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1. Introduction

The concept of generalized path algebras was introduced by Coelho and Liu in [1]. Their
structures and representations were studied by the authors in [2].

Pointed Hopf algebras of dimension p™ with large coradical were classified®!. In this paper,
using the theory of generalized path algebras we give the representations, homological dimensions
and radicals of these Hopf algebras. In Section 1, we show that pointed Hopf algebra H (C, n, ¢, ¢*)
is a generalized path algebra with relations and it is also a smash product. The left global
dimensions of Taft algebras are infinity. The radicals and representations of H(C,n,¢,c*) can
be obtained by the theory of generalized path algebras in [2]. In Section 2, we give the relations
between radicals of generalized matrix rings and I'-rings. We obtain the explicit formulas for

generalized matrix ring A and radical properties r = ry, 7y, 75, 75

r(A) = g.m.or(A) = Z{T(Aij) |i,7 €I}

In Section 3, we give the relations between the radicals of path algebras and connectivity of
directed graphs. That is, we obtain that every weak component of directed path D is a strong
component if and only if every unilateral component of D is a strong component if and only if
the Jacobson radical of path algebra A(D) is zero if and only if the Baer radical of path algebra
A(D) is zero.
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2. Preliminaries

Let k be a field. We first recall the concepts of I'j-systems, generalized matrix rings (algebras)
and generalized path algebras. Let I be a non-empty set. If for any 4, j, [, s € I, A;; is an additive
group and there exists a map p;;; from A;; x Aj; to Ay (written wji(x,y) = zy) such that the
following conditions hold:

() (2+y)z =22 +yz, w(z + y) = we +wy;

(i) w(zrz) = (wz)z,
for any z,y € A;j, z € Aj,w € Ay, then the set {A;; |4,j € I} is a I';-system with index I.

Let A be the external direct sum of {4;; | 7,5 € I'}. We define the multiplication in A as

Y = {Z TikYks b
k

for any x = {z4;},y = {yi;} € A. It is easy to check that A is a ring (possibly without the
unity element ). We call A a generalized matrix ring, or a g.m. ring for short, written as
A = >{A;; | i,j € I}. For any non-empty subset S of A and ¢,j € I, set S;; = {a € A;; |
there exists x € S such that z;; = a}. If B is an ideal of A and B =) {B;; | i,j € I}, then B
is called a g.m. ideal. If for any ¢, j € I, there exists 0 # e;; € A;; such that z;5e;; = e;ixi; = @45
for any x;; € A;j, then the set {e;; | ¢ € I} is called a generalized matrix unit of I';-system
{A;; | i,5 € I}, or a generalized matrix unit of g.m. ring A = > {A;; | ¢,j € I}, or a g.m. unit
for short. It is easy to show that if A has a g.m. unit {e;; | ¢ € I'}, then every ideal B of A is a

g.m. ideal. Indeed, for any z = x5 € B and i, jo € I, since ej,i,x€jy, = Tigj, € B, we

ijel
have B;,j, € B. Furthermore, if B i; a g.m. ideal of A, then {A;;/B;; | i,j € I} is a I';-system
and A/B =Y {A;;j/B;j |i,j € I} as rings.

If for any ¢,7,l,s € I, A;; is a vector space over field k and there exists a k-linear map p;;
from A;; ® Aj; into Ay (written p;j(z,y) = zy) such that z(yz) = (zy)z for any = € A,
y € Aji, z € A, then the set {A;; | 4,5 € I} is a I'r- system with index I over field k. Similarly,
we get an algebra A = > {A;; | i,j € I}, called a generalized matrix algebra, or a g.m. algebra
for short.

Assume that D is a directed (or oriented) graph (D is possibly an infinite directed graph and
also possibly not a simple graph) (or quiver ). Let I = Dy denote the vertex set of D and D1
denote the set of arrows of D. Let 2 be a generalized matrix algebra over field k£ with g.m. unit
{ei; | i € I}, the Jacobson radical r(£2;;) of €;; is zero and €;; = 0 for any i # j € I. The sequence
X = Qi Tigiy Giy Tiyin QigTinig * * * T4, A4, 18 called a generalized path (or Q-path) from ig to i, via
AITOWS Tigiy > Tiyins Tigigs « - - s Tin_1in, Where 0 # a; € Q; 5 for p=0,1,2,...,n. In this case, n is
called the length of z, written as [(x). For two Q-paths & = @iy, Qiy Tiyin Qi Tinis =+ Tiyy 1y Vi,
and ¥ = ;o Yjoi1 051 Yi1 4252 Vizgs = Yjm—1m 0jm Of D with i, = jo, we define the multiplication of

z and y as
LY = QigLigiy Qiy Ligig Qig Ligis T, _yi, (i, bJO)yjojl Yjrj20j1 Yjass Y15 O - ()

For any i,5 € I, let A;j denote the vector space over field k£ with basis being all Q2-paths from 1
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to j with length > 0. B;; is the sub-space spanned by all elements of forms:
(1) (2) (m)

Wig Tigir Qir Tiyig Qiy *** Tig_yin (G5, + Q50+ 5 )Ty Ty i By —

Z Qi Tigqy Ay TipigQigTinig 'zis,lisaz('i)xisis+l T, iy Gy s

=1
where ig = 1,1, = j,al(»? € Qy,i,s a4, € Qs Tiyiyy, 18 anarrow, p=10,1,...,n,t=0,1,...,n—1,
[=0,1,...,m, 0 < s <n, n and m are natural numbers. Let 4;; = Agj/Bij when i # j and
Ay = (Al; + Qi) /By, written [o] = o + B;; for any generalized path « from i to j. We can
get a k-linear map from A;; ® A; to A;; induced by (x). We write a instead of [a] when a € (.
In fact, [Q;;] = Qi as algebras for any ¢ € I. Notice that we write e;zi; = zije;; = Ty
for any arrow x;; from i to j. It is clear that {A;; | 4,5 € I} is a I'j-system with g.m. unit
{ei; | i € I'}. The g.m. algebra > {A;; | 4,j € I} is called the generalized path algebra, or Q-path
algebra, written as k(D, Q) (see, [4, Chapter 3] and [1]). Let J denote the ideal generated by
all arrows in D of k(D, ). If p is a non-empty subset of k(D,$2) and the ideal (p) generated
by p satisfies J' C (p) C J?, then k(D,2)/(p) is called generalized path algebra with relations.
If Jt C (p) C J, then k(D,Q)/(p) is called generalized path algebra with weak relations. If
Qi = key; for any i € I, then k(D, Q) is called a path algebra, written as kD. For any i,j € T
and A =kD, ifu=7Y"_, ksps € A;;, then the length I(u) is defined as the maximal length I(p;)
for s = 1,2,...,n, where p1,p2,...,ps are different paths in A;;. Furthermore, sometimes, we

call k(D, Q) a generalized path algebra although the Jacobson radical r(2) # 0.

2. Application in Hopf algebras

Let C be an abelian group and G a group. Let C* denote the character group of C', N
the set of natural numbers and Z* the set of positive integrals. Assume ¢; € C, ¢f € C*,n =
(n1,n2,...,n¢) € (Z*)" and a = (a1, a9,...,a;) € {0,1}%; b;; € k for 4,5 = 1,2,...,t. Through-
out this section, D denotes the following quiver (or directed graph): vertex set Do has only one
element and arrow set D1 = {X1, Xa,..., Xt} Q@ =kC.

Let ky = k{X1, Xa2,..., Xi}/(p) with p = {X;X; — ¢ (c;) XiX; | 4,5 = 1,2,...,t and i # j}.
That is, k; is the path algebra k(D, p) with relation p.

We first recall A:(C,c,c*,a,b) and H(C,n,c,c*, a,b), which was defined in [3, Definitions
5.6.8 and 5.6.15].

Definition 2.1 A;(C,c,c*,a,b) ,A; for short,is called the Hopf algebra generated by the element
geCand X;,j=1,2,...,t, where

(i) the elements of C are commuting grouplikes;

(ii) X; is (1, ¢;)-primitive;

(iii) x;9 = cj(g9)gz;;

(iv) X;Xi=c(ci)XiX; +bij(cic; — 1) fori, j=1,2,...,t and i # j;

(v) ci(cj)ei(ci) =1 for j #i;

(vi) If bij # 0, then cjc; = 1;
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(vii) If c;c; =1, then b;; = 0.

The antipode of A; is given by S(g) = g~! for g € G and S(X;) = —c}lXj.

Moreover,

(viii) ¢} (¢;) is a primitive n;-th root of unity for any i;

(ix) If a; =1, then (C})™ = 1;

(x) If (¢;)™ =1, then a; = 0;

(xi) bi; = —c}(c;)bj; for any i, j.

Let Hopf algebra H(C,n,c,c*,a,b) = A¢/J(a) where J(a) is an ideal of A;, generated by

{XT" —ai(cft —1),X5% —aa(cy? — 1),..., X" —a(cf — 1)}

If a = 0 and b = 0, we denote A;(C,¢,c*,a,b) and H(C,n,c,c*, a,b) by A(C,c,c*) and
H(C,n,c,c*), respectively. If C is a cyclic group generated by ¢ with order n and ¢ = 1 , then
H(C,n,c,c*) is called a Taft algebra, written as H,2()\), where A = ¢*(c).

Since we only consider the algebra structures of A;(C, ¢, c¢*,a,b) and H(C,n,c,c*,a,b) in this

“nAu”

section, we use the two signs and “=" to denote isomorphism and equation as algebras,

respectively.

Theorem 2.2 Under the notations above we have the following:

(i) A¢(C,c,c*) = ki#kC.

(i) Ai(C,e,c*) =k(D,Q)/(p), with p = {X; X; — ¢} (c;) Xi X, Xsh — c;(h)hX; | h € Ci,j =
1,2,...,t and i # j}.

(iii) H(C,n,c,c*) = k(D, p)#kC with p = {X;X; — cj(c;) Xi X;, X"
i #j}

(iv) H(C,n,c,c*) = k(D,Q,p) with p = {X;", X; X; — ¢}(c;) X; Xj, Xih — ¢; (R)hXi | h €
C,i,j=1,2,...,t andi # j}.

i,7=1,2,...,t and

Proof It is well-known. a
A representation of (D, Q) is a set (V, f) =: {V, fi | V is a unitary kC-module, f; : V — V is
a k-linear map, i = 1,2,...,n}. A morphism h : (V, f) — (V’, f’) between two representations
of (D, Q) is a k-linear map h : V' — V' such that hf; = fih for i,j = 1,2,...,t. Let Rep(D, ()
denote the category of representations of (D, ).
By [2, Theorem 2.9], we have

Corollary 2.3 Let p = {X;X; — ¢j(c;)Xi X, Xih — Cf(R)hX; | 0,5 = 1,2,...,t and i # j}.
Then

(i) Repk(D,Q,p) and 4,(c,c,c~)M are equivalent.

(i) f.d.Rep(D,Q, p) and f.d. 4, (¢ c,c)M are equivalent. Here, f.d.Rep(D,, p) andf.d.y(p 0., M
denote the full subcategories of finite dimensional objects in the corresponding categories, re-
spectively.

Notice that although A:(C, ¢, c*) = k(D,Q)/(p) is not a generalized path algebra with weak

relations, we may use the conclusion in [2, Theorem 2.9].



Generalized path algebras and pointed Hopf algebras 399

Corollary 2.4 Let p = {X;X; — ¢;(c;) X; Xj, 2", Xih — ¢j (R)hX; | i,j = 1,2,...,t and i # j}.
Then

(i) Repk(D,,p) and g(cn,c,c+)M are equivalent.

(i) f.d.Rep(D,Q, p) and f.d. g (¢ n,c,cx)M are equivalent.

Let lgd(R) and wd(R) denote the left global dimension and weak dimension of algebra R,

respectively.

Corollary 2.5 Let k be a field whose characteristic is not divided by the order of finite group
C. Let p={X;X; — ¢ (ci) XiX;, X;" [4,j =1,2,...,t and i # j}. Then

(j) Tb(At(Cv = C*)) =0;

(ii) 1gd(Ai(C,c,c)) = lgd(ky);

(iii) wd(A(C, e, c*)) = wd(ke);

(iv) lgd(H(C,n,c,c*)) = lgd(k(D, p));
(v) wd(H(C,n,c,c*)) =wd(k(D,p)).

Proof (i) It is seen that

rp(A:(Cy e, c™)) = rp(ke#kC) by Theorem 2.2(i)
= rp(kt)#kC by [5, Theorem 2.6]
=0 since (k) = 0.

(ii)—(v) By Theorem 2.2 (i) (iii), A:(C,¢,c*) and H(C,n,c,C*) are smash products. Using

[6, Theorem 2.2], we can complete the proof. O

Corollary 2.6 Let k be a field whose characteristic is not divided by the order of finite group
C. Let p={X;X; — ¢ (i) X: X;, Xi", Xih — C; (W)hX; | i,j = 1,2,...,t and i # j}. Then

(i) r;(H(C,n,c,c*)) = J/(p), where J is the ideal of H(C,n,c,c*), generated by X|s;

(ii) lgd(H,2(N\)) = 0.

Proof (i) The conclusion follows from Theorem 2.2 and [2, Lemma 3.6].
(ii) The Taft algebra is finite dimensional Hopf algebra and hence self-injective, also the Taft
algebra is not semi-simple and hence of infinite global dimension. O
If we replace the abelian group C by group G in Definition 2.1, we obtain two algebra
A(G, e, c*,a,b) and H(G,n,c,c*,a,b), where ¢; € Z(G) for i = 1,2,...,t. Tt is clear that
Theorem 2.2 and Corollaries 2.3-2.6 hold for A:(G,¢,c*,a,b) and H(G,n,c,c*, a,b) since we

only consider their algebra structures.

Theorem 2.7 Let k be an algebraically closed field of characteristic zero and H a pointed Hopf
algebra with dimension p™ where p is prime. If m < 3 or the dimension of the coradical of H is
more than p™ 2, then H is one of the following:

(i) a group algebra;

(ii)) H(C,n,c,c*);

(iii) H(C,n,c,c*,a,b);
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(iv) H(G,n,c,c*) witht =1;
(v) H(G,n,c,c* a,b) witht=1.

Proof We assume H is not a group algebra. If the dimension of the coradical of H is more than
p™~2, then G(H) = G is a group of order p™~1. By [3, Theorem 7.8.2], H = H(G,n,c,c*) with
t=1,n=pc=g€ Z(G),or H=H(G,n,c,c* a,0) witht=1,n=p,c=g € Z(G) and a = 1.

If H is a Hopf algebra of dimension p® with G(H) = (g) a cyclic group of order p, then
it follows from [3, Theorem 7.9.6] that H = H(C,n,c,c*) with C = (g) of order p, t = 2,
n=(p,p),c=(g,9"),c* = (c*,(c*) ) for 1 <i<p-—1,or H= H(C,n,c,c* a,b) with C = (g)
of order p, t =2, n = (p,p),c = (g9,9),¢* = (c*, (c*)™1),a=0,b12 = 1. O

Example 2.8 Recall the duality theorem (see [3, Corollary 6.5.6 and Theorem 6.5.11]) for
co-Frobenius Hopf algebra H:

(R#H*" 4 H = M}, (R) and (R#H)#H** = M} (R) (as algebras),

where MIJ_CI(R) =>{Bj; | i,j € I} is a gm. algebra and I is the basis of H with B;; = R for
1,7 € I. Note for the Baer radical, Levitzki radical, Jacobson radical and von Neumann regular
radical (M}, (R)) = M}, (r(R)) of M}, (R). Consequently, r((R#H*"*")#H) = M}, (r(R)) and
r((R#H)#H*") = M (r(R)). In particular, the Heseberg algebra H#H*""* = M/ (k) for
infinite co-Frobenius Hopf algebra H. Therefore

0 when r = ry, 7,75

r(H#H™) = r(My) (k) = M} (r(k)) _{ Mjy (k) whenr =
i when r = ry.

3. The radicals of generalized matrix rings

Since every generalized path algebra is a generalized matrix ring, we study the radicals of
generalized matrix rings in this section.

Let xE(i,j) denote the generalized matrix having a lone x as its (¢, j)-entry and all other
entries are zero. If B is a non empty subset of generalized matrix ring A and s,t € I, we call
the set {x € Ay —there exists y € B such that y,; = x} the projection on (s,t) of B, written as
Bygt.

Let g.m.r(A) denote the maximal g.m. ideal of 7(A) for a radical property 7 of rings(®l.
Let 74,7y, 7,74, 75 denote the Baer radical, Levitzki radical, nil radical, Jacobson radical and
von Neumann regular radical of rings and I'-rings, respectively. Let r(A;;) denote r radical of
Aji-ring A;; for any i,j € 1.

Now we study the von Neumann radical r,(A) of generalized matrix ring

A:Z{Ai]‘ |’L,]€I}

Definition 3.1 If for all s,t € I, there exists 0 # ds; € Ay such that x;sds # 0 and dspys; # 0
for any i,j € I,z;s € Ais,ytj € As; , then we say that A has a left g.m. non-zero divisor.

Similarly, we can define the right g.m. non-zero divisor of A. The “divisor” here is not the



Generalized path algebras and pointed Hopf algebras 401

well-known one in ring theory.

Lemma 3.2 (i) If B is an ideal of A, then B =Y {B;; | i,7 € I} is the g.m. ideal generated by
B in A.

(ii) If D is a g.m. ideal of A and D C > {r,(A;) | 4,5 € I}, then D is an r,, -g.m. ideal of
A.

(iii) Let By be an ry-ideal of A;s-ring As; and D;; = A;sBgAyj for any i,j € I. If A has
left and right g.m. non-zero divisors, then D is an r,-g.m. ideal of A.

(iv) If A has left and right g.m. non-zero divisors and g.m. r,(A) =0, then r,(A;;) = 0 for
any i,j € I.

Proof (i) It is trivial.

(ii) For any x € D, there exists a finite subset J of I such that z;; = 0 for any 4,j ¢ J.
Without loss of generality, we can assume that J = {1,2,...,n} and J' = {1,2,...,n,n+1} C I.
Let J' x J = {(u,v) | u,v=1,2,...,n+ 1} with the dictionary order. We now show that there
exist two sequences {yi,t, € Arye, | (t1,t2) € J' x J'} and {z® € D | (t1,t2) € J' x J'} with

(D = g and

2@ — ) _ () (y(tztl)E(fz,h))!E(t) (1)

such that (" = 0 for any s,t € J' x J' with s < ¢ by induction. Since :Cglll) = 211 is a von

Neumann regular element, there exists y17 € A1 such that x17 = x11y11711- One sees that

3:5112) = 3:5111) - xglll)yuzzrglll) = 0. For t = (t1,t2) € B, we assume that there exists ys,s, € A, s,
and 2" = 0 for any s = (s1,82) < (t1,t2). Since :CEE?) is a von Neumann regular element,
there exists yr,e; € Agyr, such that :Cglt?) = :Cglt?)ytztl:vglt?). By (1), we have xﬁf;;l) = 0.

For s = (s1,82) <t = (t1,t2), we have either s;1 = t1, so < t3 or s1 < t1. This implies that
(t1,82) < (t1,t2) or (s1,t2) < (t1,t2). Thus 285 = 0 by (1). Since 2™+ = 0 € r, (A), we
have that = is von Neumann regular by [9, Lemma 1].

(iii) Let dj; and dj; in A;; denote the left and right g.m. non-zero divisors of A for any
i,j € I, respectively. For any x;; € D;j, there exists u;s € Ay such that dstdtixijdg-sd’st =
dstdtixijd;sd'stutsdstdti:vijd;sd’st and x;; = xijdgsd'stutsdstdtixij since dstdtixijdgsdgt € B,;. This
implies D;; C r,(A;5). Considering part (ii), we complete the proof.

(iv) If there exist s,t € I such that r,(As;) # 0, let By, = r,(As) and Dy; = A Bs Ay for

any 4,j € I. By part (iii), we have that D = 0 and B, = 0. This is a contradiction. O

Theorem 3.3 If A has left and right g.m. non-zero divisors, then r,(A) = g.m.r,(4) =

> Arn(Ay) 14,5 € I}

Proof Let B = r,(A). For any i,j € I and z;; € B;j, there exists y € B such that
Yij = Ti. Let dy and d;-j be left and right non-zero divisors in A; and Aj;, respectively.
Since (dii E(i,1))y(dj; £(4,5)) = (diwijd;;)E(i,j) € B, we have that there exists z € B such
that (dizi;d;)E(i, j) = (dizijd;;)E(i, )z(dizizd); ) E(i, j). By simple computation, we have
diﬂ?ijd

t (e d! Voo (e ! e
= (d“x”djj)zﬂ(dux”djj) and ;; = z5d};z;idi; ;5. Thus ;5 is von Neumann regular.
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This implies B;; C rp(Ai;) and 7, (A) C > {rn(Ai;) | 4,5 € I}.

Let N = g.m.r,(A). Since g.m.r,(A//N) = 0, we have that A;;/N;; is an r,-semisimple
Aj;/Nj;-ring for any i,j € I by Lemma 1.2 (iv). It is clear that A;;/N;; is an r,-semisimple
Aj;-ring . This implies r,(A;;) C N;; for any i,j € I. Consequently, > {r,(A;;) | i,5 € I} C
g.m.r,(A). O

If for any s € I, there exists uss € Ags such that xess = x for any i € I and =z € A;s, then we
say that A has a right g.m. unit and uss is a right g.m. unit in Ass. Similarly, we can define a
left g.m. unit of A and g.m. unit of A. In fact, if A has left and right g.m. units, then every ideal
of Ais a gm. ideal, so r,(A) = g.m.rp(A) C > {rn(4i;) | %,j € I} by the proof of Theorem 3.3.

It is clear that if R is a ring and M is a I'-ring with R = M =T, then r,(R) = r,(M). We
also have that r(R) = r(M) for r = 1y, 7%, 71,7, (see [10, Theorem 5.2], [11, Theorem 10.1], [8,
Theorem 3.3] and [12, Theorem 5.1]).

Theorem 3.4 Let r =ry,7;,7;,7,. Then

() 1(4) = gmr(4) = S{r(Ay) |i,j € I},

(ii) r(A) =>{r(Ay)|i € I} when A;; =0 for any i # j, i.e., r radical of the direct sum of
rings is equal to the direct sum of r radicals of these rings.

(iii) r(A) is graded by G when the index set I of A is an abelian group G. Moreover the
grading is canonical.

Here A has left and right g.m. non-zero divisors when r = r,, in (i), (ii) and (iii).

Proof (i)It is obtained from the following:
ro(A) =g.m.rp(A) = Z{rb(Aij) | 4,7 € I} ( by [8, Theorem 3.7])
ri(A) =g.m.r(A) = Z{TZ(AZ'J') |i,5 €I} ( by [12, Theorems 1.3 and 2.5])
ri(A) =g.m.rj(A) = {rj(Ay)|i,j €I} ( by [12, Theorems 3.10 and 1.3]).

(ii) Since the radicals of ring A;; and A;-ring A;; are the same, we have (ii).

(iii) The conclusion follows from (i) and [2, Lemma 2.1]. O

Let MJ(R) denote the generalized matrix ring A = S {A;; | Aij = R,4,j € I'} with infinite
index set I, which is called an infinite matrix ring over ring R. In this case, M If (k) is called an
infinite matrix algebra over field k. Let M,,«,(R) denote the ring of all (m x n) matrices over

ring R.

Example 3.5 (i) Let V = > _,®V, be a vector space over field k graded by abelian group
G with dimVj; = ny < co. Let I denote a basis of V. Then > {A;; | Aj; = Hom(V},V;),4,j €
G} = > {Aij | Aij = Mp,xn;(k),i,j € G} as generalized matrix algebras. However, ) {A;; |
Ay = Hom(V;,Vi),i,j € G} = S{Ay | Aij = Myoxn,(k),ij € G} = {f € EndiV |
kerf has finite codimension } = le(k) = > {4 | Aij = k,i,j € I} as algebras. Then
T(Mjf(k)) =Y {r(Aiy) | Aij = k,i,j € I} =r({f € End,V | kerf has finite codimension }) = 0
for r = 1y, 7, rj. It is clear that generalized matrix algebra A = > {A;; | A;; = Hom(V;,V;),i,j €
G} has left and right g.m. non-zero divisors if and only if n; = n; for any ¢,j5 € G. Con-
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sequently, 7, (M} (k)) = S {ru(Ai;) | Aiyj = k,i,j € I} = M (k). That is, {f € End,V |
kerf has finite codimension } is a von Neumann regular algebra.

(ii) By Theorem 3.4, r(MIf(R)) = Mjf(r(R)) for r = 7y, 7, 7. If R is a ring with left and
right non-zero divisors, then r, (M If (R)=M If (rn(R)). Obviously, if R has left and right units,
then R is a ring with left and right non-zero divisors (R # 0), so rn(MIf (R)) = le(rn (R)).

4. Application in path algebras

Lemma 4.1 Let r denote 1y, 71,71,75 and s,t € I. If Ay # 0, then
(i) r(Ag) =0 if and only if Ay, # 0.
(11) T(Ast) == Ast lf and OH]y lf Ats = O

Proof If r(As) = 0, then r,(As) = 0 and Ays # 0. Conversely, if Ays # 0 and r;(Ag) # 0, then
rj(Ast) = k or there exists y € r;(Ag) with I(y) > 0. Since y is a right quasi-regular element of
Aysring Ay, for © € Agg, there exists u € Ay Ag such that

y(zy)u + y(zry) = —yu. (2)

If I(u) > 0, then the right hand side of (2) is shorter than the left hand side of (2), we get a
contradiction. If [(u) = 0, then the left hand side of (2) is either equal to zero, or longer than the
right hand side of (2). We get a contradiction. This implies that 7;(As) =0 and r(Ag) =0. O

Lemma 4.2 r,(As) =0 for any s # t.

Proof For any 0 # x € Ay, if z is a von Neumann regular element, then there exists y € Ay

such that £ = xyx. Considering the length of both sides we get a contradiction. Consequently,
Tn (Ast) =0. O

Theorem 4.3 (i) As radicals, r(A) = g.m.r(A) = > {r(A4;;) | i,j € I} = kR(D), where r
denotes ry, 11,7 and r;.

(ii) rn(A) = g.m.ry,(A) = ®{Ny; | i € I}, where
N = { kei; = rn(Aii), when Ay = A;s =0 for any s € I with i # s.

0, otherwise .

Proof (i) By Lemma 4.1, Y {r(4;;) | i¢,j € I} C kR(D). Let € kR(D) be a regular path from
i to j. Then A;; # 0 and Aj; = 0, which implies r(A4;;) = A;; and « € r(A;;). This has proved
> Ar(Aij) | i,5 € I} = kER(D). It follows that 7,(A) = r;(A) = ER(D) from [13, Proposition 5]
or Theorem 3.4. Thus r(A) = kR(D). By [12, Theorem 1.3] or Theorem 3.4, r(A4) = g.m.r(A).
We complete the proof.

(ii) Since A has a g.m. unit ess € Ags for any s € I, we have that r,(A) = g.m.r,(A).
By Lemma 4.2 and the proof of Theorem 3.3, we have r,,(A) = g.m.r,(A) C > {rn(4i;) | i,j €
It =®{rn(Ay) |i € I}. Let N =r,(A). If Ny # 0, then Ny, = r,,(Ass) = kess by the proof of
Lemma 4.2. For any t € I with t # s, since A;sNgs = Ars € Nis = 0, we have Ay = 0. Similarly,
A = 0. O
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Next we give the relations between the radicals of path algebras and connectivity of directed

graphs.
Theorem 4.4 Directed graph D is strong connected if and only if A = A(D) is a prime algebra.

Proof If D is strong connected and A is not prime, then there exist u,v,s,t € [ and 0 # x €
Auv,0 # y € Ag such that zAy = 0, i.e., vA,sy = 0, which contradicts the strong connectivity
of D. Consequently, A is prime. Conversely, if A is prime, then e;;A;5e;; # 0 for any 4,5 € I,
which implies that D is strong connected. O

Theorem 4.5 Every weak component of D has at least two vertexes if and only if r,,(A) = 0.
Proof The conclusion follows from Theorem 4.3 (ii). O
Lemma 4.6 Every directed graph D is the union of all of its unilateral components.

Proof For any path z € Ay, set

K = {FE | E is a unilateral connected subgraph of D with « € E}.

By Zorn’s Lemma, we have that there exists a maximal @ in K. O

Theorem 4.7 Let r denote 1,7k, 7 and r;, respectively. The following conditions are equiva-

lent.
(i) Every weak component of D is a strong component.
(ii) Every unilateral component of D is a strong component.
(iii) Weak component, unilateral component and strong component of D are the same.
(iv) D is the union of strong components of D.
(v) D has no regular path.
(vi) A;; =0 if and only if Aj; =0 for any i,j € I.
(vii) A is a direct sum of prime algebras.
(viii) A is semiprime.
(ix) Ai; is a semiprime Aj;-ring for i,j € I.
(x) r(A;;) =0 for any i,j € I.
(xi) r(A) =0.

Proof By Theorem 4.3, (v), (vi), (viii), (ix), (x) and (xi) are equivalent.

(i)=(vi) If i and j belong to the same weak component, then A;; # 0 and Aj; # 0. If i and
j do not belong to the same weak component, then obviously A4;; =0 and A4;; = 0.

(ii)=(vi) If A;; # 0, then there exists a path = € A;;. By Lemma 4.6, = belongs to a certain
unilateral component of D. Consequently, z belongs to a certain strong component of D. This
implies Aj; # 0.

(vi)=-(ii) If ¢ and j belong to the same unilateral component of D, then A;; # 0 or A;; # 0.
Consequently A;; # 0 and Aj; # 0, which implies that ¢ and j belong to the same strong
component of D. Therefore (ii) holds.
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(iv)=(vi) If A;; # 0, then there exists a path € A;; and z belongs to a certain strong
component of D. This implies A;; # 0.

(vi)=(iv) For any arrow = € A;;, we only need show that = belongs to a certain strong
component of D. By Lemma 4.6, there exists a certain unilateral component C of D such that
x € C. Since (ii) and (vi) are equivalent, we have that C' is a strong component of D.

(iv)=(i) If ¢ and j belong to the same weak component, then there exists a semi-path
T = Ty, Tigiy - - -, T4y - 1f ¢ and j belong to different strong components, then we can assume that
is is the first vertex, which does not belong to the strong component containing 7. Consequently,
A;._i #0and Aj;;,_, # 0, and either A;;, # 0 or A;_; # 0. Since (iv) and (vi) are equivalent,
we have that A;;, # 0 and A;,; # 0. We get a contradiction. This shows that ¢ and j belong to
the same strong components.

(iii)=-(i) It is obvious.

(i)=-(ili) Since (i) and (ii) are equivalent, we have (iii).

(vii)=-(viii) It follows from Theorem 3.4 (ii).

(iv)=(vil) Let {D) | a € Q} be all of the strong component of D and D = U{D® | a € Q}.
Thus A(D) = @{A(D®) | a € Q). However, for any a € Q, A(D(®) is a prime algebra by
Theorem 4.4. We complete the proof. O

We easily obtain the following by the preceding conclusion for r = 74,7, 7%, 7. D has no
cycle if and only if r(A;;) = A;; for any i # j € I; s and ¢ (s # t) are not contained in the same
cycle if and only if r(As:) = Ast; s and t (s # ¢ ) are contained in the same cycle if and only if
r(As) =0.

We give an example to show whether the condition in Theorem 3.3 is a necessary one.

Example 4.8 (i) Let D be a directed graph with vertex set I = {1,2} and only one arrow x12 €
Ajqz. Obviously, Ao = kx12, A11 = ke, Agg = keao, Aoy = 0, 7, (Aii) = key; and ry, (4;5) = 0 for
any 4,5 € I with ¢ # j. By Theorem 4.3 (ii), rn(A) = 0 # > {rn(4s;) | 4,7 € I}. It is clear that
A has no left g.m. non-zero divisor since Ay; = 0. Consequently, it is possible that Theorem 3.3
does not hold if its condition is dropped.

(i) Let I = {1,2} and A;; = M,y (k) for any ¢,j € I. It is clear that A has no left g.m.
non-zero divisor in Ajs since, for any non-zero x € Ajs, there exists a non-zero y € As; such
that zy = 0. However, r,(A) = > {rn(Ai;) | 1,5 € I} = Msx3(k). Consequently, the condition

in Theorem 3.3 is not a necessary condition.
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