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Abstract

In this paper, we have definited the generalized noncentral Wishart distri-
bution-for elliptically contoured distributions. Under some conditions, we have
obtained its probability density function, the density function of its latent roots,
the moments of the generalized variance, and the characteristic function in the .
series forms,

{ . Introduotion

Along with the pushing of the theory of multivariate elliptically cnﬁtoured
distributions, the generalized multivariate statistic analysis is gaining a big deve-
lopment. But the generalized noncentral Wishart distribution takes a role in
generalized multivariate statistic analysis as important as noncentral Wishart
distribution does in multivariate statistic analysis. In this essay, we.discuss -
generalized noncentral Wishart distribution under multivariate elliptically con-
toured distributions.

Assume Z is nXxm random matrix, has an elliptically contoured distribution
of Z~LEC, , (M, Z,¢), Z>0. Its density funotion is :

(detZ)' 2gltr((Z-M)EZ(Z-M)") (1)
where M is a nx m real matrix, L isan mXxm positive matrix, g is a certain
propriate function. We call that 4=Z'Z is the generalized noncentral Wishart
matrix . Its distribution function is denoted by GW, (n, X, Q3 g), where Q=317
M'MX "% is noncentral parameters. When m=1, X =1, we call that A is gene-
ralized noncentral y*-distribution denoted‘b),{/ A~Gx:(dzg g). 6*=M’'M . When
M=0,Q=0,we say that A4 is the generalized Wishart matrix denoted by
A~GW (n,X;8).

Anderson & Fang“] have given the density function of generalized Wishart
distribution GW _(n, Z; g). Fan(*] gave the density function of generalized non-
central Wishart distribution GW _(n, X, Q; g) in integral form. But density func-
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tion in this from is not appliable., We will give in this essay the density fun-
ction in series form under the condition that g is Teylor expansive.

2 . Density Function

We have the notes the same as in {77. Assume k is an interger. k’s parti-
tion is denoted by &= (k,,k,,-), where )k, =k, k >k, >,k ,k,, -, are
non-negatives, Y is a symmetric matrix ,Y’s zonal polynomial with x is deno-

ted C ().
Lemma | Assume X isanmxn matrix (n>m), H=(H,:H,]eO(n), H, =
(H),, . then
0 k=2i+1
tr(XH))“(dH) = (2)
J‘om)[ r(XH)J(dH) C,(ji—XX’) , 2
Le——p——2'Qi- D1 k=2
(-2—”),‘

where (dH) denotes the invariant measure over the Stiefel manifold O(n) =
{H,,,»H'H=1,1, i=0,1,2,---, The right of (2) is the sum of all i’s partitions
k= (k,  k,, e, k, ) that have .no more than m parts. When x = (k,, k,, >, k),

(4 = gy (T (5] jﬁl Dign+k,~—G=1).

Proof When m=n, according to the (22), (46) in [ 6], we can gain the -
conclusion. When m<n, we expand X to a nxn matrix [‘gj, expand H, to H,
then we will have the proof.

Theorem | Assume g is Taylor expanSible on (—oo, +co), then we can
denote the density function of the generalized noncentral Wishart matrix A4 as

1" (dets) F @etayn-movve 3 £ UNE (4 @))
r (~1—n) ' £ “
. " 2

N B
C (QZ 24327 2)

> (3)

X

1
("E‘Il)‘r

where A4>>0, ¥ is k’s partitions that have no more than m parts.
‘Proof Let Z=H,T, T is an upper triangle matrix, then 4=2Z'Z =TT,
also .
(dZ)=2"det(Z'Z)12" """ (d4)(H|dH,) .
For the density function of Z is (1), then (1) changes into

(n-m-1}

S - _ L
2 ™(detE) 2 g(tr(£'Z'Z +Q ~ 22 'M'H,T))(det(Z'Z))2 (dA4) (H|dH,)

m

i, Lipeme By . ,
=2 ™(dets) 2" (deta)?" " Voltr(L A+ Q- 25 "M'H,T))(dA)(H dH )
i 1 1
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m n-m- = k . _ .
- =27 (det3) T (det )TV Lo X Cilr(z ™ 4+Q))t

(tr(-2%7" M’H,T)]’(dA)(Hl H )
here, we use

(4)

g(X)=kZ: a,x (—oo<x<+o0),
=0

Because the integral on Stiefel manifold
: [, ., (=22 M'H )Y HAH )

r,,-,,,[*;—(n -m)] ‘
= — [ Ctr( - 227" M/H,T)Y (K'dK ) (H|dH )
2n ‘M#T(”-”I) Hl"Vm. n KeO(n—m .

(4 (n=m))

- — -1 ’ j ’
B 2"‘"‘7{%‘"~m)2 J\HeO(n)[tr( 22" M HIT)] (H'dH)

z.—____f Ctr(-2Z'"M’H\T)Y (dH).
I..m(7n) o)

From Lemma 1, the'.itlast' integral, can be changed into
) Ctr( - 22 'M'H,T)Y (H|dH,)

1V,

m_mn/2 cCATE'M’'MT'T)
_Z_LT___zl(zi—m!Z‘l o N j=2i
I‘m(—é-n) ki \ (—Z_n)"

1l

0 ' . . j=2i+1
momn/2 C (QT 24T ?)
- 2 ——ei- DL j=2i
I, (<n) . (5n)
2 2 Tk

(5)

0 N J=2i+1
where «, is the same as x in Lemma 1. Follow (4), A’s density function is

mn/2 _ 1 ]
' ——%——(detz) (det )= m- D72 z: Z 2'DHNCTr T A+ Q)
. r '—n) i=
K Ck(QE TAL T o2 I , .
2 i (dd) =—————(det ) 2-(det )" "7} q,
“ m, e k=0
_L _1
) 4 c2s o C(QZ TAZ ?) a2
ZWU(Z A+Q)) 7 Z . 1 (dA):—“_‘i—‘“
Y = oL (7")K r,,,('z_n)
E 11
_1a et &2 _ (QE774577)
(detT) 7 (det)™ "V $ L gor st g o)y € - (dA)
R . k=1 . X (__n)
_ 5™,
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The proof is completeed .
Cacullos & Koutras!?], Fan'‘7 gave the density function of y’-distribution
Gx:(dz; g) in integal form. But we can get it when m=1 in Theorem 1.
Corollary Assume g is Taylor expandiable on ( — oo, +c0), then we have
that the density function of G)l(:(ézgg)is

i 11 duﬂ" W0 g , u>0. (6)
k=0 r (—n+k)

3 . Latent Roets Distribution

We assume the latent root matrix of the generalized noncentral Wishart
matrix 4 is A=diag(4,,4,,,1,), 4, >Ap>+>1,, i.e., there exist orthogonal
matrix HeO(m), such that A= HAH'. _

Lemma 2. Assume X,,, (n>p) is a random matrix, which is absolute con-
tinuous to Lebesgue measure in R"’ space, B is a nxn symmetric matrix with
rank r, §=X’BX, then the rank of §,p(S)=min(p,r), also the nonzero latent
roots of S differ from each other in probability 1.

Lemma 3, Assume Z~LEC,, ,(M,Z,¢), £>0, n>>m, and its density func-
tion exists, then A =2’Z is positive in probability 1.

: Lemma 4, Assume A= HAH’ is a symmetric matrix with order m, A=
d (A, Ayyee0,4,), Ay >4,>e>1 >0 then
2™ g™ ?/2 m
(dA)——l—————(dH)g(l )/z\ldl, (7)
r,( m)
where (dH) is an invariate measure of O(m).

The proof of Lemma 2 refer to [ 8 ]. The proof of Lemma 3 is similar
to the method on P73 in{ 9]. The proof of Lemma 4 refer to P105 in [ 7 ].

Lemma 5°°7 Assume X,, X, are symmetrc matrices - of = order m, then
we have »

C(X)C (X))
c.ay

The latent roots: distribution of noncentral Wishart matrix is given by
James [5]. Chen [10] got the latent roots distribution of generalized central
Wishart matrix. From aﬂo\f the Lemmas, we can get the latent roots dist-

(8)

jo( C (X HX,H)(dH) =

ribution of generalized noncentral~-Wishart matrix .

Theorem 2. Assume generalized noncentral Wishart matrix A~GW_(n,1,
Q;g), and g is Taylor expansible on (-oo, +o0). The latent roots matrix
of A is A=diag(4,,4,,*,4,), 4, >4, >>1,, then the joint density func-

tion of 4,,4,,¢,1, is
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22"' m(m+ 1) /2 o V(LA FWQ) o gy (A)

1(" m-1)/2 (}_ 1 i=1
r (—n)r( m) 'Hl ];[ &, k1

, (_in ),C (1)
P)

. (9)
Proof From Lemma 2,3, we have that A >e>>2,>>0 in probability 1.

: And from (7) we will have the joint density function of'l,;lz,--o,}.m.

. 22‘»! iM("H 1)/2 m nem- 13/
f(il"lz"""lm)z i { H'll" m-1 21;[(1’__1]) .
w <r,.("2— n) F"'(?m) =1 <)
- g(zk)E E A+ trQ) )
- Ll | Cc(QHAH')AH)
k=0 1 x (%n) om

But from (8) we get the conclusion,

= Corollary . Assume A~GW,_(n,Z, Q;g), and g is Taylor expan31ble on .
(- oo, +oo), then the density function of the latent roots of matrix X~ ZAE 7
has the form m (9)
4.Generalized Variance Moment
Lemma ¢ Assume Y is a symmetric matrix with of = m, f is real func-
tion on (0, +o0), and
a=_f°°f(z)z“dz<oo, a=ma+k-1
>——(m 1), k is a given positive integer. If the left mmd side 1dtegral
of followmg formula exists, then we have
_ j'x>0f(trX)(detX)“"T('"ﬂ)Cx(XY)(dX)=%§Efia)—)-acx(Y) (10)
where x is the partition of k', (a), refer to Lemma |,
Proof Assume the left side of (10) is denoted by h(Y), for every HeO(m),
we have
h(HYH') = fx>of(trx> (det X)“’*""”’C,(XHYH/)(dX)
) Now, we transform U=H’XH, then (dU)=(dX), and
- ‘h(HYH') = h(Y)
' i.6., his a symmetric function of Y Refer to Lemma 5, we have
RY)=[  wY)dH)=[ h(HYH’')dH)
o(m) - om
=  farx)detX)"" TV C(XHYH')(dH)(dX)
- X>0 . O(m)
~ = fx>0f(trX)(detX)"—T("””C,‘(X)C,(Y)/C‘(I,,,)(dX)
therefore, we get _
“h(Y)=hA,)CY)/C,(1,). (11)
— 483 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Since C, (Y) is a symmetric homogeneous polynomial in the latent roots of
Y it can be assumed without loss of generality that y is diagonal, Y =diag(y,,
Yys*,»,) . Using the definition of C _(Y) it follows that '
h(1,)

h(Y)= —m—d --yf;+terms of lower weight, (12)

where « = (k,,+,k_), On the other hand, using the resut of Lemma 7.2.6 in
(73] we have .
(m+ 1

-1 '
h(y) = fx\_ome)(detX)“ 2" UC(XY)(dX)

-%(”ﬁl).

=d,p ey IX 0f( trX)(detX)*

k.- k

— X X 2 3

X k’detl: n ”] ~+(det X)*(dX) + terms of lower weight,
X2 X22

where X = (x,;) To evaluate this last integral, put X =T'T where T is

mxm:*
upper -triangular with positive diagonal elements. Then

m X, X
trX = ;t,.z, x; =l det| M TP =2 gl e detX = Ht
< X21 X2z i=
and
+1- "
(dx)=2" Ht"' '/\dt,.j,
i<j
so that, using Dirichlet integral we can obtain

ROY) =dyleeyyr [ o ff(Zt.»Hr””" +2"(dT) + oo
>0
*0@(}’(00 i*tj

Hr(a+ ki _ i—-1 )”m(mAl),/ai

k k= 2 oo e
=d y ey m 1 Toma 770 *J.o S(y)y*dy +terns of lower

weight. (13>
Equating coefficients of yf---yf" in (12) and (13) it shows that
h(I ) (@ Tata)

C (1) — TCma+k)

According to (11), we can prove Lemma 6.
Theorem 3. Assume A~GW_(n,Z, Q;¢g), g is Taylor expansible on (- oo,
+co), n or mis even, r_>0 and

4
mr*lmn i

b(r) —f g(y)y dyoc

If El(detA)") exists, then we can get
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n""'“’rm( r+ —g—)

E( (detA)) = (detX)”

I‘m(%n) I'( (_r_n_g_ +mr)

(r +,C(Q)

1

a

!l

= —{eee(a— p-k-1
P! 7 (@=1)+(a k)fy>0g<y+trg)y" dy
2«

-{

k

(r+—;—)~C‘(Q)
(a— 11g* 2 (rQ) } (14)

OO 1
+ 3Ty
k=ak! [1 (;n)'r

where a= m(—;—n +r).

Proof According to theorem 1, we get

mn/ 2 a2 oo . (2k) -1
B (detd) ) =—F—  (detX) Z[  (detA) *(-m-D/2zY g 4+Q)]
1 A>0 o k)
rm(—z—‘n)
[0 S
C (Qx 2AZ"7) .
——— d(A4)
E (5
11 % v
We transform B=X 243 2, and use the method of Lemma 6, then get that
n/2 n-m-1 o (2k)
B (detd))=—2"____(detTy | (detBy’ T 3£ LuBruld)
r (_1_,,) B>0 &= k1
m:2
C (QB) mn/2 oo C (Q)
: —"——1—-—<dB>=—"—-1——<detz>'/;7j-,z —
xt (~—n) I (=n) =0T K myCc (1)
2 X . m 2 2 ‘. x\*m
s nmm-1 mnl2 o
[ (detBY Tz g(trB+trQIC, (B)(dB) =—%——(detE) T, (r+=) -
B>0 rm(_;_n) 2
- . T+, @ k
. £ (2k) k-1
=TT & a 1.8 Ty Q) dy
7",
Imn/zrm(r+—n—) (’+‘%'),Cx(9) .
J N gFly +trQ)yF " dy
0 .

= L —@etz)- T 2
k=0 4 y

C(4m @) 5m,

The obtain of third equality sign in the last formula has used Lemma 8.
There need some transforms then we get (13). The theorem is proved.

If Z~LEC,, (M, %, ¢), it has a density function in form (1). But ZSm +
RUE”Z_, where R0 is a random variable. VecUS4™ is uniformly distributed

on the unit sphere in R", and independent on R. Then R’s density function is
Smn
I‘(7mn)

r_mn-l g(r2) ..
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Hence, in Theorem 3, if Q=0, f>g(y)y"_"_‘dy is just the moment form of
y>0

R in certain order.

If we assume there exist all the variance moments of generalized noncen—,
tral Wishart matrix 4, we can otain the formula of A’s characteristic function
in series form. Through some complex counting, we have following theorem .

Theorem 4. Assume A~GW_(n,X,€;¢), g is Taylor expansible on (-co,
+o00), and for every a>(

f:cg(y)y"dy<<>°

If it exists for A’s generalized variance moments in any order, then A’s cha-

racteristic function is,

D(O) = E[exp(ilgkﬁj,‘aj,()]
x A, K
2m7'[mn/2 o oo if. .(—g-)'C:, (T, Q)C' (I,I)
- 1 X AR mn 1
rm(Tn) k=0 f=0 !f. x A gex, i | > +f)(_2_n)‘

f e (y+trQ)y™/2t/-1dy
0 .

where A= (8, )pums D= pims 1,=1+6,)0,,, 6,=6,, 4, is Kronecker .-

delta function, T:—;—IJ'/ZF)."'/2 , x, A are the partitions of k, f respectively.

Other notes refer to [ 3 7.

We thank Professor Fang Kaitai a lot for his helping us in this essay.

References

[1] Anderson, T.W. and Fang, K. T. (1982), On the theory of multivariate elliptically contoured
distributions and their applications . Technical Report No. 54, ONR contract NOOO14—75—C
—0442, Department of Statistics , Stanford University, Califonia .

[ 2] Cacoullos, T. and Koutras, M. (1984), Naval Res. Logist. Quart, 31, 447—461.

[ 3] Davis, A.W. (1979), Ann. Inst. Statist . Math. 31, part A, 465—485,

{47 Fan, J. (1986), Non-central Cochran’s theorem for elliptically contoured diétributions, To
appear in Acta Math. Sinica (English Ser.).

(5] James, A.T. (1960), Ann. Math. Statist. 31, 151—158.

[6] Jamcs, A. T. (1964), Ann. Math.Statist. 35, 475—501.

[ 7] Muirhead, R. J. (1982), Aspects of Multivariate Statistical Thoery, John Wiley & Sons, New
York.

[ 81 Okamoto, M. (1973), Ann, Statist. 1, 763—765.

— 486 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



[ 9] Srivastava, M.S. and Khatri, C.G. (1979), An Introduction to Multivariate Statistics, John
Wiley & Sons, New York.
(10] Chen, L.X. (1986), Tongji Daxue Xuebao, 14, 317—322.(in Chinese).

I~ X 3E B s Wishart 5 3
BAY FE#H BH#H

CRlik%E, ) (BWXE, 7H)

BZEnxmBHLERE (n>m), ERERRSH/ANBZ~LEC,, (M, X, ), Z>0,H
L3 AT ) .

(dety) Zg(tr((Z-M)E' (Z~M)")) (1)
HPAME—AnxmEEE, ZEnxmIEEERE, ¢ R—PBEYNEEY. RiNHKA=2'Z
KT XL Wishart . BRI HERIZAGW, (1, I, Qs8), BAEQ=ZTM'MZI 2 %}
EhLBY. FXE—EHEXGET, BHAURBBRAMT X0 Wishart 415 i) 8 BE o3 .
FIER AR EE BY . U EE., FEREMNFRER. THEERDT.

BRI BWEE(-oco, +oo) kufTaylor BFF, M~ XIEH.LWishart B 4 15 1 BE
CE-F.F

L1

—————("/2 detT) F(det )~ m-1/2 ):g(mm(z_l'”m] P Oz *AT 7)
1 k1 £ 1

r (-—-—n) (7’1)‘

(2)
A>0, Ko x h kMU AREEmg R .
E®2 B XIEHOWishart E A~GW (n,1, Q,g), HEWFE(—oco, +c0) LTay-
lor BFF. AMBIEREND A =diag(d,,1,,,4,)s 4, >4, 2> 4,. W 4,,4,,,2,
BB A 4 75 W HE N

22'- m(m+1)/2

1(#»:1)/2 1—11
F(n)l"( m) 'Hl' 1< .

@O Ap+trd)
& g f;LI EC(Q)C (A) (3)
= k! < (m,CA4,)

x Kk Tm

B3 BA~GW _(n,Z,Q¢2), gR[FE (oo, +oo)J:TaylorE§F,nﬁm#J{Mk,
r>0, H '

b(r) = I:og(y)y”+7_l, dy<oo.
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mE EC(det ) HE, ﬂlﬂﬁ

F( +%)
E (detA4) )= (detZ)" .
I, (- n)F
n
e (r+7)xCK(Q) - .
o (@a—De(a—k)[ gly+trQ)y**'dy
k=0 L (Ln) . y>0
2" x |
n
e O @D
+Y =3 1 gk 2wy}, (4)
k=ak! x (7”),

K a=m(5+r).

EHE4 BRA~GW, (n,Z,Q¢e), g (-oo, +O<>)J:E'T'ayior§}’|:, X&EXya>
0.7 .

f0°°g<y)y"dy<oo,
MR AMER X HEERETE, WA KIS ERETEH
®(6) = ECexp(i 3 6,,0,,)
i<k

zm”mn/Z Z Z" Z (—g‘)wci’x(Ty Q)Cﬁ’K(IgI)
>
r(gm © P "'f' © T e T NG,

+f-1

j g"‘>(y+trQ)y2 dy. | (5)

6,,=6,, 6, AKronecker delta ¥,

= Yij
L

E*A:(afj)mxm’ r: érij)mxm’ rij:(1+61j)0
1 us
T:%zzrzz . KA BIHK, £RISR .
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