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1 P K
Joag-DevP Proschan[1]� 1983�O /v{�t/bxJYÆ� -NA (negatively-associated)JYÆ��%N �JYÆ� X1, X2, · · ·Xn(n ≥ 2) Z NA /�+M:� {1, 2, · · ·n} /)R�F�bk/Az�\ T1 P T2, 7� cov(f1(Xi, i ∈ T1), f2(Xj , j ∈ T2)) ≤ 0. �� f1 P f2 �)R�F<2Ce��%�/ :�FÆ	uAj (WuA5) /OD�� {Xi, i ≥ 1}� NA j��+M:)R�'D n ≥ 2, X1, X2, · · · , Xn 7� NA /�� {Xni, i, n ∈ N} �gZ NA /JYÆ�Æ��,:)R�'D n,{Xni, i ≥ 1} 7� NA /�
NA JYÆ��yvh|��4U|�℄;	S`B℄��J?/~��:�[a|�/op�9B�t/yz��[��i[` [2,3] �I�8~QB�j�/,E�&D	VJ+ NAj�!f����!|JYÆ�:�l9JYÆ�/#=�Q�$<���=� [2,3] tf-;�3 {ani, 1 ≤ i ≤ n, n ≥ 1} �;�DÆ�� Aα

α,n = n−1
∑n

i=1 |ani|
α,  3

Aα = lim sup
n→∞

Aα,n < ∞. (1)O5 1 3 X1, X2, · · · , Xn � NA /� EXk = 0, σ2
k = EX2

k < ∞ (k = 1, 2, · · · , n),  %��/�D H , <-:v��D m ≥ 2, 7�
|EXm

k | ≤
m!

2
· σ2

k · Hm−2 (k = 1, 2, · · · , n),
p(

n
∑

i=1

Xi ≥ x) ≤ exp(−x2/4
n

∑

i=1

σ2
i ), 0 ≤ x ≤

n
∑

i=1

σ2
i /H,A(?<: 2004-11-29-2I;: T�6�(xnXo (04JJ40009)
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p(

n
∑

i=1

Xi ≤ −x) ≤ exp(−x2/4

n
∑

i=1

σ2
i ), 0 ≤ x ≤

n
∑

i=1

σ2
i /H.S9 � [4] 5| 2.5, {G [5] 5| 18 /��y-�O5 2 3 {X, Xn, n ≥ 1} �QB�/JYÆ�j�� %� h > 0, γ > 0, <

E[exp(h|X |γ)] < ∞.

{Xni, 1 ≤ i ≤ n, n ≥ 1} �gZ NA JYÆ�Æ�� EXni = 0, 1 ≤ i ≤ n, n ≥ 1, {ani, 1 ≤ i ≤

n, n ≥ 1} ��DÆ�����
(i) %� β, 0 < β ≤ γ ℄�D� {un, n ≥ 1}, limn→∞ un = 0, < |aniXni| ≤

un|Xi|
β

log n a.s.

(ii) %� δ > 0 ℄�D� {vn, n ≥ 1}, limn→∞ vn = 0, < X2
ni

∑n
i=1 a2

ni ≤
vn|Xi|

δ

log n a.s., 
n

∑

i=1

aniXni
c

−→ 0, (3)�� c
−→ �?X%A��N�3

n
∑

i=1

aniXni −→ 0 a.s. n → ∞. (4)S9 � [4] 5| 2.5, {G [3] || 1 /��y��+Mi|| 2 /Ph (2) b�Z�:)y/ h > 0 ℄� γ > 0, <
E[exp(h|X |γ)] < ∞. (5)Ph (i) g-Z

(i′) %� β, 0 < β ≤ γ ℄�D C > 0, <
|aniXni| ≤

C|Xi|
β

log n
a.s.\��Qs/m��~�_O5 3 3 {Xn, n ≥ 1}, {Xni, 1 ≤ i ≤ n, n ≥ 1}, {ani, 1 ≤ i ≤ n, n ≥ 1} Q|| 2, ,

(5),(i′),(ii) �~� (3) P (4) �~��[� C (���D���Q/3�y�?�Q/��_<�Qv=�u�+#�
2 VM1*.T:%5 1 3 {X, Xn, n ≥ 1} �QB�/ NA j�� {ani, 1 ≤ i ≤ n, n ≥ 1} ���Ph (1)/�DÆ�� E|X |β < ∞, EX = 0, ��� 1 < α, β < ∞, 1 < p < 2,  1

p = 1
α + 1

β , 
1

n1/p

n
∑

i=1

aniXi −→ 0. a.s. n → ∞. (6)
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h�:)y/ 1 ≤ i ≤ n, n ≥ 1, 3 ani > 0,  an1X1, an2X2, · · · , annXn �
NA /�< 1 < α, β < ∞, 1 < p < 2,  1

p = 1
α + 1

β ,  p < α ∧ β ∧ 2. � [6] V� 3 ℄ (1) -
E|n−1/p

n
∑

i=1

aniXi|
α∧β∧2 ≤ Cn−α∧β∧2/p

n
∑

i=1

|ani|
α∧β∧2 · E|X |α∧β∧2

≤ Cn−α∧β∧2/p+1 · Aα∧β∧2
α∧β∧2,n −→ 0, n → ∞.

n−1/p
n

∑

i=1

aniXi
p

−→ 0, n → ∞.�:�V�1= [5, }}14], t� (6), �i��
1

n1/p

n
∑

i=1

aniX
S
i −→ 0, a.s. n → ∞,�� Xs

n � Xn /:�V�� [7] y� NA j�/:�Vj�*'� NA /�H�8v
h�\�y3 {Xn, n ≥ 1} �:�/ NA j��:)y/ 1 ≤ i ≤ n, n ≥ 1, �
X ′

i = XiI(|Xi| ≤ n1/β) + n1/βI(Xi > n1/β) − n1/βI(Xi < −n1/β),

X ′′
i = XiI(|Xi| > n1/β) − n1/βI(Xi > n1/β) + n1/βI(Xi < −n1/β),

X̄ ′′
i = XiI(|Xi| > n1/β),

a′
ni = aniI(|ani| ≤ n1/α),

a′′
ni = ani − a′

ni = aniI(|ani| > n1/α),
n

∑

i=1

aniXi =

n
∑

i=1

a′
niX

′
i +

n
∑

i=1

a′′
niX

′
i +

n
∑

i=1

aniX
′′
i . (7){Z 1

p = 1
α + 1

β , β = α
α−1{1 + β(1 − 1

p )}, 
|X̄ ′′

i | ≤ |X̄ ′′
i |

β(α−1)/α · n−(1−1/p). (8)� E|X |β < ∞ 1e� ∑∞
n=1 P (|X |β > n) < ∞, $< ∑∞

n=1 P (|Xn|
β > n) < ∞, � Borel-

Cantelli ||�y- P (|Xn|
β > n, i.o.)= 0, H

1

n

n
∑

i=1

|X̄ ′′
i |

β −→ 0, a.s. n → ∞. (9)� Hölder �1=� |X ′′
i | ≤ |X̄ ′′

i | ℄ (8),(9), �
n−1/p|

n
∑

i=1

aniX
′′
i | ≤ n−1/p

n
∑

i=1

|ani||X̄
′′
i | ≤ n−1

n
∑

i=1

|ani||X̄
′′
i |

β(α−1)/α

≤ Aα,n(
1

n

n
∑

i=1

|X̄ ′′
i |

β)(α−1)/α −→ 0, a.s. n → ∞.
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n−1/p

n
∑

i=1

aniX
′′
i −→ 0, a.s. n → ∞. (10)� 1

p = 1
α + 1

β , 1 < p < 2, H� α ∨ β < 2, $<
1 +

(2 − α)+

α
+

(2 − β)+

β
=

{

2
α∧β , +M α ∧ β < 2;

1, +M α ∧ β ≥ 2.{#�
n

∑

i=1

E(a
′

niX
′

i)
2 ≤ CnAα∧2

α∧2,n · n(2−α)+/α+(2−β)+/β · ||X ||β∧2
β∧2 = O(max{n2/α, n2/β, n}).�v���:)y/ 1 ≤ i ≤ n, n ≥ 1, � |n−1/pa
′

niX
′

i | ≤ n1/αn1/βn−1/p = 1, ℄
max{n2/α, n2/β , n} = o(n2/p log−2 n), �|| 1, :�Bd/ ε, �B&/ n, �

p(n−1/p
n

∑

i=1

a
′

niX
′

i > ε) ≤ exp(
−ε2

4n−2/pO(max{n2/α, n2/β , n})
)

≤ exp(−ε2(log n)2).Q|y�
p(n−1/p

n
∑

i=1

a′
niX

′
i < −ε) ≤ exp(−ε2(log n)2),H

∞
∑

n=1

p(n−1/p|
n

∑

i=1

a′
niX

′
i| > ε) < ∞.$<

n−1/p
n

∑

i=1

a′
niX

′
i −→ 0, a.s. n → ∞. (11){Z α > 1, 1

p = 1
α + 1

β , H�
n−1/p|

n
∑

i=1

a′′
niX

′
i| ≤ n−1/pn1/β

n
∑

i=1

|ani|I(a|ni| > n1/α) ≤ n−1/p+1/β · n(1−α)/α
n

∑

i=1

|ani|
α

= Aα
α,n. (12)� (7),(10),(11),(12) �

lim sup
n−→∞

n−1/p|

n
∑

i=1

aniXi| ≤ Aα
α, a.s. n → ∞.�2=��	 Xi � tXi #(��

lim sup
n−→∞

n−1/p|

n
∑

i=1

aniXi| ≤
Aα

α

t
, a.s. n → ∞.



782 E l p q � �  26t� t −→ ∞, - (6) �~�W 1 ,:)y�� (1) /�DÆ� {ani, 1 ≤ i ≤ n, n ≥ 1}, 7� (6) �~� E|X |β <

∞, EX = 0. ��X%{G� [2] 5| 2.1.W 2 * {X, Xn, n ≥ 1} � i.i.d. JYÆ�j�:�5| 1 _Z [2] �5| 2.1, )��tf�%5 2 3 {X, Xn, n ≥ 1} ���Ph (5) /QB�/ NA j�� EX = 0, {ani, 1 ≤ i ≤

n, n ≥ 1} ���Ph (1) /�DÆ�� 1 < α ≤ 2,

1) , 0 < γ ≤ 1, bn = n1/α(log n)1/γ , 
1

bn

n
∑

i=1

aniXi −→ 0, a.s. n → ∞. (13)

2) , γ > 1, bn = n1/α(log n)1/γ+δ, �� δ = 1 − 1
γ − γ−1

1+αγ−α ,  (13) �~�S9 �8v
h�:)y/ 1 ≤ i ≤ n, n ≥ 1, � ani > 0, � [6] V� 3 �
E(

1

bn

n
∑

i=1

aniXi)
2 ≤

EX2

b2
n

·

n
∑

i=1

a2
ni ≤

EX2

b2
n

· (

n
∑

i=1

|ani|
α)2/α

=
1

b2
n

EX2 · A2
α,n · n2/α −→ 0, n −→ ∞.

1

bn

n
∑

i=1

aniXi
p

−→ 0, n → ∞.H�5| 1 {G�\�y3 {Xn, n ≥ 1} �:�/ NA j��
i) 0 < γ ≤ 1:)y/ 1 ≤ i ≤ n, n ≥ 1, �

X ′
ni = XiI(|Xi| ≤ (log n)1/γ) + (log n)1/γI(Xi > (log n)1/γ) − (log n)1/γI(Xi < −(log n)1/γ),

X ′′
ni = XiI(|Xi| > (log n)1/γ) − (log n)1/γI(Xi > (log n)1/γ) + (log n)1/γI(Xi < −(log n)1/γ).�� Ee|X|γ < ∞ 1e� ∑n

n=1 P (|X | > (log n)1/γ) < ∞, {G5| 1 �
1

bn
|

n
∑

i=1

aniX
′′
ni| ≤

1

bn
max

1≤i≤n
|ani|

n
∑

i=1

|X ′′
ni| ≤ Aα,n

n
∑

i=1

|X ′′
ni|

(log n)
1
r

−→ 0, a.s. n −→ ∞ (14)� {X ′
ni, 1 ≤ i ≤ n, n ≥ 1} �gZ NA /JYÆ�Æ��<

|
1

bn
aniX

′
ni| ≤

1

bn
|ani| · (log n)(1−γ)/γ |Xi|

γ ≤
1

bn
Aα,nn1/α(log n)(1−γ)/γ |Xi|

γ = Aα,n
|Xi|

γ

log n
, (15)

X ′
ni

2
n

∑

i=1

(
ani

bn
)2 ≤ X2

i

1

b2
n

n
∑

i=1

a2
ni ≤ A2

α,n

X2
i

(log n)2/γ
. (16)� (15),(16) ℄|| 3, �

1

bn

n
∑

i=1

aniX
′
ni −→ 0, a.s. n → ∞. (17)
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ii) γ > 13
X ′

ni = XiI(|Xi| ≤ (log n)δ1) + (log n)δ1I(Xi > (log n)δ1) − (log n)δ1I(Xi < −(log n)δ1)

X ′′
ni = XiI(|Xi| > (log n)δ1) − (log n)δ1I(Xi > (log n)δ1) + (log n)δ1I(Xi < −(log n)δ1)

a′
ni = aniI(|ani| ≤

n1/α

(log n)δ2
)

a′′
ni = ani − a′

ni, �� δ1 = 1
(1+αγ−α) , δ2 = 1 − 1

γ − δ, 
1

bn

n
∑

i=1

aniXi =
1

bn

n
∑

i=1

a′
niX

′
ni +

1

bn

n
∑

i=1

a′′
niX

′
ni +

1

bn

n
∑

i=1

aniX
′′
ni

△
= An + Bn + Cn. (18)��� {X ′

ni, 1 ≤ i ≤ n, n ≥ 1} �gZ NA /JYÆ�Æ��
|b−1

n a′
niX

′
ni| ≤ b−1

n |a′
ni||Xi| ≤

n1/α

bn(log n)δ2
|Xi| =

1

log n
|Xi|, (19)

X ′
ni

2
n

∑

i=1

b−2
n a′

ni
2
≤

n(2−α)/α
n
∑

i=1

|ani|
α

b2
n(log n)δ2(2−α)

X ′
ni

2
≤

Aα
α,nn2/α

b2
n(log n)δ2(2−α)

X2
i

=
Aα

α,n

(log n)2/γ+2δ+δ2(2−α)
X2

i . (20)�� 2
γ + 2δ + δ2(2 − α) = 2+αγ−α

1+αγ−α > 1, $<� (19),(20) ℄|| 3 -
An −→ 0 a.s. n → ∞. (21)�

|Bn| ≤ b−1
n (log n)δ1

n
∑

i=1

|a′′
ni| = b−1

n (log n)δ1

n
∑

i=1

|ani|I(|ani| >
n1/α

(log n)δ2
)

= b−1
n (log n)δ1

n
∑

i=1

|ani|
α|ani|

1−αI(|ani| >
n1/α

(log n)δ2
)

≤ b−1
n (log n)δ1

n
∑

i=1

|ani|
α ·

[

n1/α

(log n)δ2

]1−α

= (n1/α(log n)1/γ+δ)−1 ·
(log n)δ1 · n1/α−1

(log n)(1−α)δ2

n
∑

i=1

|ani|
α

= Aα
α,n_

|Bn| ≤ Aα
α,n (22)+Q 0 < γ ≤ 1 vs�y�

Cn −→ 0, a.s. n → ∞. (23)



784 E l p q � �  26t� (18),(21),(22),(23) -
lim sup
n−→∞

1

bn
|

n
∑

i=1

aniXi| ≤ Aα
α, a.s.�2=��	 Xi � tXi #(��

lim sup
n−→∞

1

bn
|

n
∑

i=1

aniXi| ≤
Aα

α

t
, a.s.� t −→ ∞, - (13) =�~�W 3 ,:)y�� (1) /�DÆ� {ani, 1 ≤ i ≤ n, n ≥ 1}, 7� (13) =�~� EX = 0� (4) =�~�W 4 * {X, Xn, n ≥ 1} � i.i.d JYÆ�j�:�5| 2 ℄_�/5| 3 B�Z [3] �5| 1 �5| 2, )��tf-;�{G5| 2 /���\��%5 3 d3 {X, Xn, n ≥ 1}���Ph (2)/QB�/ NA j��EX = 0, {ani, 1 ≤ i ≤

n, n ≥ 1} ���Ph (1) /�DÆ�� 1 < α ≤ 2, _Cm��~�
(i) , 0 < γ ≤ 1, bn = n1/α(log n)1/γ+β , (β > 0),  (13) =�~�
(ii) , γ > 1, bn = n1/α(log n)1/γ+δ+β, (β > 0),�� δ = 1− 1

γ − γ−1
1+αγ−α ,  (13)=�~�!3FH�
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Strong Laws of Large Numbers for Weighted Sums of Identically

Distributed NA Random Variables
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Abstract: This paper deals with strong laws of large numbers for weighted sums of identically diseributed
NA random variables and extends the theorems of Z.D.Bai, P.E.Cheng and S.H.Sung.

Key words: NA random variables; weighted sums; identically distributed ;complete convergence; strong
laws of large numbers.


