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Abstract: Using the Nevanlinna theory of the value distribution of meromorphic func-
tions,we investigate the problem of the existence of admissible meromorphic solutions of
a type of systems of higher-order algebraic differential equations.
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1. Introduction and main result

We use the standard notation of Nevanlinna theory (see e.g.[1]). The problem of the
existence of admissible solutions of systems of algebraic differential equations have been
studied by several authors and some results have been obtained(see [2],[3],[4],[6-9]).

In this paper we will mainly consider the following systems of higher-order algebraic
differential equations

Qi (z, wy,ws)/(wz — b)* = ;:;lo ai(z)w‘i/é:o bj(z)w{,

s m 'a . (1.1)
Qa(z, w1, wz)/(wy — a) = ,Eoc,-(z)wi/ EO d;(z)w3,
= =
where ,
(2, w1, w2) = Y agy(2) [T (wr)®o (wh)™ ... (wl™)ien, (1.2)
(i) k=1
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2
Qa(z,w1,w5) = 37 b5y (2) TT (o (wh ) .. (wfyoee (1.3)
() k=1

are differential polynomials,(t) = (t10,20,- - -, t1n,t2n), (t = %,j) are multi-indices of non-
negative integers,both a and b are nonzero constants,{a;)(2)}, {b)(2)},{ai(2)}, {bi(2)},
{ci(2)} and {d;(z)} are meromorphic functions, Az, A1 are as in Definition 1.

Definition 1 For (1.1)-(1.3), write

n n n
AL = mg.x{z ikl},uk = max{z likl}, Ap = ma.x{Z(l + l)ikl};
() =0 ) =0 ) 1=0

M = max{>_ ju}, @ = max{)  lju}, Ak = max{) (I+ 1)ju}ik =1,2.
(9) =0 () =0 ) =0

Si(r) = Z T(r, a(,;)) + Z T(r, b)) + Zl T(r,a;)+ Zl T(r,b;)+ iT(r, c)+ 22: T(r,d;).
() i=0 0

(5) 7=0 =0 j=
Definition 2  Let (w;(z),wz(z)) be a meromorphic solution of (1.1) .Suppose the
component w; of (wy,ws) satisfies the following condition:S,(r) = olT(r,ws))i=1,2,r ¢
I,. We say that w; is an admissible component of solutions of (1.1),where I is a set of
finite linear measure.
We get the following Theorem:

Theorem 1 Let (w;(z),w2(2)) be a meromorphic solution of (1.1).If the components w;
and w, are admissible,then q1g2 < [A2 + u2(1 — O(ws, 00))][A1 + @ (1 — 8(wy, o))}, where
6(wg,0) =1 - lim sup N (r, wi)/T(r, wi) for k = 1,2.

Corollary 1 Let (wi1(z), w2(z)) be an entire solution of (1.1) .If the components w; and
w4 are admissible,then q1q2 < Az2);.
The‘ proof of corollary 1 is obvious.

2. Preliminary Lemmas
P : g .
Lemma 1 Let Q,(z,w;,wz) be as (1.2),Q,, (2, w1) = El: a;(z)w}, Qq, (2, w1) = El bj(z)wi,b
1=0 7=0
be a nonzero constant, {a(;)(z)},{ai(2)} and {b;(z)} are meromorphic functions.If

qu(Z,wl)Q(l%iU—lb’;f—:l = Qp, (2, w1),q1 > P1, (2.1)

then

? (wz—

m(r &L‘_ﬂ”_l)'gl) < Agm(r, 'w—zl—_b) + (Zm(r, a(i)) + ¥ m(r,a;) + 3 m(r, b;)
9 : g (2.2)

w wa—b

b o{E m(r 2 + 3 m(r, 22220} 4 0(1).
=1 =1
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Proof We rewrite Q;(z,wy, wz)/(w; — 8)*? as follows:

wz—

2 . . n) s wy —
%(I(i)(z)klel(wk)"”(wfc)"“--~(w;(c ))itn Ea(t)(Z)w“"Jr Fitn H( )’”‘(u—bL)”"

(w2 B b)'\2 ’ A=) iy
(wz - b) ,';)

Let E, ={z:|z| =r},E, = {2 € E, : |lw1]| < 1}, E; = E, — E;.
Z,wy W i w(k)i w2 — (k)i
If z € Eythen |Jmn)| < max{l,(w,‘_b)*’}(%Ia(;)(z)lkﬂlI-.trl | (2B e we

b)*2

have

0 (2w w
3 Jp, log* |THEmLe2) g < 02 [ log* |Glyldo + & %(fs, log* lago (2)148

hid » wo — (k) w
+ 3 i Jp, log* L2205 1d0 + ,?1 iat [, log* li—;’,—lde) +0(1).

wo—b

(2.3)

If z € Ejthen Qg (z,w1) = bg (2)(wi + A1(2)w® ™! + ... + 44 (2)), where Ai(z) =
bg,—i(2)/bq,(2) and for each z € C we define A(z) = max {1 |A:(2)]/*}.

Put E3 = {Z € E,-, |w1| < 2A(Z)} E21 = EzﬂEa,Ezz = Ez —E21 We have for z € E21

)+|/\2 H le tlkl( b) Iizk'
-b

Ql(Z wy,

w3) A a
(w2 ) I < (2A Z)) %):l (1

q
Note that log* A(z) <log™(1+ A1(z) + ...+ Ay (2)/2) < El: log +|bg, —j| + g1 log |ﬁ| +
Jj=1
O(1). Thus,we obtain

1 Q1(z,wq,ws) ,\2 a
— logt |22 720 4] < £ + +
27 /Ez; og” | (wa — b)* 8 < B, log | Id + Z/ log™ |bg, —;|d6+

1 1 —b
ql/E log+|b—|d0)+2—7r;(/E log* |ag;)(2) IdHZzzk/ log+l( ) |dé

Zm L tog 120 46) 1 0(1). (2.4)

For z € E;y,we have

Qo) = 1+ 3 2512 oy e 1 - S 1
_ (@l

Z |2A(z)| 291

2 [bg, (2)||wr[*{1 -

It follows that

n
2% E lai(2)||wy 'm0 2o ._Eolai(Z)l

IQI(Zawl,wZ)l — |Qp1(zawl)I < 1=0 <
(w2 — b)* 1Qq (2, w1))] |bg, (2)] T b ()]
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we get

1 : Qi (z,wy, ws) Az
— lo+-—’—’——d0<——/ log*
or _[E,, g" | (wg — b)22 146 < 27 JE,, g" |

1 P1
TRlCEDY / log* |as(z)|d0.
q1 i—o v B2
Combining (2.3),(2.4) and (2.5),we get the inequality (2.2).
This completes the proof of Lemma 1.

Lemma 2 Let the conditions be as Lemma 2.1.Then

(2, wy,w2) 1 —
Ty — b ) SN () FuaN(nwa) + Y N(rau)+

(@)

N(r

3 N(r,ai) + O{> N(r, %)}.
0 J

1=0 j=

Proof The poles of %:’T"’b‘)’{?l may arise only from one of the following cases:
(I) The zeros of w, — b
(II) The poles of w; but not any zero of wy — b
(III) The poles of w, but not any pole of w,.
Case (I) 2 is a zero of wy — b.
“(a) If zo is not a b value point of w;,then

T(Zo, Ql(Z, wl,‘(U2)/('lU2 -— b)'\z) S »\27‘(20, 1/(1U2 - b)) + ZT(‘I‘, a.(,-)).
)

(b) I z; is a b value point of w;,then

(20, (2, w1,w2)/ (w2 — 5)*) < max{0, Az — A1 }7(20,1/(w2 — b)) + Zr(r, ag))-

()

(2.5)

- (2.6)

(2.7)

(2.8)

Case (II) (a) If z is a pole of w; with multiplicity 7 but any poly and zero of
coefficients,then zp is a pole of the left side of (2.1),its multiplicity is at least 7¢;;On the
other hand,z is a pole of the right side of (2.1), its multiplicity is at most 7p,,it follows

that ¢; < p;.there is a contradiction.

(b) X z is a pole of w; with multiplicity 7 and a pole of some a;(2) with multiplicity

7(ak,o0) and a zero of some b;(z) with multiplicity 7(b;,0),then

q1

Pi
(20, Qp, (2,w1)) < TP1 + D T(ak, ), 7(20, Qq, (2,1)) > a1 — Y, 7(b;,0).
k=0 3=0

Q :
When 7¢; > Y, 7(b;,0),we have
3=0

»m q3
r(z0, By 0 ) r(20,Qa) € 3 (e 00) + 3 7(85,0).
(w2 — b)* =0

k=0
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g g
When 7¢; < 21: 7(b;,0),we have 7 < -qll— 21 7(b;,0). Thus
7=0 7=0

Q(z,wy,w L
(20, —(1—1512—-:%—),\—22—)-) < kz—% ar, ) + Z‘r(b],O . (2.9)

Case (III) If z is a pole of wy but not any pole of w;,then

U
oo (22) = (20, (L) < iy
b w2 _ b ) w2 1)

then an )
1\ %2, W1, W2
T(Zo, W) S %): T(Z(),a(,‘)) + Usg. (2.10)

Combining the cases (I),(II) and (III),we get the inequality (2.6).

P . g .
Lemma 30 Let R(z,w) = P(z,w)/Q(z,w) = Y ai(z)w'/ Y b;w’ be an irreducible
=0 7=0

rational function in w with the meromorphic coefficients {a;(z)} and {b;(2)}.If w(z) is a
meromorphic function,then T(r, R(z,w)) = max{p, ¢}T(r,w)+O0{}. T(r,a:;)+ > T(r,b;)}.

3. Proof of Theorem 1

We assume ¢; > 1 and g2 > 1.Suppose {w;,w;) is a meromorphic solution of (1.1),the
components w; and w; are admissible.

pP1 .Qa : o 1 .
Ri(z,w1) = Y ai(2)wi/ Y bi(2)w] = Pu(z,wr) + Pra(z,w1)/ D bi(2)wi,
=0 7=0 7=0

P2 a2 22
Ry(z,w3) = z:c1 z)wl/ Zd (2) w2 = Pyy(z,wz) + Par(z,w; /Z d; (z)wz,
=0 3=0 7=0

where Py(z,w;)(k = 1,2) is polynomial in w; and deg P12(z,w1) < q1,deg Pi(z,w1) =
max{0,p1 — ¢1}, Por(z, w2)(k = 1,2) is polynormal in wy; and deg P (2, w32) < ¢2,
deg Py2(z,w2) = max{0,p2 — ¢2}.

Thus,we rewrite (1.1) as follows:

q1 .
((wgnb)'\‘z = Pyy(z,w1)) E bj(2)w] = Pra(z,w1),

(—2e — Pyy(2,w2)) Z dj(z)wj = Pu(z,ws).

(w1~a)M

(3.1)

Apply Lemma 1,Lemma 2 and Lemma 3 to (3.1), then we get

aT(r,w1) + o(T(r,w1)) < AT (r,w2) + uaN(r,w2) + S1(r) (3.2)
¢2T(r,ws) + o(T(r, w)) < M T(r,w1) + TN (r,w1) + S1(7) (3.3)
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Combining (3.2) with (3.3),we have [g1 + o(1)}[g2 + o(1)] kli[l T(r,wi) < [A2+ o(1) +

N N N r 2 . .
B+ A o) e 4 20 1 T wu) 05— oo possbly ot

set of finite linear measure. So we get ¢1¢2 < [A2+uz(1—60(wa, 00))][A1 + %1 (1 —6(wy, 0))].
This completes the proof of Theorem 1.
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