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Two Summation Rules Using Generalized Stirling
Numbers of the Second Kind*
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Abstract. The generalized Stirling numbers of the second kind introduced by B.S.
El-Desouky are userd to formulate two summation rules concerning the summation of
the form ) ;_, F(n,k}k™, whereby some new identities are derived.
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1. Introduction

It is known that summations of the form 3 }_, F(n, k)k™ can be computed using
Stirling numbersof the second kind, provided that there can be found a summation formula
or a combinatorial identity such as

En: F(n, k) (f) =¢(n,j), 720, (1)
k=j

where F(n, k) is a bivariate function defined for integers n, k > 0. For details and various
examples, see L.C.Hsu [4].

The object of this note is to formulate two more general summaticn rules that may be
used to compute sums of the forms } [~ F(n, k) fm(k) and Y52 F(k) fm(k) with f,.(z)
denoting an m—th degree polynomial in z. These two summation rules involve generalized
Stirling numbers of the second kind recently introduced by B.S. El-Desouky in [3].

Let a = (ap, a3,az,---,) be a sequence of complex numbers, and denote
n—1
(tla)n = [Tt —ay),  (Ha)o=1.
i=0

B.S. El-Desouky [3] has defined S(n, k; &) = S(n,k; a0, @1, **,@n—1) as the multiparame-
ter non- central Stirling numbers of the sccond kind with parameters @ = (ao,a1l, -, an_1)
defined by the following

(tla), = i S(n, k; a)(t)k, (2)
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where (t)y = t(t —1)---(t — k + 1) is the k—th falling factorial of ¢, S(0,0;&) = 1 and
S(n,k;a&) =0 for k > n.
First Rule If (1) holds for every j > 0, then for every m > 0 we have a summation

formula such as .

ZFn k) (k|a) Z (n,5)'S(m, 5; &). (3)

This may be verified at once. In fact, w
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Clearly, (3) would be particularly useful when n is much larger than m.
2. Applications of the Rule

In [4], there has been listed many combinatorial identities involving the summation of
the form 3 %_o F(n,k)k™. As may be observed, all these examples can be extended to
such a case that the factor k™ is replaced by (k|a),,. More precisely, corresponding to the
formulas (4)-(9), (13) and (16) in [4], we have the following identities, respectively,

> (Holn = (;‘j 11) 315 (m, 3;8), ()
k=1 j=1
Z(k|a)m (k) pkqn—k = i (:) pJ]'S(m7.7)a)1 (5)
k=1 7=1

where p+¢=1,p,q > 0.

(n/2] m )
2 (27;0) (Klo)m = 2_ 2" <n;J) =95 (m, 5 ) (6)
k=0 j=0
[n/2] m
kz_% (21111) (kla)m = 22"—” (n j ]) 718 (m, 5; &), (7)
~ (n—k _ € n+1
Z s (k|a)m—z s+g+1 S(m,7; &), (8)
k=0 F=0
" (s+k _'" n+1 n+s+1 n+]—j" .
g( s )(kla)m—:,go( g )( s )——s+1+j].5(m,_7,a), (g)
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i (Z) (n f k) (kla)m = i (j) (“:f;’) 7S (m, 3; &), (10)
k=0 ;

where a and b are real parameters.
n m
n+1 L .
E:: kla)m Zl (].+ 1) (Hpt1 — ﬁ—l)].S(m,],a), (11)

where Hp =1+ % +---+ 1, (k > 1) are harmonic numbers.

Since (k|0)m = k™ and S(m,7;0) = S(m, ), the original Stirling numbers of the
second kind, it is clear that the identities listed above will reduce to the original ones in
[4] whenever a = (0,0,---,0).

It is also easily seen from (2) that S(n,n;a) = 1. Thus, it follows that, for n large,

n n+1 1
I YOy . A
3:1 kla)m (m i1 (Hn+1 —— 1)m.S(m,m,o:)
nm+1 1
~ Hory — ——
m+1( n+1 +1)
m+1 1
~ T—(logn+y - ——), (12)

m+ 1

where 4 =lim(H, —logn) = 0.5772- - - is Euler’s constant. The above analysis shows that
the asymptotic behavior of 3} ¥_,(k|a)m H; when n — oo is independent of the sequence
a = (00)a1)a2)'”>)'
Also, one may easily observe from (2) that in the case a = (0,1,2,:-,), i.e,, a; = j,
we have
S(n,n;a) =1,S(n,k;a&) =0,k < n.

Consequently, (6) and (7) reduce to the pair of Moriarty identities (cf. [2], (2.73), (2.74))

as follows
["/2] n k n—2m-—1 n—m n
Z 2k m =2 m ’
= n-m

[nz/z] n+1 k _gn-2m (R M
o \2k+1)\m) m |’

where m < n. Similarly, (11) gives the following known relation for o; = 7,5 = 0,1,2,- -,

" k n+1 1
£(2)- (21t sho

Finally, we see that (10) implies the following identity with a = b = n.
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This is a general form of an example mentioned in Comtet {1, Ch.5].

3. Rule for infinite sums

We may also formulate a summation rule for infinite series. This is quite similar to
the case exhibited in [4].

Second Rule Let {f(k)} be a real-valued sequence. If the §*—transformation of { f(k)}
is given by {g(j)}, namely, we have that for every j > 0,

S 1K) (f) (~1) = g(j) (13)
k=0

Then for any given a = (g, a1, y,--+), we have a summation formula such as
2 fR)(Kla)m = D (~1)9(3)5!S (m, ; &). (14)
k=0 j=0

Notice that the convergence of the series in (13) guarantees that the order of summation
can be altered, so that we may verify (14) using the similar procedure as for the verification
of (3). The detials are omitted. The final example of [4] is the series with an explicit sum

(e o]

mokp _ PN~ (& e b
kaka—\/g;)((p_a)“ (

p—0b

)7) 315(m ), (15)
k=0
where a = (1 + V5)/2,b = (1 - V/5)/2, and F = (a**! — b*t1/1/5 are the well known

Fibonacci numbers, and p is a positive constant with p > a. Now, making use of the rule
(13)=> (14) one may get a new series

g(k,a)mp-m:—%f:((—“-)f“—( L) sistm s, (16)

p—a p—
which will be reduced to (15) when « = (0,0,0,---).
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