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Abstract In this paper, we prove that under some restricted conditions, the non-bandlimited
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the space of Lp(R
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1. Preliminaries and main result

First we introduce some definitions and notations.

Definition 1 Given a positive vector v = (v1, . . . , vn), i.e., vi > 0, i = 1, . . . , n. Let gv(z) =

gv1,...,vn
(z1, . . . , zn) be an entire function on Cn, and assume that for ε > 0, there exists a positive

number A = Aε, such that for all z = (z1, . . . , zn) ∈ Cn, zk = xk+iyk, k = 1, . . . , n, the inequality

| gv(z) |≤ A exp(

n
∑

j=1

(vi + ε) | zj |)

is satisfied. Then the function gv(z) is called an entire function of exponential type v.

Denote by Ev the set of entire functions of exponential type v, and letBv(R
n) be the collection

of entire functions of exponential type v which are bounded on Rn. Set

Bv,p(R
n) := Bv(R

n) ∩ Lp(R
n), 1 ≤ p <∞; Bv,∞(Rn) := Bv(R

n),

where Lp(R
n), 1 ≤ p < ∞, is the classical pth power Lebesgue integrable functions space with

the usual norm. Then by the Schwartz theorem[3,p10],

Bv,p = {f ∈ Lp(R
n) : suppf̂ ⊂ [−v, v]n},
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where f̂ is Fourier transform of f in the sense of generalized functions. As usual, a function on

Rn is said to be bandlimited if its Fourier transform f̂ vanishes off [−v, v]n, otherwise it is said

to be non-bandlimited.

The Shannon sampling theorem, especially multivariate sampling theorem, plays an impor-

tant role in a purely mathematical as well as in a practical engineering sense. Many mathemati-

cians have done their best to generalize the sampling theorem since the last century. Especially,

some beautiful results [2],[4]−[12],[14] have been obtained in these directions. In this paper, we

continue the previous work, studying reconstruction of non-bandlimited functions by interpola-

tion of cardinal series of Hermite type in the space of Lp(R
n), 1 < p < ∞. First we recall a

uniqueness theorem of interpolation on multivariate Hermite cardinal series.

Theorem A
[14] (a) Suppose that y = {yk}k∈Zn , y′j = {y′jk}k∈Zn ∈ ℓp(Z

n), 1 < p < ∞,

j = 1, . . . , n. Then there exists a unique g ∈ B2v,p(R
n), 1 < p < ∞, such that g(kπ/v) = yk,

g′j(kπ/v) = y′jk, k ∈ Zn, j = 1, . . . , n and

g(x) =
∑

k∈Zn

{yk +

n
∑

j=1

y′jk(xj − kjπ/vj)} sin c2n(v(x − kπ/v)), (1)

and the series on the right hand side of (1) converges absolutely and uniformly on Rn.

(b) Conversely, let y = {yk}k∈Zn , y′j = {y′jk}k∈Zn , j = 1, . . . , n, and suppose that there

exists a g ∈ B2v,p(R
n), 1 < p < ∞, such that g(kπ/v) = yk, g

′
j(kπ/v) = y′jk, k ∈ Zn, j =

1, . . . , n. Then y = {yk}k∈Zn , y′j = {y′jk}k∈Zn ∈ ℓp(Z
n), 1 < p < ∞, j = 1, . . . , n, where

sin cx = sinx/x, if x 6= 0, and 0, if x = 0; sin cnx =
∏n
j=1 sin cxj ; (π/v)

1
= (π/v) = π

v1
· · · πvn

,

f(kπ/v) = f (k1π/v1, . . . , knπ/vn) ; f ′
j = ∂f/∂xj and f ′

j(kπ/v) = f ′
j (k1π/v1, . . . , knπ/vn).

Remark 1 Let f : Rn −→ C be a measurable function such that
∑

k∈Zn |f(kπ/v)|p < ∞,

and
∑

k∈Zn |f ′
j(kπ/v)|

p < ∞, j = 1, . . . , n. Then by Theorem A, there exists an operator

Hv(f, ·) ∈ B2v,p(R
n), 1 < p <∞, which interpolates to f at {kπ/v}k∈Zn , satisfying the following

conditions

Hv(f, kπ/v) = f(kπ/v); H ′
v,j(f, kπ/v) = f ′

j(kπ/v), j = 1, . . . , n.

For convenience, we write also Hv(f) for Hv(f, ·).

Assume that ℜ(Rn) is the set of Riemann integrable functions on any bounded fields in R
n,

and let

Lℓp(R
n) = {f : f (s) ∈ Lp(R

n), |s| ≤ ℓ, ℓ ∈ N},

where f (s)(x) = ∂|s|

∂x
s1

1
···∂xsn

n

f(x1, . . . , xn), s = (s1, . . . , sn) ∈ Nn, |s| = s1 + · · · + sn, 0 ≤ si ≤ 1,

i = 1, . . . , n.

Definition 2
[12] Let f : R

n −→ C be a measurable function, and let h(x) ∈ Lp(R
n) be

nonnegative, even and non-increasing on [ 0,∞) with respect to each xi, (i = 1, . . . , n). We say

f ∈ Λp(R
n), 1 < p <∞, if there exists a constant C0 independent of x such that |f(x)| ≤ C0h(x).

It is clear that if f ∈ Λp(R
n), then

∑

k∈Zn |f(kπ/v)|p < +∞, for all v ∈ Rn+. Now we are

ready to state our main result.
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Theorem 1 Let f ∈ Lℓp(R
n), ℓ ≥ n, f ′

j ∈ Λp(R
n) ∩ ℜ(Rn), 1 < p <∞, j = 1, . . . , n. Then

‖ f −Hv(f) ‖p(Rn)−→ 0, v → ∞,

where Hv(f) :=
∑

k∈Zn{f(kπ/v) +
∑n

j=1 f
′
j(kπ/v)(xj − kjπ/vj)}sin cn

2(v(x− kπ/v)), i.e, under

the condition of the theorem, the non-band limited functions can be approximately reconstructed

by the multivariate Hermite type cardinal series.

2. Proof of main result

In order to prove the theorem, we need also the several lemmas, where Cp, Cn, . . . denote the

positive constants depending only on p, n, . . . , respectively.

Lemma 1
[14] Let f ∈ Lℓp(R

n), ℓ ≥ 1, {f(kπ/v)}k∈Zn , {f ′
j(kπ/v)}k∈Zn ∈ ℓp(Z

n), 1 < p < ∞,

j = 1, . . . , n, and let g ∈ B2v,p(R
n). Then there exists a constant Cp, such that

‖f −Hv(f)‖p(Rn) ≤Cp((π/v)
∑

k∈Zn

|f(kπ/v) − g(kπ/v)|p)1/p+

Cp

n
∑

j=1

1/vj((π/v)
∑

k∈Zn

|f ′
j(kπ/v) − g′j(kπ/v)|

p)1/p+

‖ f − g ‖p(Rn) .

Let Kr(t) = Ar(sin cn(t/2r))
2r, r ∈ N, t ∈ Rn, where the constant Ar is chosen to satisfy the

condition ‖ Kr(t) ‖1(Rn)= 1, and let

Kr,v(t) = Ar(v)(sin cn(vt/2r))
2r , v = (v1, . . . , vn) ∈ R

n
+, (v) = v1 · · · vn.

Then Kr,v ∈ Bv,1(R
n), and ‖ Kr,v(t) ‖1(Rn)= 1.

Lemma 2
[12] Let h ∈ Lp(R

n), 1 < p < ∞ be nonnegative, even and non-increasing on [ 0,∞)

with respect to every xi, i = 1, . . . , n, and let g(x) =
∫

Rn h(x + t)K2,v(t)dt, v > 1 i.e., vi > 1,

i = 1, . . . , n. Then g ∈ Bv,p(R
n) ∩ Λp(R

n).

Lemma 3
[12] If f ∈ Lℓp(R

n), ℓ ≥ n, 1 ≤ p <∞, then

(

(π/v)
∑

k∈Zn

|f(kπ/v)|p
)1/p

≤ ‖f‖p(Rn) +
∑

1≤i≤n

π

vi
‖f ′
i‖p(Rn) +

∑

1≤i<j≤n

π

vi

π

vj

∥

∥

∥

∂2f

∂xi∂xj

∥

∥

∥

p(Rn)
+ · · · + (

π

v
)
∥

∥

∥

∂n

∂x1 · · · ∂xn
f
∥

∥

∥

p(Rn)
.

Let h = (h1, . . . , hn) ∈ Rn, |h| =
∑n
i=1 hi = 1, and ωkh(f, δ)p(Rn) denote the k-th modulus of

smoothness of f on Lp(R
n) along with the direction h[3,p140−149]. i.e., ωkh(f, δ)p(Rn) = sup|t|≤δ ‖

∆k
thf ‖p(Rn) . Assume f ∈ Lℓp(R

n) and let

Ωk
Rn(f (ℓ), δ)p(Rn) = sup

h∈Rn

ωkh(f
(ℓ)
h , δ)p(Rn), f

(ℓ)
h :=

∑

|s|=l

f (s)hs

be the k-th continuity modulus of the ℓ-th derivative of f(x).



352 LI Y W and FENG G

Lemma 4
[12] Let f ∈ Lℓp(R

n), ℓ ≥ n, 1 ≤ p < ∞, k ∈ N. Then there exists a g ∈ Bv,p(R
n),

v = (v1, . . . , vn) ∈ Rn+, and a constant C, such that

‖ f − g ‖p(Rn)≤ CΩk
Rn(f, 1/δ)p(Rn), δ = min

1≤i≤n
{vi},

∥

∥

∥

∂f

∂xi
−

∂g

∂xi

∥

∥

∥

p(Rn)
≤ CΩk

Rn(f (ℓ), 1/δ)p(Rn), i = 1, . . . , n,

· · ·
∥

∥

∥

∂ℓ1+···+ℓn

∂xℓ11 · · · ∂xℓnn
(f − g)

∥

∥

∥

p(Rn)
≤ CΩk

Rn(f (ℓ1+···+ℓn), 1/δ)p(Rn), 0 ≤ ℓi ≤ 1, i = 1, . . . , n.

Proof of Theorem 1 For notational convenience, we only prove the case n = 2. Let f ∈

Lℓp(R
2), ℓ ≥ 2, f ′

1, f
′
2 ∈ Λ(R2) ∩ ℜ(R2). Then from Lemma 2 and the definition of Λ(R2),

{f(kπ/v)}k∈Z2 ∈ ℓp(Z
2), {f ′

j(kπ/v)}k∈Z2 ∈ ℓp(Z
2), j = 1, 2. Let

g(x) :=

∫

R2

f(x+ t)K2,2v(t)dt.

Then g ∈ B2v,p(R
2). By the definition of Λ(R2), there exist hi(x) ∈ Lp(R

2), i = 1, 2, satisfying

the following conditions:

|f ′
i(x)| ≤ C0i|hi(x)|, i = 1, 2, (2)

where C0i, i = 1, 2, are two positive constants. In view of the Lebesgue dominated convergence

theorem

g′i(x) :=

∫

R2

f ′
i(x+ t)K2,2v(t)dt, i = 1, 2, (3)

consequently, g′i(x) ∈ B2v,p(R
2) ∩ Λ(R2), i = 1, 2. It follows from (2) and (3),

|g′i(x)| ≤ C0i

∫

R2

hi(x+ t)K2,2v(t)dt, i = 1, 2.

By the definition of Λ(R2), there exist functions ψi, i = 1, 2, and two positive constants Cp,ψi
,

i = 1, 2, such that

|g′i(x)| ≤ C0iCp,ψi
|ψi(x)|, ∀x ∈ R

2, i = 1, 2.

In view of Lemma 1,

‖f −Hv(f)‖p(R2) ≤Cp((π/v)
∑

k∈Z2

|f(kπ/v) − g(kπ/v)|p)1/p+

Cp

2
∑

j=1

1/vj((π/v)
∑

k∈Z2

|f ′
j(kπ/v) − g′j(kπ/v)|

p)1/p+

‖ f − g ‖p(R2) . (4)

We first estimate the second term on the right hand side of the above inequality. Since hi(x),

ψi(x) ∈ Lp(R
2), i = 1, 2, for given ε > 0 there exists r0 > 0, such that for r > r0

C0iCp

(

∫

R2\Q(r)

|hi(x)|
pdx

)1/p

≤ ε/16,

C0iCpψi

(

∫

R2\Q(r)

|ψi(x)|
pdx

)1/p

≤ ε/16, i = 1, 2,
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where Q(r) := {x = (x1, x2) : |xi| < r, i = 1, 2}.

Set α(vi) =
[

vir0
π

]

+ 1, i = 1, 2, where [a] denotes the integer part of a. Then from the

relation between integral and series, for v = (v1, v2) > 1, we get

Cp

(

(π/v)
(

∑

k∈Z2

−
∑

|ki|<α(vi)

)

|f ′
i(kπ/v)|

p
)1/p

≤ C0Cp

(

∫

R2\Q(r)

|hi(x)|
pdx

)1/p

≤ ε/16, (5)

similarly

Cp

(

(π/v)
(

∑

k∈Z2

−
∑

|ki|<α(vi)

)

|g′i(kπ/v)|
p
)1/p

≤ ε/16, i = 1, 2. (6)

On the other hand, in view of the fact that f ′
i ∈ ℜ(R2), g′i ∈ B2v,p(R

2), i = 1, 2, then there

exists v0 = (v0
1 , v

0
2), such that for v ≥ v0,

(

(π/v)
∑

|ki|<α(vi)

|f ′
i(kπ/v) − g′i(kπ/v)|

p
)1/p

≤ ‖f ′
i − g′i‖p(Q) + ε/16

≤ ‖f ′
i − g′i‖p(R2) + ε/16, i = 1, 2. (7)

By the definitions of g(x) and Kr,v(t), we have

f(x) − g(x) =

∫

R2

(f(x) − f(x+ t))K2,2v(t)dt,

f ′
i(x) − g′i(x) =

∫

R2

(f ′
i(x) − f ′

i(x+ t))K2,2v(t)dt, i = 1, 2.

Accordingly, there exists v00 = (v00
1 , v

00
2 ) > 0, for v > v00, such that

Cp‖f − g‖p(R2) ≤ Cp

∫

R2

‖(f(x) − f(x+ t))‖p(R2)K2,2v(t)dt

≤ CpΩR2(f,
1

δ
)p(R2)

∫

R2

(1 + δ | t |)K2,2v(t)dt

≤ C∗CpΩR2(f,
1

δ
)p(R2) ≤ ε/4, δ = min{v1, v2} (8)

and

Cp‖f
′
i − g′i‖p(R2) ≤ Cp

∫

R2

‖(f ′
i(x) − f ′

i(x+ t))‖p(R2)K2,2v(t)dt

≤ CpΩR2(f ′
i ,

1

δ
)p(R2)

∫

R2

(1 + δ | t |)K2,2v(t)dt

≤ C∗CpΩR2(f ′
i ,

1

δ
)p(R2) ≤ ε/16, i = 1, 2. (9)

Now we turn to estimate the first term on the right hand side of (4). By Lemmas 3 and 4, we

get

Cp((π/v)
∑

k∈Z2

|f(kπ/v) − g(kπ/v)|p)1/p

≤ Cp
(

‖f − g‖p(R2) +
π

v1
‖f ′

1 − g′1‖p(R2) +
π

v2
‖f ′

2 − g′2‖p(R2) +
π

v1

π

v2
‖f ′′

12 − g′′12‖p(R2)

)
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≤ Cp
(

Ω3
R2(f, 1/δ) +

1

δ
Ω3

R2(f ′
1, 1/δ) +

1

δ
Ω3

R2(f ′
2, 1/δ) +

1

δ2
Ω3

R2(f ′′
12, 1/δ)

)

≤ Cp
1

δ2
ΩR2(f ′′, 1/δ) ≤ ε/4. (10)

Combining (10) with (4)–(9) gives

‖f −Hv(f)‖p(R2) ≤
ε

4
+ 4 ×

ε

16
+ 2 ×

ε

16
+ 2 ×

ε

16
+
ε

4
= ε,

where v > max{1, v0, v00}. The proof of Theorem 1 is completed. 2
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