞
∑

i=1

aniXni| > ε
)

< ∞,

(12) holds. So, it suffices to show that (11) holds.

If t < −1, by the property of slowly varying function [11], (11) holds and so we assume that

t ≥ −1. Define Uni = XniI(|Xni| ≤ n1/p) + n1/pI(Xni > n1/p) − n1/pI(Xni < −n1/p), Vni =

XniI(|Xni| > n1/p) − n1/pI(Xni > n1/p) + n1/pI(Xni < −n1/p), for any i ≥ 1, n ≥ 1. Without

loss of generality, we may assume that ani > 0 for i ≥ 1, n ≥ 1. Then by Joag-Dev and Proschan

[2], {anin
−1/pUni, i ≥ 1, n ≥ 1} and {anin

−1/pVni, i ≥ 1, n ≥ 1} are arrays of rowwise NA

random variables. Since we assume that
∑∞

i=1 aniXni is finite a.s., there exists positive integer

kn such that P (n−1/p|
∑∞

i=kn+1 aniXni| > ε/2) < 1/n(t+2), ∀n ≥ 1. Thus in order to prove (11),

we only need to show that

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

P (n−1/p|

kn
∑

i=1

aniXni| > ε/2) < ∞. (13)

Since EXni = 0 for any i ≥ 1, n ≥ 1, we can get

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

P (n−1/p|

kn
∑

i=1

aniXni| > ε/2)

≤

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

P (n−1/p|

kn
∑

i=1

ani(Uni − EUni)| > ε/4)+

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

P (n−1/p|

kn
∑

i=1

ani(Vni − EVni)| > ε/4)

Def
= A + B. (14)
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(i) When γ ≥ 2, by the condition (i) of Theorem 1, we have E|X |2 < ∞. For B, we get by

Cr-inequality and (3) that

Dn1 =

kn
∑

i=1

Var(n−1/paniVni) ≤
∞
∑

i=1

a2
nin

−2/p
[

EX2
niI(|Xni| > n1/p) + n2/pP (|Xni| > n1/p)

]

≤ Cn(q−2/p) + CnqP (|X | > n1/p) ≤ Cn(q−2/p).

Since q < 2
p , we can take b > 0 such that ( 2

p − q) ε
48b > t + 1. So we have

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

exp
(

−
(ε/4)2

8Dn1

)

≤
∞
∑

j=0

2j(t+1)h(2j) exp
(

− C2j(2/p−q)
)

< ∞, (15)

and
∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

( Dn1

4(bε/4 + Dn1)

)ε/(48b)

≤ C
∞
∑

j=0

2j[(q− 2
p
) ε
48b

+t+1]h(2j) < ∞. (16)

Take δ > 0 such that γ − δ ≥ α and γ − δ ≥ 1. By Markov’s inequality, Cr-inequality, Jensen’s

inequality, (1), Lemmas 4 and 5, we get

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

P ( max
1≤i≤kn

|n−1/pani(Vni − EVni)| ≥ b)

≤
∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

∞
∑

i=1

P (|n−1/pani(Vni − EVni)| ≥ b)

≤ C

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

∞
∑

i=1

[

E|n− 1
p aniXniI(|Xni| > n

1
p )|γ−δ + aγ−δ

ni P (|Xni| > n
1
p )

]

≤ C + C

∞
∑

j=0

2jγ/ph(2j)P (|X | > 2j/p) < ∞. (17)

By (15)–(17) and Lemma 1 we have B < ∞. For A, we have

Dn2 =

kn
∑

i=1

V ar(n−1/paniUni) ≤

∞
∑

i=1

a2
nin

−2/p
[

EX2
niI(|Xni| ≤ n1/p) + n2/pP (|Xni| > n1/p)

]

≤ Cn(q−2/p) + CnqP (|X | > n1/p) ≤ Cn(q−2/p).

Taking b > 0 such that ( 2
p − q) ε

48b > t + 1, similar to the proof of (15) and (16), we have

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

exp
(

−
(ε/4)2

8Dn2

)

< ∞, (18)

and
∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

( Dn2

4(bε/4 + Dn2)

)ε/(48b)

< ∞. (19)

Taking δ > 0, by Markov’s inequality, Cr-inequality, Jensen’s inequality, (1), Lemmas 4 and 5,

we get
∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

P ( max
1≤i≤kn

|n−1/pani(Uni − EUni)| ≥ b)
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≤

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

∞
∑

i=1

P (|n−1/pani(Uni − EUni)| ≥ b)

≤ C

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

∞
∑

i=1

[

E|n− 1
p aniXniI(|Xni| ≤ n

1
p )|γ+δ + aγ+δ

ni P (|Xni| > n
1
p )

]

≤ C + C

∞
∑

j=0

2jγ/ph(2j)P (|X | > 2j/p) < ∞. (20)

By (18)–(20) and Lemma 1 we have A < ∞. So (11) holds.

(ii) Taking δ > 0 such that γ + δ ≤ 2, we get by Markov’s inequality, Cr-inequality, Jensen’s

inequality and Lemma 2–Lemma 5 that

A = (4/ε)γ+δ
∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

E|

kn
∑

i=1

n−1/pani(Uni − EUni)|
γ+δ

≤ C

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

∞
∑

i=1

[

E|n− 1
p aniXniI(|Xni| ≤ n

1
p )|γ+δ + aγ+δ

ni P (|Xni| > n
1
p )

]

< ∞. (21)

We now take δ > 0 such that γ − δ ≥ α and γ − δ ≥ 1. Then we also get that

B = (4/ε)γ−δ
∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

E|

kn
∑

i=1

n−1/pani(Vni − EVni)|
γ−δ

≤ C

∞
∑

j=0

2j(t+1)h(2j) max
2j≤n<2j+1

∞
∑

i=1

[

E|n− 1
p aniXniI(|Xni| > n

1
p )|γ−δ + aγ−δ

ni P (|Xni| > n
1
p )

]

< ∞. (22)

Thus (11) holds by (14), (21) and (22) when 1 < γ < 2.

(iii) Next, we consider the case γ = 1. Similarly to the proof of (21), we have

A < ∞. (23)

Now, we prove that B < ∞. By Lemma 3, there exists a positive constant C1 > 0 such that

E|Xni|I(|Xni| > x) ≤ C1E|X |I(|X | > x) for all x > 0 and all n ≥ 1. (24)

Condition (1) implies that there exists a positive constant C2 > 0 such that

∞
∑

i=1

|ani| ≤ C2n
β for all n ≥ 1. (25)

Since E|X | = E|X |γ < ∞, there exists a positive constant M > 0, when n1/p ≥ M, we have that

E|X |I(|X | > n1/p) ≤
ε

16C1C2
. (26)

Since p(t + β + 1) = 1 and t ≥ −1, we can get that β − 1/p = −(t + 1) ≤ 0. For n1/p ≥ M, by

(24)–(26) and Lemma 3, we have

kn
∑

i=1

n−1/p|ani|E|Xni|I(|Xni| > n1/p) ≤ C1n
−1/pE|X |I(|X | > n1/p)

∞
∑

i=1

|ani|
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≤ C1C2n
−1/pnβE|X |I(|X | > n1/p)

≤ nβ−1/p ε

16
≤

ε

16
. (27)

By (27), we have
kn
∑

i=1

|ani|P (|Xni| > n1/p) ≤
ε

16
. (28)

Taking δ > 0 such that γ − δ = 1− δ ≥ α and γ− δ > 0. Let 2j0/p ≥ M . By Markov’s inequality,

Cr-inequality, Lemmas 4 and 5, (27) and (28), we have

B ≤C +

∞
∑

j=j0

2j(t+1)h(2j)·

max
2j≤n<2j+1

P
(

kn
∑

i=1

n−1/pani

[

|Xni|I(|Xni| > n1/p) + n1/pI(|Xni| > n1/p)
]

>
ε

8

)

≤C + C

∞
∑

j=j0

2j(t+1)h(2j)·

max
2j≤n<2j+1

E
∣

∣

∣

kn
∑

i=1

n−1/pani[|Xni|I(|Xni| > n1/p) + n1/pI(|Xni| > n1/p)]
∣

∣

∣

1−δ

≤C + C
∞
∑

j=j0

2j(t+1)h(2j)·

max
2j≤n<2j+1

∞
∑

i=1

[

E|n−1/paniXniI(|Xni| > n1/p)|1−δ + a1−δ
ni P (|Xni| > n1/p)

]

≤C + CE|X |h(|X |p) < ∞. (29)

Thus (11) holds by (14), (23) and (29) when γ = 1.

Remark 1 (i) If there exists a positive constant M > 0 such that h(x) ≥ M for sufficiently

large x, then we can get E|X |p(t+β+1) < ∞ from E|X |p(t+β+1)h(|X |p) < ∞.

(ii) Put h(x) ≡ 1, Xni = Xi, ∀i ≥ 1, n ≥ 1. Let {Xi, i ≥ 1} be a sequence of independent

random variables. Then Theorem A is obtained from Theorem 1, since independent random

variables are a special case of NA random variables.

(iii) Let β = 0, t = r− 2, h(x) ≡ 1. If condition (4) holds, then (1) holds according to (2.11)

of [13], where α = q̃(r − 1), γ = p(r − 1), 2 ≤ q < q̃ < p. When 0 < q(r − 1) < 2, by (2.11)

of [13], we have
∑

i∈Z a2
ni = O(1). Therefore, if (4) and (6) hold, we have

∑

i∈Z a2
ni = O(nδ),

where 0 < δ < 2/p. Thus Theorem 1 extends and improves the sufficient part of Theorem B in

i.i.d. case to NA random variables when p > 2.

If condition (1) on the weights is replaced by a weaker condition

|ani| = O(1),

∞
∑

i=1

|ani|
p(t+β+1) = O(nβ), (30)

we have the following theorem.

Theorem 2 Let {Xni, i ≥ 1, n ≥ 1} be an array of zero-mean rowwise NA random variables
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which is stochastically dominated by a random variable X satisfying E|X |γ log (1 + |X |) < ∞,

where γ = p(t + β + 1) > 0 and p > 0. Let {ani, i ≥ 1, n ≥ 1} be an array of real numbers

satisfying (30).

(i) If γ ≥ 2, and {ani, i ≥ 1, n ≥ 1} satisfies (3), then

∞
∑

j=0

2j(t+1) max
2j≤n<2j+1

P
(

n−1/p|

∞
∑

i=1

aniXni| > ε
)

< ∞ for all ε > 0, (31)

moreover
∞
∑

n=1

ntP
(

n−1/p|

∞
∑

i=1

aniXni| > ε
)

< ∞ for all ε > 0. (32)

(ii) If 1 ≤ γ < 2, then (31) and (32) hold.

Proof The proof is similar to that of Theorem 1, so it is omitted here. 2

Remark 2 (i) Obviously, Theorem 2 extends and improves the sufficient part of Theorem B in

i.i.d. case to NA random variables when p = 2.

(ii) If 0 < γ = p(t + β + 1) < 1. Let {Xni, i ≥ 1, n ≥ 1} be an array of arbitrary random

variables, under conditions of Theorem 1 or Theorem 2, the results still hold according to the

proof of [10].

Corollary 1 Let {Xni, i ≥ 1, n ≥ 1} be an array of zero-mean rowwise NA random variables

which is stochastically dominated by a random variable X satisfying E|X |p < ∞ for some p > 2.

Let {ani, i ≥ 1, n ≥ 1} be an array of real numbers satisfying (3) and

∞
∑

i=1

|ani|
θ = O(1) for some 2 ≤ θ < p.

Then
∞
∑

n=1

P
(

n−1/p|

∞
∑

i=1

aniXni| > ε
)

< ∞ for all ε > 0.

Proof Let t = 0 and β = 0. Clearly, |ani| = O(1). Thus the result follows from Theorem 1(i). 2

Corollary 2 Let {Xni, i ≥ 1, n ≥ 1} be an array of zero-mean rowwise NA random variables

which is stochastically dominated by a random variable X satisfying E|X |2 log |X | < ∞. Let

{ani, i ≥ 1, n ≥ 1} be an array of real numbers satisfying

∞
∑

i=1

|ani|
2 = O(1).

Then
∞
∑

n=1

P
(

n−1/2|

∞
∑

i=1

aniXni| > ε
)

< ∞ for all ε > 0.

Proof Let t = 0, β = 0 and p = 2. Clearly |ani| = O(1). Thus the result follows from Theorem

2(i).

Remark 3 When Xni = Xi, ∀n ≥ 1, i ≥ 1, let {Xi, i ≥ 1} be a sequence of i.i.d. random
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variables. Corollarys 1 and 2 were proved by Li et al. [12]. Hence Corollaries 1 and 2 extend the

results of Li et al. [12].

From Theorem 1, we can obtain a result on the rate of convergence of moving average pro-

cesses.

Corollary 3 Let {Xni,−∞ < i < ∞, −∞ < n < ∞} be an array of zero-mean rowwise

NA random variables which is stochastically dominated by a random variable X satisfying

E|X |p(t+2) < ∞ for some 0 < p < 2 and p(t + 2) > 1. Let {an,−∞ < n < ∞} be a se-

quence of real numbers such that
∑∞

n=−∞ |an| < ∞. Set ani =
∑i+n

j=i+1 aj for each i and n.

Then
∞
∑

n=1

ntP
(

|

∞
∑

i=−∞

aniXni|/n1/p > ε
)

< ∞ for all ε > 0.

Proof The proof is similar to that of Sung [10] and is omitted here.

Remark 4 Corollary 3 extends the Corollary 3 of Sung [10] on independent random variables

to arrays of rowwise NA random variables.

References

[1] ALAM K, SAXENA K M L. Positive dependence in multivariate distributions [J]. Comm. Statist. A—Theory
Methods, 1981, 10(12): 1183–1196.

[2] JOAG-DEV K, PROSCHAN F. Negative association of random variables, with applications [J]. Ann. Statist.,
1983, 11(1): 286–295.

[3] BLOCK H W, SAVITS T H, SHAKED M. Some concepts of negative dependence [J]. Ann. Probab., 1982,

10(3): 765–772.
[4] MATULA P. A note on the almost sure convergence of sums of negatively dependent random variables [J].

Statist. Probab. Lett., 1992, 15(3): 209–213.
[5] SU Chun, ZHAO Lincheng, WANG Yuebao. Moment inequalities and weak convergence for negatively

associated sequences [J]. Sci. China Ser. A, 1997, 40(2): 172–182.

[6] SHAO Qiman. A comparison theorem on moment inequalities between negatively associated and independent
random variables [J]. J. Theoret. Probab., 2000, 13(2): 343–356.

[7] SU Chun, QIN Yongsong. Two limit theorems for NA random variables [J]. Chinese Sci. Bull., 1997, 42(5):
356–359.

[8] QIU Dehua, GAN Shixin. Complete convergence of weighted sums for arrays of rowwise NA random variables

(II) [J]. Math. Appl. (Wuhan), 2006, 19(2): 225–230. (in Chinese)
[9] QIU Dehua, YANG Xiangqun. Strong laws of large numbers for weighted sums of identically distributed NA

random variables [J]. J. Math. Res. Exposition, 2006, 26(4): 778–784. (in Chinese)
[10] SUNG S H. Complete convergence for weighted sums of random variables [J]. Statist. Probab. Lett., 2007,

77(3): 303–311.

[11] BAI Zhidong, SU Chun. The complete convergence for partial sums of i.i.d. random variables [J]. Sci. Sinica
Ser. A, 1985, 28(12): 1261–1277.

[12] LI Deli, RAO M B, JIANG Tiefeng. et al. Complete convergence and almost sure convergence of weighted
sums of random variables [J]. J. Theoret. Probab., 1995, 8(1): 49–76.

[13] WANG Yuebao, LIU Xuguo, SU Chun. Equivalent conditions of complete convergence for independent

weighted sums [J]. Sci. China Ser. A, 1998, 41(9): 939–949.
[14] HSU P L, ROBBINS H. Complete convergence and the law of large numbers [J]. Proc. Nat. Acad. Sci. U.

S. A., 1947, 33: 25–31.


