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Abstract Let X be a Banach space and ® be an Orlicz function. Denote by L% (I,X) the
space of X-valued ®-integrable functions on the unit interval I equipped with the Luxemburg
norm. For fi, fa,..., fm € LT(I,X), a distance formula dists (f1, fo, ..., fm, LY(I,G)) is pre-
sented, where G is a close subspace of X. Moreover, some existence and characterization results
concerning the best simultaneous approximation of L*(I,G) in L*(I, X) are given.
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1. Introduction

A function ® : (—o0,+00) — [0,400) is called an Orlicz function if it satisfies the following
conditions:

(1) @ is even, continuous, convex, and ®(0) = 0;

(2) ®(x) >0 for all x # 0;

(3) limg—o ®(x)/z =0 and lim,; .. (z)/z = .

We say that a function ® satisfies the /Ay condition if there are constants k£ > 1 and x¢ > 0 such
that ®(2z) < k®(x) for x > xy. Examples of Orlicz functions that satisfy the Ay conditions are
widely available such as ®(z) = [z|?, 1 < p < o0, and ®(z) = (1 + |z|) log(1 + |z|) — |=|.

Let X be a Banach space and let (I, ) be a measure space, where I is a unit interval. For
an Orlicz function @, let L® (I, X) be the Orlicz-Bochner function space that consists of strongly
measurable functions f : I — X with [, ®(allf(¢)||)du(t) < co with some o > 0. It is known
that L®(I, X) is a Banach space under the Luxemburg norm

1flle = inf {a >0, / (| F(0)ll/e)du(t) <1}, (1.1)
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It should be remarked that if ®(x) = |z|P, 1 < p < oo, the space L®(I,X) is simply the
p—Lebesgue Bochner function space LP(I, X) with

||f||<1>:<1>’1/1‘1>(||f( ) D dp(?) /Ilf )IPdp(t) p: [1£lp-

For more information about L®(I, X), we refer to [1,2]. Throughout this paper, X is a Banach

space, G is a closed subspace of X, ® is an Orlicz function, p > 1 and [ is a unit interval.

Definition 1.1 For z1,z2,...,zy € X, define dist, : X™ — R by
dist &)=t [S s 1.2
isty(z1, 2, . .., Tm, )—yuelc[gﬂxl—yﬂ } . (1.2)
Similarly, for fi, fo,..., fm € L®(I, X), we define distg : (L*(I,X))™ — R

diste (f1, far- s fu, L2(I,G)) :=  inf HZHL ()P UPH (1.3)

geL®(I,G)

Definition 1.2 We say that z € GG is a best simultaneous approximation from G of an m-tuple

of elements (x1,xa2,...,&m) € X™, if
U i/p
(ZH%_Z”Z)) = disty (21,22, . . ., T, G).
i=1

We say that h € L®(I,G) is a best simultaneous approximation of an m-tuple of elements

(f1, fosevoy fm) € (L2(I, X))™, if

[ Znﬁ O

If each m-tuple of elements (f1, fo,..., fm) € (L®(I,X))™ admits a best simultaneous approxi-
mation from (L*(I,Q)), then (L®(I,Q)) is said to be simultaneously proximinal in L*(I, X).

The problem of best simultaneous approximation has been studied by many authors in [3-5].

= diSt@(fthu' "7fm7Lq>(Iu G))

Most of these works have dealt with the characterization of best simultaneous approximation in
spaces of continuous functions with values in a Banach space X. Results on best simultaneous
approximation in general Banach spaces may be found in [6,7]. Related results on LP(I, X) were
given in [8,9]. In [8], it was shown that if G is a reflexive subspace of a Banach space X, then
L?(1,G) is simultaneously proximinal in LP(I, X). The aim of this work is to prove that for a
closed separable subspace G of X and an Orlicz function ® satisfying Ao condition, L* (I, G)) is

simultaneously proximinal in L® (I, X) if and only if G is simultaneously proximinal in X.

2. Some lemmas

For o = (21,72, ..., Tm), ¥ = (Y1, Y25 - -, Ym) € X™, we set d(z,y) = [Srr, |z — wil|P]V/P. Tt
is easy to verify that {X™:d} is a complete metric space.

Lemma 2.1 The function dist,(z1,..., %, G) is continuous in {X™;d}.

Proof Let x = (x1,22,...,Zm), ¥y = (Y1,¥2,---,ym) € X™. By (1.2) and triangle inequality,
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we have that
. . - 1/p
disty (@1, @2, -,y G) < inf | S (i = il + llgs = 27|

=1

; pl/p 1/p _
s;gg(anz yill?] +Z||y A1) = d(w, ) + disty (9, s G- (21)

Similarly, we obtain the following inequality
disty (Y1, Y2, - -, Ym, G) < d(z,y) + disty(z1, ..., Tm, G). (2.2)
From (2.1), (2.2), the proof is completed. O

Lemma 2.2 Let ® be an Orlicz function satisfying Ao condition. Suppose fi, fo,..., fm €
L®(I,X). Then

dista (f1, f2, - o, LT (1, G)) = [[distp(f1(), f2 (), -y fin (). G o (2.3)

Proof Let fi,...,fm € L*(I,X). Then for each i = 1,2,...,m, there exists a sequence {f; ,}
of simple functions in L®(I, X) such that

1fin®) = i = 0, as n— o0, (2.4)
for almost all ¢ in I. From (2.4), Lemma 2.1 and Jensen’ inequality, it follows that

Tim(disty(Fin(t), - frnn(£), G) = disty(f1(8), -, fon 1), G)] = 0.

Furthermore for each n, the function: ¢ — dist,(f1,n(t),- .., fmn(t),G) is a simple function.
Thus dist,(fi(t), ..., fm(t), G) is measurable. From (1.2), it follows that

1/p
disty(fi(t), -, fn(t) [Znﬁ -]
for all z in G. Or

dist, (f1(2), ..., fm(t) (Z || fi(t) ) /p, (2.5)

for all g € L®(I,G). From (2.5) and (1.1), it follows that

Idisty (F1): -+ fn (), Gl < ¢ Z 1) = a7

» (2.6)

for all g € L®(I,G). Hence disty,(f1(t),..., fm(t),G) € L*(I,X). By (2.6) and (1.3), we obtain

HdiStP(fl(')7 f2(')7 Tt fm(')? G)”‘I’ < diSt‘P(flu f27 ceey fm7 L(I)(I? G)) (27)

Let us show the reverse inequality. By assumption, simple functions are dense in L*(I, X).
For fixed € > 0, and fi, fa,..., fm € L®(I,X), there exist simple functions F; € L®(I, X) such
that

€ .
Ifi=File < 7=, i=12...,m. (2.8)
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Then we assume that

t)=> xa, Byt i=12...,m, (2.9)

where x4, are the characteristic functions of the measurable sets Ay in I and y}C € X. We can
assume that >, x4, = 1, u(Ag) > 0 and ®(1) < 1. Given € > 0 for each k = 1,2, ..., n, select
gr € G such that

Ui : 1/p . m €
(D k= gul?) ™ < disty (- pi, @) + 5. (2.10)
Set

1) =3 gexan (), H(t) = disty(fi(0).- . f (1) [Znﬁ For] "+ 5 @
k=1

Clearly H € L*(I,X). From (2.8)-(2.11), it follows that

(S0, IR — gBl) g (5 g — gellP) 7
Je (== )d“<t):,§/,4f’( fle e )0

- disty(yi, ...,y G) +€/4
<§ ® LALL: k du(t
= /A ( [Hllo + /4 )t

disty(F1(2), ..., Fon(t), G) + /4

(T )t

(0. 10, + (L 1)~ B+ /2
TEllo + /4

(%)du(w <1. (2.12)

From (2.12), (2.11) and (1.1), it follows that

H@ IF() - g7y

o

du(t)

Il
—
(S

o SMdistp(f1() s fn(), Glle + D 11fi = Fille +¢/2

i=1
< |\disty(f1(), -y fin (), G)|lo + 3€/4. (2.13)

By (2.13) and (2.8), we have that

dista (f1, - fon, LY(T, ) < dista (Fi, .., F, L2(1,G)) + [ (O I5:0) = BO)IP)»

=1

<[ g0, + 3215~ il
i=1 =1

< HdiSt;D(fl(')v R fm(')v G)||<I> + ¢,

P

which implies that

dista (f1, f2, s fons L2(I,G)) < ||distp(f1(-), f2()s ooy fin (), G) | @- (2.14)
From (2.7) and (2.14), (2.3) follows.

Lemma 2.3 ([10]) Let G be a closed separable subspace of X. Suppose that G is simultaneously
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proximinal in X and f1, fo,..., fm : I — X are measurable functions. Then there is a measurable
function g : I — G such that g(t) is a best simultaneous approximation of f1(t),..., fm(t) for

almost all t.
3. Main results and their proof

As an application of Lemma 2.2, we have the following theorem.

Theorem 3.1 Let ® be an Orlicz function satisfying Ay condition. An element g € L*(I,G) is a
best simultaneous approximation of f1,. .., f,, € L®(I, X) if and only if g(t) is best simultaneous
approximation of fi(t),..., fm(t) € X for almost all t € I.

By Theorem 3.1, we obtain the following corollary.

Corollary 3.2 Let ® be an Orlicz function satisfying Ay condition. If g € L*(I,G) is a best
simultaneous approximation of fi,..., fm € L®(I,X), then for every measurable subset A of I
and every h € L*(I,Q),

I Z 1) = g()I17) ”PH <| Z £ () = RCIIP) ”PH

= inf{a >0, [, (| f()[l/a)dp(t) < 1}.

Theorem 3.3 If G is simultaneously proximinal in X, then every m-tuple of simple functions

fi, fay -y fm € L2(I, X) admits a best simultaneous approximation in L®(I,G).

Proof Let fi,..., fm be an m-tuple of simple functions in L®(I, X). Without loss of gener-
ality, we can assume that f; = >"}'_; x4,¥k, where A;’s are disjoint measurable sets such that
UZ:1 Ay = 1. By assumption, we know that for each 1 < k < n there exists a best simultaneous
approximation gj in G of the m-tuple of elements y}.,...,y". Set g(t) = > ;_, xa,(t)gx. Then
for any @ > 0 and h € L®(I,G) we have

/@((Zﬁl I fi(t) — h(t)”p)l/p
I

«

>imy llyi — h(OIP)M/?

I S
/.5

- 11

Jau()

Z y g; p 1/17
Ak «

Y]

p\1/p
q)(( Ml\fz —g@®)[?)! )du(t)- (3.1)

— 7

From (3.1) and (1.1), it follows that

s =m0 ], = [ waor- ooy

for all h € L®(I,G). Hence g is a best simultaneous approximation of these simple functions.

)

i3]

Theorem 3.4 Let ® be an Orlicz function satisfying Ay condition. If L* (I, G) is simultaneously

proximinal in L* (I, X), then G is simultaneously proximinal in X.
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Proof Let z1,22,...,2m € X. Set fi =1Q@x;, i = 1,...,m, where 1 is the constant function
1. Clearly for each i = 1,...,m, f; € L*(I, X). By assumption there exists g € L®(I,G) such

that -
[>FACEIOIORE eS| Z 1) = O .
i=1

for any h € L®(I,G). By lemma 2.2

(Z 150 - g0l7)” (Z 150 - o)

e.,in I. Or
Ui / Ui /
(Dl —gol?) " < (Xl = wieyir) ™
=1 i=1

Let h(t) run over all functions 1 Q) z, for z € G, we obtain

(Zna 01")" < ins (anz—zn )"

a.e., in I. Hence there exists tg € I such that

1/p
distp (21, ..., Zm, G (ZH% g(to ||p) .

Theorem 3.5 Let G be a closed separable subspace of X and ® be an Orlicz function satisfying
Ay condition. Then L*(I,G) is simultaneously proximinal in L*(I,X) if and only if G is

simultaneously proximinal in X.

Proof Necessity is in Theorem 3.3. Let us show sufficiency. Suppose that G is simultaneously
proximinal in X, and let fi, fa, ..., fm be functions in L*(I, X). Lemma 2.3 ensures that there
exists a measurable function g defined on I with values in X such that g(t) is a best simultaneous
approximation of f1(t), f2(t),..., fm(t) in G for almost all ¢. Tt follows from Theorem 3.1 that g

is a best simultaneous approximation of fi, fa,..., fm in L2(I,G).
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