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1 J Vx(	~��\ Bézier pQ$,*~d�.xz [1−4]. Chang[1] �w Bernstein-Bézier Q$�xz�-F�q�� Liu[2] �5 Bernstein-Kantorovich-BézierQ$�D�-Æx�5��
Zeng[3,4] B�xz� Bernstein-Bézierpb Szász-BézierpQ$J�	t��SI.F�P7�''.
M�9��Q$Æxq�.xz^Y��B��4�Ditzian-Totik"xz-Æx0i5��̂ ℄n	JrP��^o� Szász-Kantorovich-BézierQ$\� (m� SKBQ$)� Lp[0,∞)�k � Ditzian-Totik"\F�xz-Æx�5��&5�b0i5��SKBQ$5�4e�9 f ∈ Lp[0,∞) (1 ≤ p ≤ +∞),

Snα(f, x) = n

∞∑

k=0

∫ k+1
n

k
n

f(t)dt
(
Jα

n,k(x) − Jα
n,k+1(x)

)
, (1.1)- α ≥ 1, Jn,k(x) =

∞∑
j=k

pn,j(x), pn,j(x) = e−nx (nx)j

j! .���( α = 1 =� Sn1(f, x) d\V�. Szász-KantorovichQ$� Snα \jq�Q$���
α ≥ 1 =� aα − bα ≤ α(a − b) (1 ≥ a ≥ b ≥ 0), H	

|Snα(f, x)| ≤ α

∞∑

k=0

∣∣∣∣∣n
∫ k+1

n

k
n

f(t)dt

∣∣∣∣∣ pn,k(x). (1.2)� b ∫∞
0

pn,k(x)dx = 1
n
�� Snα(f, x) � Lp[0,∞) 6C	tjqQ$�\sHa�.rP��ÆD�K["U K- ?S.5� [5].8 f ∈ Lp[0,∞) (1 ≤ p ≤ ∞), ϕ(x) =

√
x,

ωϕ(f, t)p = sup
0<h≤t

∥∥∥∥f
(

x +
hϕ(x)

2

)
− f

(
x − hϕ(x)

2

)∥∥∥∥
p

,N5KI: 2005-01-03:=UG: Oh&2�w`u (10571040), X�:&2�w`u (Ai004000137).
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Kϕ(f, t)p = inf
g∈Wp

{‖f − g‖p + t‖ϕg′‖p} ,

Kϕ(f, t)p = inf
g∈Wp

{
‖f − g‖p + t‖ϕg′‖p + t2‖g′‖p

}
,- Wp = {f | f ∈ A.C.loc, ‖ϕf ′‖p < ∞, ‖f ′‖p < ∞} .� [5] �

ωϕ(f, t)p ∼ Kϕ(f, t)p ∼ Kϕ(f, t)p. (1.3)�Æ a ∼ b C�"� C > 0, ?, C−1a ≤ b ≤ Ca.�^,*4e0i5�0A 8 f ∈ Lp[0,∞) (1 ≤ p ≤ ∞), ϕ(x) =
√

x, 0 < β < 1, α ≥ 1, �
‖Snα(f) − f‖p = O

((
1√
n

)β
)

(1.4)

⇔ ωϕ(f, t)p = O
(
tβ
)
. (1.5)�^ � C �A~C
 n, x bJ.��I��W2A�%%��W.I��

2 ℄1B\Z .r|�a�f��	J.~mq��S���VQm&eQ;,*�
(1)

1 = Jn,0(x) > Jn,1(x) > · · · > Jn,k(x) > Jn,k+1(x) > · · · > 0; (2.1)

(2)

p′n,k(x) = n(pn,k−1(x) − pn,k(x)), k = 1, 2, · · · , p′n,0(x) = −npn,0(x); (2.2)

(3)

J ′
n,0(x) = 0, J ′

n,k(x) = npn,k−1(x) > 0, k = 1, 2, · · · ; (2.3)

(4)

p′n,k(x) =
n

ϕ2(x)

(
k

n
− x

)
pn,k(x), x ∈ (0,∞); (2.4)�� Sn1((t − x)2, x) = x

n
+ 1

3n2 , a���,*
(5)

Sn1((· − x)2, x) ≤ 4
δ2
n(x)

n
, (2.5)- δn(x) = max

{
ϕ(x), 1√

n

}
.e a�D��5��0A 2.1 8 f ∈ Lp[0,∞) (1 ≤ p ≤ ∞), ϕ(x) =

√
x, �

‖Snα(f, x) − f(x)‖p ≤ Cωϕ

(
f,

1√
n

)

p

. (2.6)



746 J u y { Æ * � 26�^E E~ Kϕ(f, t)p .5�b (1.3) ��9�I5. n, x, �t g, ?,
‖f − g‖p +

1√
n
‖ϕg′‖p +

1

n
‖g′‖p ≤ Cωϕ

(
f,

1√
n

)

p

. (2.7)��
‖Snα(f, x) − f(x)‖p ≤ ‖Snα(f − g, x)‖p + ‖f − g‖p + ‖Snα(g, x) − g(x)‖p

≤ C ‖f − g‖p + ‖Snα(g, x) − g(x)‖p .�;vrGe6�
83<l�~ Riesz-Thorin ��5���r�� p = ∞ U p = 1 �!/	�9� p = ∞ ./	��� g(t) = g(x) +
∫ t

x
g′(u)du, b Snα(1, x) = 1, H	

|Snα(g, x) − g(x)| ≤
∣∣∣∣Snα

(∫ t

x

g′(u)du, x

)∣∣∣∣ ,;
∣∣∣∣
∫ t

x

g′(u)du

∣∣∣∣ ≤ ‖δng′‖∞
∣∣∣∣
∫ t

x

ϕ−1(u)du

∣∣∣∣ ,

∣∣∣∣
∫ t

x

ϕ−1(u)du

∣∣∣∣ = 2
∣∣∣
√

t −
√

x
∣∣∣ ≤ 2ϕ−1(x)|t − x|,b

∣∣∣∣
∫ t

x

g′(u)du

∣∣∣∣ ≤ ‖δng′‖∞
∣∣∣∣
∫ t

x

√
ndu

∣∣∣∣ ≤
√

n‖δng′‖∞|t − x|.�X, |Snα(g, x) − g(x)| ≤ ‖δng′‖∞ min{2ϕ−1(x),
√

n}Snα(|t − x|, x)."�* min{2ϕ−1(x),
√

n} ∼ δ−1
n (x) b

Snα(|t − x|, x) ≤ αSn1(|t − x|, x) ≤ α
(
Sn1(|t − x|2, x)

) 1
2 ≤ 2α

δn(x)√
n

,	
‖Snα(g, x) − g(x)‖∞ ≤ C

1√
n
‖δng′‖∞

≤ C

(
1√
n
‖ϕg′‖∞ +

1

n
‖g′‖∞

)
≤ Cωϕ(f,

1√
n

)∞. (2.8)9� p = 1 ./	�B�!/	��� x ∈ Ec
n = [0, 1

n
] U x ∈ En = ( 1

n
,∞). Gf��
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x ∈ Ec
n ./	�

|Snα(g, x) − g(x)| ≤
∞∑

k=0

n

∫ k+1
n

k
n

|
∫ t

x

g′(u)du|dtαpn,k(x)

≤ α

∞∑

k=0

pn,k(x)n

∫ k+1
n

k
n

|
∫ t

x

1

ϕ(u)
|ϕ(u)g′(u)|du|dt

≤ α

∞∑

k=0

pn,k(x)n

∫ k+1
n

k
n

(
ϕ−1(t) + ϕ−1(x)

)
dt

∫ 1

0

|ϕ(u)g′(u)|du

≤ α‖ϕg′‖1

∞∑

k=0

(
ϕ−1(x) + 2

√
n

k + 1

)
pn,k(x). (2.9)H	

∫

Ec
n

|Snα(g, x) − g(x)| dx ≤ α‖ϕg′‖1

(∫ 1
n

0

ϕ−1(x)dx + 2

∫ 1
n

0

∞∑

k=0

√
n

k + 1
pn,k(x)dx

)
.e B�eQ6�
8�l��� ∫ 1

n

0
ϕ−1(x)dx = 2√

n
,

∫ 1
n

0

∞∑

k=0

√
n

k + 1
pn,k(x)dx ≤

∫ 1
n

0

( ∞∑

k=0

n

k + 1
pn,k(x)

) 1
2

dx

=

∫ 1
n

0

( ∞∑

k=0

1

x
pn,k+1(x)

) 1
2

dx ≤
∫ 1

n

0

1√
x

dx =
2√
n

.�C ∫

Ec
n

|Snα(g, x) − g(x)| dx ≤ C
1√
n
‖ϕg′‖1. (2.10)J� x ∈ En ./	�� (2.9) .X)Q���

∫

En

|Snα(g, x) − g(x)| dx

≤ α

∫

En

∞∑

k=0

pn,k(x)n

∫ k+1
n

k
n

(
ϕ−1(x) + ϕ−1(t)

)
dt

∣∣∣∣∣

∫ k∗

n

x

|ϕ(u)g′(u)|du

∣∣∣∣∣ dx

≤ C

(∫

En

∞∑

k=0

pn,k(x)

(
ϕ−1(x) +

√
n

k + 1

) ∣∣∣∣∣

∫ k∗

n

x

|ϕ(u)g′(u)|du

∣∣∣∣∣dx

)

=: C(R1 + R2). (2.11)- ∣∣∣∣
∫ k∗

n

x
|ϕ(u)g′(u)|du

∣∣∣∣ = max
j=k,k+1

∣∣∣
∫ j

n

x
|ϕ(u)g′(u)|du

∣∣∣ .e a����O� [5, p146-147] .A=Ge R1 U R2. Gf5�
D(l, n, x) = {k : lϕ(x)n− 1

2 ≤ |k
n
− x| < (l + 1)ϕ(x)n− 1

2 }.
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R1 =

∫

En

ϕ−1(x)

∞∑

l=0

∑

k∈D(l,n,x)

pn,k(x)

∣∣∣∣∣

∫ k∗

n

x

|ϕ(u)g′(u)|du

∣∣∣∣∣dx.9� x ∈ En b [5, �� 9.4.4], 	 (l ≥ 1 =)

∑

k∈D(l,n,x)

pn,k(x) ≤
∑

k∈D(l,n,x)

∣∣∣∣
k

n
− x

∣∣∣∣
4

pn,k(x)
n2

l4ϕ4(x)
≤ C

(l + 1)4
. (2.12)

l = 0 =6�rP}���h�5�
F (l, x) =

{
v : v ∈ [0,∞), |v − x| ≤ (l + 1)ϕ(x)n− 1

2 +
1

n

}
,

G(l, v) = {x : x ∈ En, v ∈ F (l, x)} .�O� [5, p147] .X)Q����
R1 ≤ C

∞∑

l=0

1

(l + 1)4

∫

En

ϕ−1(x)

∫

F (l,x)

|ϕ(v)g′(v)|dvdx

≤ C

∞∑

l=0

1

(l + 1)4

∫ ∞

0

|ϕ(v)g′(v)|
∫

G(l,v)

ϕ−1(x)dxdv ≤ C
1√
n
‖ϕg′‖1. (2.13)�Y9 R2, �O� (2.12) 	

∑

k∈D(l,n,x)

pn,k(x)

√
n

k + 1
≤




∑

k∈D(l,n,x)

pn,k(x)
n

k + 1




1
2

= ϕ−1(x)




∑

k∈D(l,n,x)

pn,k+1(x)




1
2

≤ C

(1 + l)4
ϕ−1(x).�C��O� (2.13) 	

R2 ≤ C
1√
n
‖ϕg′‖1. (2.14)�{,* ∫

En

|Snα(g, x) − g(x)|dx ≤ C√
n
‖ϕg′‖1. (2.15)� (2.10) U (2.15) � p = 1 = (2.6) ���rV (2.8) ��5�����Z�

3 H1B\�!&5��r|�C���YA 3.1 8 f ∈ Lp[0,∞) (1 ≤ p ≤ ∞), ϕ(x) =
√

x, δn(x) = ϕ(x) + 1√
n
, �	

∥∥∥δnS
′

nα(f)
∥∥∥

p
≤ C

√
n‖f‖p. (3.1)
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nα(f, x) .�#��

S′
nα(f, x) = α

∞∑

k=0

n

∫ k+1
n

k
n

f(t)dt
[
Jα−1

n,k (x)J ′
n,k(x) − Jα−1

n,k+1(x)J ′
n,k+1(x)

]

= α

∞∑

k=0

n

∫ k+1
n

k
n

f(t)dt
{[

Jα−1
n,k (x) − Jα−1

n,k+1(x)
]
J ′

n,k+1(x) + Jα−1
n,k p′n,k(x)

}
.H� (2.1) U (2.3) ����

∣∣S′
n,α(f, x)

∣∣ ≤ α‖f‖∞
( ∞∑

k=0

[
Jα−1

n,k (x) − Jα−1
n,k+1(x)

]
J ′

n,k+1(x) +

∞∑

k=0

Jα−1
n,k (x)|p′n,k(x)|

)

=: α‖f‖∞ (J1 + J2) . (3.2)9 x ∈ Ec
n, �� (2.2) �, (f pn,−1(x) = 0)

δn(x)J2 ≤ 2√
n

∞∑

k=0

n |pn,k−1(x) − pn,k(x)| ≤ 4√
n

∞∑

k=0

npn,k(x) = 4
√

n.9 x ∈ En, �� (2.4) �,
δn(x)J2 ≤ 2ϕ(x)

∞∑

k=0

n

ϕ2(x)
|k
n
− x|pn,k(x) ≤ 2n

ϕ(x)

( ∞∑

k=0

∣∣∣∣
k

n
− x

∣∣∣∣
2

pn,k(x)

) 1
2

= 2
√

n.�C�,
δn(x)J2 ≤ C

√
n. (3.3)"�* J ′

n,0(x) = 0, �
J1 =

∞∑

k=0

(
Jα−1

n,k (x) − Jα−1
n,k+1(x)

)
J ′

n,k+1(x)

=

∞∑

k=0

Jα−1
n,k (x)

(
J ′

n,k(x) − p′n,k(x)
)
−

∞∑

k=0

Jα−1
n,k+1(x)J ′

n,k+1(x)

≤
∞∑

k=1

Jα−1
n,k (x)J ′

n,k(x) −
∞∑

k=0

Jα−1
n,k+1(x)J ′

n,k+1(x) +

∞∑

k=0

Jα−1
n,k (x)|p′n,k(x)| = J2.� �

δn(x)J1 ≤ C
√

n. (3.4)� (3.2)–(3.4) �,
‖δn(x)S′

nα(f, x)‖∞ ≤ C
√

n‖f‖∞. (3.5)e �� p = 1 ./	�f ak(f) = n
∫ k+1

n
k
n

f(t)dt, �
∣∣S′

n,α(f, x)
∣∣ ≤

∞∑

k=0

|ak(f)|
[
Jα−1

n,k (x) − Jα−1
n,k+1(x)

]
J ′

n,k+1(x) +

∞∑

k=0

|ak(f)|Jα−1
n,k (x)|p′n,k(x)|

=:
(
J̃1 + J̃2

)
. (3.6)
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0

|δn(x)S′
nα(f, x)| dx ≤

(∫

Ec
n

+

∫

En

)
δn(x)

(
J̃1 + J̃2

)
dx. (3.7)e B�Ge (3.7)  kJ.N�B�

∫

Ec
n

δn(x)J̃2dx ≤
∫

Ec
n

δn(x)

∞∑

k=1

|ak(f)|n (pn,k−1(x) + pn,k(x)) dx +

∫

Ec
n

δn(x)|a0(f)|npn,0(x)dx.( x ∈ Ec
n, δn(x) ≤ 2√

n
, ; ∫∞

0
pn,k(x)dx = 1

n
, H	

∫

Ec
n

δn(x)J̃2dx ≤ 4√
n

∞∑

k=1

n

∫ k+1
n

k
n

|f(t)|dt +
2n√
n

∫ 1
n

0

|f(t)|dt ≤ 4
√

n‖f‖1. (3.8)�� Jα−1
n,k (x) − Jα−1

n,k+1(x) ≤ 1, J
′

n,k+1(x) = npn,k(x), H��
∫

Ec
n

δn(x)J̃1dx ≤
∫

Ec
n

δn(x)
∞∑

k=0

|ak(f)|npn,k(x)dx ≤ 2
√

n‖f‖1. (3.9)\Ge ∫
En

δn(x)J̃2dx, r| [5, p129 (9.4.15)]

∫

En

( k
n
− x)2

ϕ2(x)
pn,k(x)dx ≤ Cn−2.�� (2.4), ,

∫

En

δn(x)J̃2dx ≤ 2

∞∑

k=0

|ak(f)|
∫

En

ϕ(x) · n

ϕ2(x)

∣∣∣∣
k

n
− x

∣∣∣∣ pn,k(x)dx

≤ 2n

∞∑

k=0

|ak(f)|n− 1
2

(∫

En

(
k
n
− x
)2

ϕ2(x)
pn,k(x)dx

) 1
2

≤ C
√

n

∞∑

k=0

∫ k+1
n

k
n

|f(t)|dt = C
√

n‖f‖1. (3.10)\Ge ∫
En

δn(x)J̃1dx, ���!/	� α ≥ 2 U 1 < α < 2 (( α = 1 =� J̃1 = 0).9� α ≥ 2, Jα−1
n,k (x) − Jα−1

n,k+1(x) ≤ (α − 1)pn,k(x) .	 [3,p315]

pn,k(x) ≤ 1√
πnx

k = 0, 1, · · · , x ∈ En,��
ϕ(x)pn,k(x) ≤ 1√

n
. (3.11)�� (2.3) 	

∫

En

δn(x)J̃1dx ≤ C

∞∑

k=0

|ak(f)|
∫

En

ϕ(x)pn,k(x)npn,k(x)dx

≤ C
√

n

∞∑

k=0

∫ k+1
n

k
n

|f(t)|dt = C
√

n‖f‖1. (3.12)
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Jα−1

n,k (x) − Jα−1
n,k+1(x) = (α − 1)(ξk(x))α−2pn,k(x),- Jn,k+1(x) < ξk(x) < Jn,k(x), � α − 2 < 0, H	

Jα−1
n,k (x) − Jα−1

n,k+1(x) ≤ (α − 1)Jα−2
n,k+1(x)pn,k(x).�C( 1 < α < 2 =��� (3.11)

∫

En

δn(x)J̃1dx ≤ C

∫

En

ϕ(x)

∞∑

k=0

|ak(f)|pn,k(x)(α − 1)Jα−2
n,k+1(x)J ′

n,k+1(x)dx

≤ C

∞∑

k=0

|ak(f)| 1√
n

∫ ∞

0

(α − 1)Jα−2
n,k+1(x)J ′

n,k+1(x)dx.;6�
8aB\	iI�B>6
∫ ∞

0

dJα−1
n,k+1(x) = [1 − (pn,0(x) + · · · + pn,k(x))]

α−1 |∞0 ,"�* pn,0(x)|∞0 = e−nx|∞0 = −1, pn,k(x)|∞0 = 0, (k = 1, 2, · · ·), H,
∫

En

δn(x)J̃1dx ≤ C
√

n

∞∑

k=0

∫ k+1
n

k
n

|f(t)|dt ≤ C
√

n‖f‖1. (3.13)� (3.12) U (3.13) ��9 α ≥ 1 	
∫

En

δn(x)J̃1dx ≤ C
√

n‖f‖1. (3.14)�V (3.6)–(3.10) �b (3.14) ,*
∫ ∞

0

δn(x)|S′
nα(f, x)|dx ≤ C

√
n‖f‖1. (3.15)! (3.5) U (3.15) ��� 3.1 ����Z�YA 3.2 8 f ∈ Wp, ϕ(x) =

√
x, δn(x) = ϕ(x) + 1√

n
, �	

∥∥∥δn(x)S
′

nα(f, x)
∥∥∥

p
≤ C‖δnf ′‖p. (3.16)^E a�3B p = ∞ U p = 1 �!/	�!�( p = ∞ =��� Snα(1, x) = 1, f(x)S′

nα(1, x) = 0, H	
∣∣∣S

′

n,α(f, x)
∣∣∣ =

∣∣∣∣∣

∞∑

k=0

n

∫ k+1
n

k
n

∫ t

x

f ′(u)dudt
(
Jα

n,k(x) − Jα
n,k+1(x)

)′
∣∣∣∣∣

≤
∞∑

k=0

n

∫ k+1
n

k
n

∣∣∣∣
∫ t

x

f ′(u)du

∣∣∣∣dtα
{
[Jα−1

n,k (x) − Jα−1
n,k+1(x)]J ′

n,k+1(x) + Jα−1
n,k (x)|p′n,k(x)|

}
.
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∣∣∣∣
∫ t

x

δ−1
n (u)du

∣∣∣∣ ≤ C

∣∣∣∣
∫ t

x

min
{
ϕ−1(u),

√
n
}

du

∣∣∣∣

≤ C min

{ |t − x|
ϕ(x)

,
√

n|t − x|
}

≤ Cδ−1
n (x)|t − x|.�;	

|δn(x)S′
nα(f, x)|

≤ C‖δnf ′‖∞
∞∑

k=0

n

∫ k+1
n

k
n

|t − x|dt
{

[Jα−1
n,k (x) − Jα−1

n,k+1(x)]J ′
n,k+1(x) + Jα−1

n,k (x)|p′

n,k(x)|
}

=: C‖δnf ′‖∞ (I1 + I2) . (3.17)9� x ∈ Ec
n, �� (2.2) b (2.5)(f pn,−1(x) = 0), 	

I2 =

∞∑

k=0

n

∫ k+1
n

k
n

|t − x|dtJα−1
n,k (x)|p′n,k(x)|

≤
∞∑

k=0

n

∫ k+1
n

k
n

|t − x|dtn (pn,k−1(x) + pn,k(x))

≤ 1 + 2nSn1(|t − x|, x) ≤ 1 + 2
√

nδn(x) ≤ 5. (3.18)9� x ∈ Ec
n, �� I1, "�* J ′

n,0(x) = 0, 	
I1 =

∞∑

k=1

n

∫ k+1
n

k
n

|t − x|dtJα−1
n,k (x)J ′

n,k(x)−

∞∑

k=0

n

∫ k+1
n

k
n

|t − x|dtJα−1
n,k+1(x)J ′

n,k+1(x) +
∞∑

k=0

n

∫ k+1
n

k
n

|t − x|dtJα−1
n,k (x)|p′n,k(x)|

≤
∞∑

k=1

n

∫ k+1
n

k
n

(
|t − x| − | 1

n
+ t − x|

)
dtJα−1

n,k (x)J ′
n,k(x) + I2

≤
∞∑

k=1

n

∫ k+1
n

k
n

1

n
dtJ ′

n,k(x) + I2 ≤ 1

n

∞∑

k=1

npn,k−1(x) + I2 ≤ 6. (3.19)� (3.17)–(3.19) ��9 x ∈ Ec
n, 	

|δn(x)S′
nα(f, x)| ≤ C‖δnf ′‖∞. (3.20)9� x ∈ En, � δn(x) ∼ ϕ(x), �C�� (2.4) �

I2 ≤
∞∑

k=0

n

∫ k+1
n

k
n

|t − x|dt
n

ϕ2(x)

∣∣∣∣
k

n
− x

∣∣∣∣ pn,k(x)

≤
( ∞∑

k=0

n

∫ k+1
n

k
n

|t − x|2dtpn,k(x)

) 1
2
( ∞∑

k=0

∣∣∣∣
k

n
− x

∣∣∣∣
2

pn,k(x)

) 1
2

n

ϕ2(x)

≤δn(x)√
n

· ϕ(x)√
n

· n

ϕ2(x)
≤ 2.
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 753� (3.19) .X)Q��� x ∈ En, I1 ≤ 3.!;( x ∈ En, 	
|δn(x)S′

nα(f, x)| ≤ C‖δnf ′‖∞. (3.21)!;��,�
‖δn(x)S′

nα(f, x)‖∞ ≤ C‖δnf ′‖∞. (3.22)e �� p = 1 ./	�"�* J ′
n,0(x) = 0, 9 f ∈ Wp, 	

S′
n,α(f, x) = α

[ ∞∑

k=1

n

∫ k+1
n

k
n

f(t)dtJα−1
n,k (x)J ′

n,k(x) −
∞∑

k=0

n

∫ k+1
n

k
n

f(t)dtJα−1
n,k+1(x)J ′

n,k+1(x)

]

= α

∞∑

k=1

n

(∫ 1
n

0

f(
k

n
+ t)dt −

∫ 1
n

0

f(
k − 1

n
+ t)dt

)
Jα−1

n,k (x)J ′
n,k(x)

= α

∞∑

k=1

n

∫ 1
n

0

∫ 1
n

0

f ′(
k − 1

n
+ u + t)dudtJα−1

n,k (x)J ′
n,k(x),�;

∣∣S′
n,α(f, x)

∣∣ ≤ α

∞∑

k=1

∫ 2
n

0

∣∣∣∣f
′(

k − 1

n
+ v)

∣∣∣∣ dvJ ′
n,k(x)

= α

∞∑

k=0

∫ 2
n

0

∣∣∣∣f
′(

k

n
+ v)

∣∣∣∣ dvJ ′
n,k+1(x)

= α

(∫ 2
n

0

|f ′(v)|dvJ ′
n,1(x) +

∞∑

k=1

∫ 2
n

0

∣∣∣∣f
′(

k

n
+ v)

∣∣∣∣ dvJ ′
n,k+1(x)

)

=: α (Q1 + Q2) . (3.23)fGe ∫∞
0 δn(x)Q2dx, 9 k ≥ 1, 0 ≤ v ≤ 2

n
, 	

∫ 2
n

0

∣∣∣∣f
′(

k

n
+ v)

∣∣∣∣ dv ≤ ϕ−1(
k

n
)

∫ 2
n

0

ϕ(
k

n
+ v)

∣∣∣∣f
′(

k

n
+ v)

∣∣∣∣ dv.�;
∫ ∞

0

δn(x)Q2dx ≤
∞∑

k=1

∫ k+2
n

k
n

ϕ(u) |f ′(u)| dun

∫ ∞

0

ϕ−1(
k

n
)δn(x)pn,k(x)dx

≤
∞∑

k=1

∫ k+2
n

k
n

ϕ(u) |f ′(u)| du · n
(∫ ∞

0

ϕ−2(
k

n
)δ2

n(x)pn,k(x)dx

) 1
2 1√

n
.Ge6�
8aB�9� k ≥ 1, n

k
pn,k(x) = 1

x
k+1

k
pn,k+1(x), H

∫ ∞

0

n

k

(
ϕ(x) +

1√
n

)2

pn,k(x)dx ≤ 4

∫ ∞

0

n

k

(
ϕ2(x) +

1

n

)
pn,k(x)dx

≤ 4

(∫ ∞

0

ϕ2(x)
n

k
pn,k(x)dx +

∫ ∞

0

1

k
pn,k(x)dx

)
≤ 4

(
2

∫ ∞

0

pn,k+1(x)dx +
1

n

)
=

9

n
.
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0

δn(x)Q2dx ≤ C‖ϕf ′‖1. (3.24)9� Q1, �� δn(u)
√

n ≥ 1, H
δn(x)Q1 = δn(x)

∫ 2
n

0

|f ′(u)|duJ ′
n,1(x)

≤ δn(x)

∫ 2
n

0

√
nδn(u)|f ′(u)|du · npn,0(x) ≤ n

3
2 ‖δnf ′‖1δn(x)pn,0(x),�;	

∫ ∞

0

δn(x)Q1dx ≤ n
3
2 ‖δnf ′‖1

∫ ∞

0

(
ϕ(x) +

1√
n

)
pn,0(x)dx

≤ n
3
2 ‖δnf ′‖1

[(∫ ∞

0

ϕ2(x)pn,0(x)dx

) 1
2 1√

n
+ n− 3

2

]

= ‖δnf ′‖1

[
n

(∫ ∞

0

1

n
pn,1(x)dx

) 1
2

+ 1

]
= 2‖δnf ′‖1.�C,* ∫ ∞

0

δn(x)Q1dx ≤ 2‖δnf ′‖1. (3.25)! (2.23), (3.25) , ∫ ∞

0

δn(x) |S′
nα(f, x)| dx ≤ C‖δnf ′‖1. (3.26)rV (3.22) U (3.26), �� 3.2 ,����� 3.1 U�� 3.2 ._�6�a���!&5��0A 3.1 8 f ∈ Lp[0,∞) (1 ≤ p ≤ ∞), ϕ(x) =

√
x, 0 < β < 1, �	

‖Snα(f, x) − f(x)‖p = O
(
n−β

2

)�R ωϕ(f, t)p = O
(
tβ
)
.^E ���� 3.1 U 3.2, ���M.A=�!5� [5,p122],[6,p165]. 9�D(t�. g, 	

Kϕ(f, t)p ≤ ‖f − Snα(f)‖p + t‖ϕS′
nα(f)‖p

≤ Cn− β

2 + t (‖δnS′
nα(f − g)‖p + ‖δnS′

nα(g)‖p)

≤ Cn− β
2 + t

√
n

(
‖f − g‖p +

1√
n
‖δng′‖p

)

≤ Cn− β

2 + t
√

n

(
‖f − g‖p +

1√
n
‖ϕg′‖p +

1

n
‖g′‖p

)

≤ C

(
n− β

2 +
t

n− 1
2

Kϕ(f, n− 1
2 )p

)
≤ C

(
n− β

2 +
t

n− 1
2

Kϕ(f, n− 1
2 )p

)
.E~ Berens-Lorentz ���6��R Kϕ(f, t)p = O(tβ). � (1.3) �� ωϕ(f, t)p = O(tβ). 5��Z�
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 755�5� 2.1 U5� 3.1 �X�a�.0i5��0A 3.2 8 f ∈ Lp[0,∞) (1 ≤ p ≤ ∞), ϕ(x) =
√

x, 0 < β < 1, α ≥ 1, �
‖Snα(f) − f‖p = O

((
1√
n

)β
)

⇔ ωϕ(f, t)p = O
(
tβ
)
.^E “⇒ ” : n5� 3.1.

“⇐ ” : �� ωϕ(f, t)p = O
(
tβ
)
, E~5� 2.1 ��,* ‖Snα(f) − f‖p = O

((
1√
n

)β
)

.

5 3<79F-X/`�qa�o|M!�%�<pK["
�℄ Snα .Æx`T�YA 4.1 8 ai, bi > 0 (i = 0, 1, · · · , n − 1; j = n + 1, · · ·), e0 > e1 > · · · > en−1 > en+1 >

· · · > 0 . ∑n−1
i=0 ai =

∑∞
j=n+1 bj , 	

n−1∑

i=0

aiei >

∞∑

j=n+1

bjej. (4.1)^E Jd (4.1) 0i�
n−1∑

i=0

ai

ei

en−1
>

∞∑

j=n+1

bj

ej

en−1
.�� ei

en−1
> 1 U ej

en−1
< 1, ��,*
n−1∑

i=0

ai

ei

en−1
>

n−1∑

i=0

ai =

∞∑

j=n+1

bj >

∞∑

j=n+1

bj

ej

en−1
.

(4.1) �,�h�sE��rP (2.6)  ωϕ(f, 1√
n
)p �%� ω2

ϕ(f, 1√
n
)p %U�0 f(t) = t−1, α = 2, x = 1, p = ∞. 9� t > 0, ω2

ϕ(f, t)p = 0. 4P9�<pK[" (2.6)���$��	 ‖Sn,2(f, 1) − f(1)‖∞ = 0, }}C
‖Sn,2(f, 1)‖∞ = 0. (4.2)1;

Sn,2(f, 1) =

∞∑

k=0

2k − 2n + 1

2n
[J2

n,k(1) − J2
n,k+1(1)] =

∞∑

k=0

2k − 2n + 1

2n
pn,k(1)[Jn,k(1) + Jn,k+1(1)].E~ (4.2), ,*

I1 =:

n−1∑

i=0

2n − 2i − 1

2n
pn,i(1)[Jn,i(1) + Jn,i+1(1)]

=
∞∑

j=n+1

2j − 2n + 1

2n
pn,j(1)[Jn,j(1) + Jn,j+1(1)] =: I2. (4.3)
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n

pn,i(1), ei = Jn,i(1)+Jn,i+1(1), bj = 2j−2n+1
2n

pn,j(1), ej = Jn,j(1)+Jn,j+1(1) (i =

0, · · · , n− 1; j = n + 1, · · ·) , �� Sn,1(t− 1, 1) = 0, H ∑n−1
i=0 ai =

∑∞
j=n+1 bj. g1� e0 > e1 >

· · · > en−1 > en+1 > · · · > 0, E~�� 4.1, ,* I1 > I2, �
 (4.3) �:�+?RT�
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variation functions [J]. J. Approx. Theory, 1998, 95: 369–387.
[5] DITZIAN Z, TOTIK V. Moduli of Smoothness Springer-Verlag [M]. New York, 1987.
[6] GUO Shun-sheng, et al. Pointwise estimate for Szasz-type operators [J]. J. Approx. Theory, 1998, 94:

160–171.

Approximation Theorem for Szász-Kantorovich-Bézier Operators

in Lp[0,∞)

GUO Shun-sheng, QI Qiu-lan, LI Qing
(College of Mathematics and Information Science, Hebei Normal University, Shijiazhuang 050016, China )

Abstract: In this note we give the direct approximation theorem, inverse theorem and equivalence
theorem for Szász-Kantorovich-Bézier operators in the space Lp[0,∞) (1 ≤ p ≤ ∞) with Ditzian-Totik
modulus.

Key words: Szász-Kantorovich-Bézier operator; direct and inverse theorems; K-functional; modulus of
smoothness.


