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Abstract: A proper k-edge coloring f of graph G(V, E) is said to be a k-adjacent
strong edge coloring of graph G(V, E) iff every uwv € E(G) satisfy flu] # flv]. where
flu] = {fluw)|juw € E(G)} then f is called k-adjacent strong edge coloring of G, is
abbreviated k-ASEC: aud x/,,(G) = min{k[k-ASEC of G} is called the adjacent strong
edge chromatic number. In this paper, we study the x! (&) of Halin graphs with
A(G) > 5.
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1. Introduction

The coloring of graphs is widely applied in practice. In some network problem, some
problem can be converted to the strong edge coloring and adjacent strong edge coloring.

Definition 12 Suppose G(V,FE) is a 3-connected plane graph, if remove all edges on
the boundary of a face f, (the degree of vertices of f, is 3), G(V, E) become a tree T,
then G(V, E) is called a Halin graph, and f is called the outer face of G (others the
interior face), vertices in V(fo) is called outer vertex (others the interior vertex).

In practice, there are more and more coloring problems having particular propertisl®l.
In {6,7], one kind of edge strong coloring have been studied and obtained a larger bounds.
In this paper, we discuss the adjacent strong edge-coloring of a graph and obtained the
adjacent strong edge chromatic number of Halin graph.
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Definition 214 A proper k-edge coloring f of graph G(V, E) is said to be a k-adjacent
strong edge coloring of graph G(V,E) (is abreviated a k-ASEC of graph G(V,E)) iff
every uv € E(G) satisfy flu] # flv], where flu] = {f(uw)|uw € E(G)} then f is called
k-adjacent strong edge coloring of G, is abbreviated k-ASEC; and

Xos(G) = min{k|k — ASEC of G}

is called the adjacent strong edge chromatic number.
Based on some results of some special graphs, a conjecture was presented as follow.

Conjecturel! For a connected graph G(V, E) with |V(G)| > 3, and G # Cs have
A(G) < xas(G) < A(G) +2.

We have proved this conjecture hold for cycle, fan graph, wheel graph, tree, complete
graph, complete r-partite graph (r > 2), outer plane graph, 1-tree, high degree plane
graph and Series-parallel graph.

The existence of x/,,(G) for simple connected graphs which order is at least 3 is obvi-
ously, and x/,(G) > A(G). Where A(G) is the maximum degree of graph G.

In this paper, we study the adjacent strong edge coloring of Halin graphs with A(G) =
5.

The other terminologies we refer to References [3,5].

2. Main results

Lemma 102! Let G be a Halin graph, then

(1) The degree of all outer vertices is 3, and any two interior faces have and just have
one common edge, so do any interior and outer face;

(2) If G # W, (wheel of order p), there are at least two interior vertices of G, and
there always exists an interior vertex w which is only adjacent to one interior vertex;

(3) If G ¥ W, (wheel of order p), w is the vertex of (2), let N(w) = {u,v1,v,...,k},
where u is the unique interior vertex adjacent to w, and vy, vs,..., v are outer vertices
adjacent to w, and z is the outer vertex adjacent to vy, and zy,zy are other two adjacent
vertices of z; y is the outer vertex adjacent to vy, and yg, ¥y, are other two adjacent vertices
of y, We consider the graph

Gl =G - {vy,vq,...,0} + {zw,yw},

G: =G - {v;,vi41,... U1+ {viciw, vjpw},
then G} and G}, is also a Halin graph, and A(G}) = A(G}) = A(G).

Lemma 2 For wheel graph Wy, have

Xa(G) = A(G) =p- L.
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If following process, we denote Vo = {v|v € V(G),d(v) = A(G)}, and G[Va] the
induced subgraph by Va.

Theorem 1 For Halin graph G of A(G) = 5, have 5 < x},,(G) < 6. And x,,(G) = 6 iff
B(G[Va]) #0.

Proof We use induction on p = {V(G)]| to prove there exists a 5-ASEC of G.

If E(G[Va]) = 0, we prove x.,(G) = 5.

Obviously, x,,(G) > 5. C = {c1,¢2,¢3,¢c4,¢5} denotes the set of five colors. If p =
A(G) + 1, then G = W,, by lemma 2, the conclusion is true. Suppose the conclusion is
true for |[V(G)| < p.We now to prove the conclusion is true for [V(G)| = p. We quote W
denotethe set of all vertices w (exactly adjacent to one interior vertex) satisfy the condition
of (2) and (3) of Lemma 1.

In following process, g[v] = {g(vu)lvu € E(G')}, and the meaning of vy, va, ..., v, 1,
z, y, o, T1, Yo, y1 same as Lemma 1. We consider the w € W which have minimal degree.

Case 1 If d(w) = 3, let N(w) = {u,v1,v2}. We consider the graph
Gl =G - {1)1,1)2} + {xw, yw}v

then by Lemma 1, G’ is also a Halin graph and A(G’) = A(G). By the induction hypoth-
esis, G’ has a 5-ASEC g. We now based on g to construct a 5-ASEC f of G. If d(u) = 4
or 5, the proving is easily than this case of d(u) = 3, hence assume d(u) = 3.

Subcase 1.1 If g(wy) € g[z], g(zw) € g[y], without lose of generality, assume that

9(zz1) = g(wy), g(yy1) = g(we),

then
g(wu) ¢ {g(zz0), 9(yyo)}, {9(zw), g(yw)} ¢ glu].

Without lose of generality, we assume g(zw) ¢ glu]. Let

f(zvi) = f(woz) = g(zw),

then no matter what color the edge vy w colored, flw] # flu] is always true. Let f(wv,) €
C \ {g(zzo),g(zz1), f(zv1), g(wu)}, then no matter what color the edge vjvs colored,
flz] # flv1] is always true, so can let f(vivy) = g(wu). The colors of others elements of
E(G) is same as G’, obviously f is a 5-ASEC of G, so the conclusion is true.

Subcase 1.2 If g(wy) € g{z] and g(wz) ¢ g[y] (about the cases g(wy) ¢ g[z] and

g(wz) € gly], or g(wy) ¢ g[z] and g(wz) ¢ gly], the proof is samilar to g(wy) € g[z] and
g(wz) ¢ gly] and omitted), then g{wu) ¢ g[z]. Let

f(zv1) = f(vaw) = g(zw), f(v1v2) = g(wu).

Because of f(vivs) = g(wu) ¢ g[z] and f(vow) = g(zw) ¢ g[y], hence no matter what
color the edge vyw is colored, flz] # flv1] and flv2] # fly] is always hold. Hence can let
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f(viw) € C\ {f(zv1), f(v1v2), f(v2w)}. Obviously f is a 5-ASEC of G(V, E).
Case 2 If d(w) = 4, let N(w) = {u,v;,v2,v3}. We consider the graph
G' = G - {v,v2,v3} + {zw,yw},

then by Lemma 1, G’ is also a Halin graph and A(G’) = A(G). By the induction hypoth-
esis, G’ has a 5-ASEC g. We now based on ¢ to construct a 5-ASEC f of G. If d(u) = 3
or 5, the proving is easily than this case of d(u) = 4, hence assume d(u) = 4, let

f(zvy) = f(wvs) = g(zw), f(yvs) = f(viw) = g(wy), f(vivz) = g(wu).
o If {f(v1w), f(vsw)} C g[ul, let fvow) € C\ g[u].
o If {f(viw), f(vsw)} ¢ glu], let f(vow) € C\ {f(viw), f(vsw), g(wu)}.
Obviously fly] = g[y] and {g(zw), g(wu)} Z gly].

o If f(viv2) = g(wu) € gly] = fly], then f(vsw) = g(zw) ¢ g[y]. Let f(vpvs) €
C\ {f(v1v2), f(vaw), f(vaw), f(vsy)}.

Obviously f is a 5-ASEC of G, so the conclusion is true.
o If f(vaw) = g(zw) € gly] = fly], then f(vivs) = g(wu) ¢ gly] = fly].
~ If f(vsw) € gly] = fly], because f(vaw) # f(vw) = f(vsw), hence we can let
fvavs) € C\ {f(v1v2), fvsw), f(vaw), f(vsy)}.

Obviously f is a 5-ASEC of G, so the conclusion is true.
- If f(vow) ¢ gly] = fly], because

fwv) # f(viw) = f(vay), f(vsy) # f(v1v2) = g(wu), f(vaw) # f(vzw),

hence we can exchange the colors of vow and vaw. After this process, we have

f(vsw) ¢ gly] = fly], and can let
f(vavs) € C\ {f(v1v2), f(vsw), f(vaw), f(vay)}.
Obviously f is a 5-ASEC of G, so the conclusion is true.

Case 3 If d(w) = 5, because E(G[Va]) = 0, hence we have d(u) = 3 or 4, we consider
graph G’ = G — {v3,v3} + {v1v4}, then by Lemma 1, G’ is also a Halin graph and A(G') =
A(G). By the induction hypothesis, G’ has a 5-ASEC g. We now based on g to construct
a 5-ASEC f of G.

Subcase 3.1 If g(v;vs) = g(wu), then let

f(v1vz) =f(v3vs) = g(vivs), f(v2v3) = g(viw),
f(vaw) €C\ {f(zv1), g(v1w), g(vaw), g(wv4)},
flvsw) €C\ {g(viw), f(vow), g(vaw), f(wu)}.
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Obviously,
f(vavs) = g(viw) ¢ {g(vaw), g(vay)}, f(vaw) ¢ {g(zv1), f(v1v2), g(v1w)}

and

f(vzw) ¢ { f(vavs), f(vaw), f(vay)},

hence f{vs] # flvs], flv1] # flvz] and flvz] # flva]. The colors of others elements of E(G)
is same as G’', obviously f is a 5-ASEC of G, so the conclusion is true.

Subcase 3.2 If g(viv4) # g(wu), then let

f(vavg) = f(v1w) = g(vive), f(v1v2) = f(vave) = g(v1w), f(vavs) = g(wu),
flvaw) €C\ {f(v1v2), f(v1w), f(vsw), g(wu)}.

The colors of others elements of E(G) is same as G'. Since

{F(v2w), f(v203)} ({F(v1w), F(vrv2)} = 0, {f(vzv3), F(vaw)} [ {f(vovs), f(vaw)} = 0

and

f(vaw) # fvsvg),
hence flv1] # flvz], flvs] # flva] and flvz] # flvs]. Obviously f is a 5-ASEC of G, so the

conclusion is true.

Combining above process, G(V, E'} have a 5-ASEC, by the induction hypothesis prin-
ciple, the conclusion is true.

If E(G[Va)]) # 0, we prove x/,,(G) = 6.

Obviously, x.,(G) > 6. C = {c1,¢2,¢3,¢4,¢5,¢6} denotes the set of six colors. If
p = 2A(G), by enumeration, the conclusion is true. Suppose the conclusion is true for
[V(G)| < p.-We now to prove the conclusion is true for |V(G)| = p. We quote W denotes
the set of all vertices w (exactly adjacent to one interior vertex) satisfy the condition of
(2) and (3) of Lemma 1.

If d(w) = 3,4, the proof is same Case 1-2. If d(w) = 5 and d(u) = 3,4, the proof is
same as Case 3. If d(w) = d(u) = 5, the proof is samilar to the case of d(w) = 5 and
d(u) = 3,4, the proof is omited. Hence x/,(G) = 6 iff E(G[Va]) # 0, the conclusion is
true.

By the prove of Theorem 1, following theorem is obviously true.

Theorem 2 For Halin-graph G with A(G) < 4, have 4 < x/,(G) < 5. And x/,(G) =5
if E(G[VA]) # 0.
For 3-regular Halin graph G, x/, (G) =5 if G = K3, and x/, (G) = 4 if [V(G)] = 6.
Theorem 3 For Halin graph G of A(G) > 6, have
A(G) < xua(G) £ A(G) + 1.

And
Xas(G) = A(G) + 1 iff E(G[VA]) # 0.
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Proof The proof is similar to Theorem 1. Using induction on [V(G)]|, the terminologys
are same Theorem 1.

If d(w) = 3, 4,5, the proof is same as the case 1-3 of Theorem 1 and the proof is more
easily. If d(w) > 6, construct graph G’ as Case 3 of Theorem 1, the proof is similar to
Case 3 of Theorem 1, and the proof is omitted.

Open problem:
If H is a proper subgraph of G, in which case that x,,(H) < x4,(G) is true?
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