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Characterizations of Inverse p.n.p. Matrices*
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Abstract
The author studies the characterizations of inverse p.n.p. matrices, i.€.,
theirs inverse matrices are p.n.p. matrices.

Recall that an n-by-n real matrix A4 is called a partially nonpositive
(p.n.p.) matrix if each of its principal minors is nonpositive and denote Ae
PNP; if each of its principal minors is negative then A4 is called a partially
negative (P.n.) matrix and denote 4¢PN, In(1-4] disscused some properties
and characterizations of p.n.p. matrices. In this paper we introduce the con-
ncept of inverse p.n.p. matrices,disscuss its equivalent characterizations and
give the structure of the intersection set of p.n.p. matrices and inverse p.n.
p. matrices. .

Definition Let A= (a,;)€R™" be nonsingular. If A '¢PNP, then A4 is called
an inverse p.n.p. matrix and denote A<IPNP; if 4 '¢PN, then A4 is called an
inverse p.n. matrix and denote A¢<IPN.

Lemma | ‘‘’ Let A= (a,,)eR™" be nonsingular. Then A¢IPNP (IPN) if and

—-— only if det A4<0, det A,>(>)0, where det 4, denote the principal minor &,
1<k<n- 1. | ‘

Lemma 2 Let A= (a;)),, fIPNP, then there exists a positive number & such
that A+ ¢ I€IPN when 0<e<lg, .

Proof, Denote the sum of principal minors of orders i for matrix B= A"

: by —‘;,.(i=1, ee,n), and the sum of principal minors j for matrix A4 by s, (j=
1,+,n—1). By (3 ] we have that - p(B) is a simple eigenvalue of B and
satisfies

p(B)y<min{max (1, Z?,-) . max(';,,,'sv,H +1, ,;, +1). (1)
i=1

— -1___ . - . - V__""_ Spi
Thus o————p(B) is a simple eigenvalue of A. Since i = qetd

(i=1,e,n—1)

(L4 D, if denote s5,=1, by (1) we have
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o . N 1 _ Saa
~0=|o|>(min{max (1, ig_is,/detA) s MaX (o 1= 457

_ s -1__—1
- Geta '3 " deta
s, ~det A} 3 >0, (2)

(min{max(-detA4, Y s,), max(l,s, ,—detA, «-,
i1

Take g’():—a‘étij—(min{max( —det 4, .'=21 s;), max(1,s, —detAd, -, s, —~det D))",

and denote the spectrum of A4 by o(A) = {4, |i=1,+-,n and 1,= 0, then|4,|>>
[Ay], i=2,+s,n. Moreover let 4,,+, 4, and 4,,,+-, 4, be real and complex
eigenvalues of A, respectively, Thus 4,+¢ and 4, have same signs (i=1,+-,r)
when 0<(e< &, so det(A4A+el)=]] (1,+& and det 4= [] 4, have same sign,
: i=1 i=1

i.e., det(A+¢el)<0.

Let A,; be any principal submatrix of A4 of order k (k=1,+,n-1;j=1,
-, c¥),and denote greatest negative eigenvalue of Ag; by —¢,;(if greatest nega
tive eigenvalue of A4;; vanish let ¢,; be any positive number), Then 4,;¢P,
by Lemma |, where P, denotes the set of matrices with nonnegative principal
minors ({5 )). Therefore det (A, +é&l,) = fI (A% + &) >0 for any 0<e<gy,,

. i=1

where {4;*)|i = 1,---,k} denotes the spectrum of A,,, so A+ &l ,€P (P denotes
the set of matrices with positive principal minors). Take & =min{&,&,,, *-.
.elc,_,---,e,,_“,...,g'” Lev V1 .then A+ el IPN for any 0<e< g by Lemma 1.

Theorem 1 Let 4= (a,;) €¢R"™" be nonsingular. Then A<IPNP if and only
if there exists a positive & such that A+ &l ¢IPN when 0<&<s,.

Proof Only prove the sufficiency by Lemma 2. Using marks of Lemma 2
for sufficient small ¢>0 we have det (4+eé&l)=]] (4,+¢& <0. Since 4 is non-

i=1

singular hence det A4<0 when &>0. Similarly for any principal submatrix A,
of A(k=1,,n-1) we have det A4,>0. If not, there exists 1<k, n-1 such
that det Ay <0, since A €R¥o*koso A; has at least one negative eigenvalue,
denote the greatest negative eigenvalue of Ay, by A{*’, denote its spectrum by

k .
aCA) = (A% |i=1,,ko} . Take 0<e<|A{* |, then det (A, + el ) = fl (A%0 + g

< 0 for any 0<é< &, which is a contradiction. Thus A¢IPNP by Lemma 1.
Let A= (aq,;)€R™" be partitioned as

A ‘ ' [<k<n-1 3)
= <o - -1,
) ) , 1< A<(n

where A, is the leading principal subratrix of A of order k. If A, is nonsingular
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-~ then A4, - AZA;‘A, is called the Schur complement of A, in A4, we denote this
(A) A = A, — A, A A, .

Theorem 2 Let A= (a,;)¢R™" be partitioned as in (3), Then A¢IPN if and
only if det A<0, A,€P and ( A4/ A,)<IPN.

1 - A,'4
. Proof (=) Only prove (A/A4)€eIPN by Lemma 1. Let L= { 0" ; g ’]
n-—-k
then
A A 1 - A4 A 0 -
, k 1 £ Ay _ k - (4)
14 A2 A'l—k O ,u—/( A2 (A/Al')
Th
det A= det A-det L= det A= det A,-det( A/ Ay .

Since det A<, det 4,>0, hence det(A/A,)<0. Let( A/ A;), be the leading prin-
cipal submatrix of (A4/A4,) of order s (s=1,%,n—k—-1) aid L be partitioned

[

0 Ln—&—s
order k+s. Moreover Let A and A be partitioned as

A, /‘l ~ Z«u
A= [ ,k ! }, A= "'k \l ’
A2

L L
as Lr[ ke ! }where L,,, is the leading principal submatrix of L of

An-k«s
by (4) we have

[/Aku A/l Lk.+s Ll — (;ki'l 0 ( 5 )
’4,2 An—k—s . 0 Ln—k4 LZZ An—k—s )
N

1
—~

So A, = Ag,,Ls,, and det A, =det A, >0. Since det A,,,=det A, det( A/ 4,
and det A,>0 hence det (A4/A4,),>0. In general if (4/A4,), denotes principal
submatrix of (A4/A4,) of order s (s=1,+e,n-k~-1), then there exists a permu
tation matrix @, of order n— k such that (A4/A,), is the leading principal

I, 0

0 Qnx
mutation matrix of order n. By (4) and QAQ-QLQ:Q;Q we have

I, 0 } A, A, (1, 0 ]flk 0 [1,, - A A, [Ik 0 1
[O Qnx [Az A._k] [0 Qnx LO Q..J:] 0 I, . ] 0 Qn—k/
= [ A 0 . (6)
QuuA; Qi (A/ADQ, 4 .
Clearly QAQ"= QAQeIPN and QLQ™=QLQ is also elementary matrix, hence det
(Qn (A A Qi) ,=det(A4/A4,) >0 where (Q,.,(A4/4)Q,.) ,- denotes the leading
principal submatrix of Q, ,(A4/ 4.0, of order s (s=1,++,n- k—1). Therefore

we deduce (A4/A4,)<IPN by Lemma 1.
(&) . Since AP hence det A4, >0 where A4, denotes the principal sub

submatrix of Q,_,(A4/A)Q, of order s. Let Q= then Q is a per-

matrix of A of order ¢ (r=1,+,k). For any principal submatrix A,, of order
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k+s (s=1,e,n— k—1) since det (A4/A4,),>0 and det A4,>0 we have det A,  >C
by (4) and (5), Thus A4¢IPN by Lemma 1 and det A4<0.

Similarly may prove »

Corollary | Let A= (a,;))€R"™ be nonsingular. If A4 is partitioned as (3)
and A, is also nonsingular (1< k< n—1), then A¢IPNP if and only if det A<0,
APy, (A/A,) IPNP.

Corollary 2 Let A= (a,;)eR™". Then A¢PN if and only if a,,<0, (A/a,,)<P
and det A<(Q, i=1, ses,n.

Combined Theorem 1 in (4] we can deduce sufficient and necessary con-
dition for A4¢PNP which is omited.

Corollary 3 Let A= (a,)«R"™" be nonsingular. Then A<IPNP if and only if
there exists a positive number ¢ such that det (A+&l) <0, A,+ &l ,¢P and (A4+
el/ A+ ¢l ,)eIPN when (0<ée< ¢, where A is partitioned as in form (3) , 1<k
<n-1.

Finally, we give the structure of the intersection set of p.n.p. matrices
and inverse p.n.p. matrices. Clearly we have following Lemma.

Lemma 3 Let A= (a,;)€R™" be nonsingular. Then 4PNP()IPNP if and
only if det A<0, det 4,=0, where A, is any principal submatrix of order k
of A, k=1,+,n—-1,

Theorem 3 Let A= (a,;)«R™" be nonsingular. Then A¢PNP{IPNP if and
only if there exists a permutation matrix Q of order » such that

0 by, 0, « 0 >

.
.
.
.

<o
<
~
w
o
o
o

bn—-ln

QAQ"=B= (b, ) pn= (7)

sse ase

0 6 -...“:..
b, 0
where (1) ”5]2b23'"bn—1 nbnl<0'

Proof We need only prove necessity. Since A is nonsingular and irreducible
({4)), by Lemma 3 we have that there exists a shortest circuit with length
n in the directed graph G(A) of A (or else there exists a circuit » with leng8
k in the directed graph G(A,) of some principal submatrix A4, and there exist
no other circuits in G(A4,), 2<<k<{n-1; thus det A,70, which is a contradiction).
Therefore without loss of generality we assume that A4 has the following form:

0 a;, » voe »
+ 0 as :
A: 3 L ( 8 )
* An_yn
Ay * *

where a3a;;5¢a,_1,a,,F0. Since all principal minors of order 2 of A4 ore zero
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- hence a,, =a;,=++-=a,, , =a,,=0. Denote the principal submatrix of 4 with
By, e, i, TOWS and i;,ee=,i, columns by A[i,,=,i;) where 1<i < i< seeli <1,
Therefore from det A(1,2,3)=det(2,3,4)=<e=det(n-2,n—-1,n3=0 deduce a;, =
ag=r+=a,,,=0; from det A[1,2,3,4)1=det A[2,3,4,5]= s=det A(n-3,n-2,
n-1,n)=0 deduce a4, =as,=**=a,,_ 3=03°3 from det A[l, e=s,n—17=det A[2, +*
es,n=0 deduce a,_,, =a,,=0. That is a;;=0 when j<i except a,;.

Moreover from a,,=0 and det A(1,2, n)=det AC1,2,3,n)= «=det A[l,2, =,
n—2,n)=0 deduce a,,= a;,= *+=a,_,,=0; from det A(l,n-1,n)}=det A(1,2,n—
1,n)= ees= detd(l, see,n—3,n—1,n])=0 deduce a,, 1=a,, 1= °*=a, 3,,=0; from
det A(l,n—2.n—1,n)=det A(1,2,n-2,n—1,n)= «ee=det A{l, eee,n—4,n—2,n-1,
n)=0 deduce a,, ;=a;, ;= **=anan2=03°" from det A(1,3,++,n)=0 deduce
a;;=0.

e In a word we have that 4 has form (7), and since det A4<0 hence (-1)"!

Ay2823°°%0 51,851 <0s
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i opnp OB OM K G

# B %
AL BE #HRD
L L

— ARG A, EHEHETFXEIEE, MKAKR p.n.p. H, icfEAPNP; 4F
B, % APNP HEM EFRE M, WKAMp.n. EE, g APN #H—, EnELh
M AJE&5, HA'PNP, M A H¥p. n.p. s, 104 ATPNP; $65)H, %4 '¢PN,
Wk A KB p.n, B, 1IC/EAIPN, XX EBLERTF.

ER| RAR™ RIEHF. W AIPNP A BERHREE—DEYK &, HHY0<:

& B}, B A+el¢IPN.

ER2 BAR™ N
A A
A=
AZ An—k
Hbh A hAZkHEEEFH (1<i<n-1). M AIPN R E LR det 4¢ 0, A, P (P
EPAEEFAREMERL) B (4/ 40PN, XH (4/A4) F A F A5 Schur 3.

Bl WARHBEM (+), HA54, BEHH. WAIPNP RE XML
detd 0, APy (P EFRAEFRXE ERPERE]) H (A4/4,) < IPNP,

Wit2 A= (a,,)eR""'.' W A4¢PN I BB Ra,, <0 H (A/a,,)<P, det A< 0
(1 i.n.

WIE3 WAR™ HEHF. WAIPNPHABERMERFEE—ANER 0. HBY0<e

& B, BAdet(A+el)< 0, A+ el P H (A+el/A,+ el )elPN |, Hp A5Hm (+),

’ (=)

1 k n-1,
EB3 i AR HEHFR, M APNPNIPNP HRERBRELE I n BrE %% Q
flig
0 by, 0 0
QAQT=B= b =] P 0
H . J.
by 0 cenees 0

Wi ¢ -1 " Yhyshyyeesh by O

n-1n"nl
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