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SOME NEW SEQUENCE SPACES DERIVED
BY THE COMPOSITION OF BINOMIAL
MATRIX AND DOUBLE BAND MATRIX
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Abstract In this paper, we construct three new sequence spaces by’ (G),
by °(G) and b% (G) and mention some inclusion relations, where G is general-
ized difference matrix. Moreover, we give Schauder basis of the spaces by *(G)
and b °(G). Afterward, we determine a—, f— and y—duals of those spaces.
Finally, we characterize some matrix classes related to the space b.°(G).
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1. Rudiments And Notations

The set of all real or complex valued sequences is symbolized with w. w is a vector
space under point-wise addition and scalar multiplication. A sequence space is
an arbitrary vector subspace of w. f,co,c and ¢, are symbolic of all bounded,
null, convergent and absolutely p-summable sequence spaces, respectively, where
1<p<oo.

A K-space is a sequence space X provided each of the maps p,, : X — C defined
by pn(z) = x, is continuous for all n € N . A BK-space is a Banach space X
which has the property of K-space [11].

The sequence spaces £, co and ¢ are BK —spaces according to their usual sup-
norm defined by |||/ = sup |z| and ¢, is a BK — space with its p-norm defined

keN

by
oo 1
lelle, = (D lanl”)
k=0

where 1 < p < oc.
Let A = (anr) be an infinite matrix with complex entries, X and Y be two
sequence spaces ,and x = () € w. Then, the A- transform of z is defined by

(Az), = Zankﬂﬁk (1.1)
k=0
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and is assumed to be convergent for all n € N, the domain of A is defined by
XA:{x:(xk)Gw:AxeX} (1.2)
which is also a sequence space, and the class of all infinite matrices A is defined by
(X:Y)={A=(an): Az €Y forallz € X}

[23]. An infinite matrix A = (a,) is called a triangle provided the entries a,, = 0
for kK > n and any, # 0 for all n, k € N.

The spaces of all bounded and convergent series are defined by the matrix domain
of the summation matrix S = (s,) as follows:

bs = ({s)s and ¢cs = cg

respectively, where S = (s,x) is defined by

1,0<k<n
Snk =
0,k>n

for all n,k € N. Here and in what follows, unless stated otherwise,any term with
negative subscript is assumed to be zero and the summation without limits runs
from 0 to co.

The theory of matrix transformation has a great importance in the theory of
summability which was obtained by Cesaro, Norlund, Borel,.... As a consequence of
this, lots of authors have constructed new sequence spaces by taking advantage of
the matrix domains of infinite matrices. For example: (£ )n, and cy, in [22], X,
and X in [19], co(A), c(A) and £og(A) in [15], co(A?), c(A?) and £ (A2) in [12],
ey, er in [1], e and el in [2] and [18], ef(A) and e;(A) and el (A) in [3],e(A™),
el (A™) and e (A™) in [20], ef(B™), e (B™) and e’ (B™)) in [13], ej(A,p),
er(A,p) and e (A, p) in [14], ¢} (G™) and ¢*(G™) in [5], £3(G™) and €3 (G™) in [6].

In this paper, we construct three new sequence spaces by *(G), bo*(G) and b5 (G)
and mention some inclusion relations, where G is generalized difference matrix.
Moreover, we give Schauder basis of the spaces by®(G) and b7%(G). Afterward,
we determine a—, f— and y—duals of those spaces. Finally, we characterize some
matrix classes related to the space b*(G).

2. Some New Sequence Spaces

In this part, we give some informations concerning previous studies of Binomial
matrix and Euler matrix, and construct three new sequence spaces by *(GQ), bo*(G)
and b3*(G). Furthermore, we show that the sequence spaces by’ (G), b*(G) and
b%?(@G) are linearly isomorphic to the spaces ¢g, ¢ and £, respectively and mention
some inclusion relations.

To define sequence spaces, the Euler matrix was first used by Altay, Basar and
Mursaleen in [1] and [2]. They defined the Euler sequence spaces ef, and el and el
as follows:

eq = {z = (z) Ew: nl;ngoz (Z)(l — )Rk, = O} ,

k=0
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el = {:c = (zx) Ew: nhﬁngo Z (Z)(l O s emsts}

k=0

and

ego{x( Ew: sup’Z ”krkxk’<oo}.

neN

Afterward, Altay and Polat defined the sequence spaces ej(A) and el (A) and

e’ (A) in [3] and improved Altay, Bagar and Mursaleen’s work as follows:

) = fi= ) s i 35 ()04 i) 0]

k=0

en(A) = {x = (xp) Ew: nh_)n;oz (Z)(l — )RR (g — xpy) exists}

k=0
and

neN

ego(A):{x—( )Ew: sup‘z — ) Rk (g — g 1)’<oo}

where A is difference matrix.

Recently, Bisgin has defined the Binomial sequence spaces by®, b° and b3°
in [7], [8], [9] and [10], and has generalized Altay, Bagar and Mursaleen’s work as
follows:

TS : 1 - n —k, .k
bO :{m:(xk)Ewnh_)H;oWZ(k)s" 7"1‘]@:0}’

k=0

1 n
VP=<x=(r;) €ew: lim ——— s"ErR g exists
¢ { ( k) n—oo (7" + S)n 0 (k) k }

and

neN

7,5 . 1 - n—k, k
boo{x(xk)ew.sup m};(k)s rzk’<oo},
where the Binomial matrix B™* = (b,’7) is defined by

bye = G ()5t 0< k<

0, k>n

forall n,k € N;r, s € Rand s.r > 0. Unless stated otherwise, we henceforth suppose
that s.r > 0.

Here, we would like to touch on a point, if we take s +r = 1 , we obtain the
Euler sequence spaces €, , er., and el

Afterward, Meng and Song defined the Binomial difference sequence spaces
be* (A), b (A) and b35(A) in [17](in case of m = 1) and improved Bisgin’s work
as follows:

by*(A) = {x = (z5) €w: lim ﬁ Z (Z)s"ikrk( Tk — Th—1) = 0} ,

n— o0
k=0
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b (A) = {x = (z) €w: lim # Z (Z)s”fkrk(xk —Tp_1) exists}

n—00 ('r + s)” P

and

n

1
b (A) = @ = (zx) € w: sup | ————

(:)s"_krk(xk - xk,l)‘ < oo} .

k=

(=)

Now, we define the sequence spaces by (G), b2*(G) and b35(G) by

’ Ve

b615(G) = {1' = (I’k) cw: lim —— n Z s k k U.Tk +,ka_l) — 0}’

n—00 7“ 3
+ k=0

n

1 ny .
b (G) = {a: =(zp) €w: lim —— (k)s”_krk(uxk +vrg_1) emsts}

o

and

<

13

1
b2 (G) = {x = (xx) € w: sup

n\ n—k .k
—_— S r(ury + vrp— ‘ < o0 p,
neN (’f‘ + s)n (k) ( g g 1) }

k=0

where G = (gn1) is generalized difference matrix and is defined by

u,k=n
gnk = v, k=n-1
0, otherwise
for all n,k € N and u,v € R\ {0}. Here, if we take u = 1 and v = —1, we obtain
the difference matrix A.
By considering the notation of (1.2) we can redefine the sequence spaces by *(G),
b7%(G) and b5 (G), by the matrix domain of the generalized difference matrix G as

follows:

by*(G) = (by°)a, b (G) = (bg") and b7 (G) = (b37)e- (2.1)
Moreover, by defining a triangle matrix H™**? = (h">"""") = B™*G such that

sn—kflrk

e _ | ST [55G) o]0 s k<
nk -

0 s k>n

for all n, k € N, the sequence spaces b’ (G), b2*(G), and b*(G) can be rearranged
by means of the H™%*" = (h">*") matrix as follows:

ng(G) = (CO)H’V',S,u,'U s bZS(G) = CHrs,u,v and b&S(G) = (goo)H’V',S,u,’U. (22)

In this way ,for a given arbitrary sequence x = (z},), the H™*""—transform of
x is defined by

k
Y = (H'r‘,s,u,v — k: Z k i 7' ul’i + ’U[L'i_l) (23)
=0
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for all k € N, or, by considering another representation , the sequence y = (yx) can
rewritten as follows:

k
k . .
— (5%, = E k—i—1,3,.. 2.4
. ( ) r+5kz—0|: <)+UT(Z+]‘):|S n ( )

for all £ € N.

Theorem 2.1. The sequence spaces by*(G), b*(G), and b*(G) are BK —spaces
in accordance with their norms defined by

20y = (™)l = sup |(H""2), |
keN

sz ey = Zllore @y = =
Proof. we know already that the spaces cg , c and £, are BK-spaces with the norm

|2]|oc = sup |zg|, H**Y = (h">*") is a triangle matrix and the state (2.2) holds.
keN

If we connect these results with Theorem 4.3.12 of Wilansky [23], we obtain that
the sequence spaces by*(G), b*(G), and b*(G) are BK —spaces. This completes
the proof of the theorem. O

Theorem 2.2. The sequence spaces by*(G), b2*(G), and b35(G) are linearly iso-
morphic to the sequence spaces ¢y, ¢ and Ly , respectively, namely, by*(G) = ¢q ,
b5(G) 2 c and b5 (G) 2 Ly

Proof. To keep away from the usage of similar statements, the proof of theorem
is given for only the sequence space b;°(G). For this purpose, we should show
the existence of a linear bijection between the spaces by’ (G) and ¢y .Consider the
transformation L defined by L : by®(G) — ¢o, L(x) = H™*"z. Then, according
to definition of the transformation L , it is obvious that L(z) = H"®" x € ¢y for
all z € by*(G@). Moreover, it is trivial that L is linear and z = 0 whenever L(z) = 0.
Therefore, L is injective.

For a given arbitrary sequence y = (yx) € co, we define the sequence z = (z,,)

by )
> () (=) ot )] "

1 _
(H"S"Vg), = T (Z)sn K.k (uxp + vTK_1)
k=0
1 = gk yk=i k
_(T+3)”k70 Z() (7”+3)r g

for all n € N | that is
lim (H"*""x), = lim y, =0.
n—oo

n— oo

Therefore, we obtain that x = (z5) € by°(G) and L(z) = y , namely L is
surjective. Furthermore, we have for every x € by*(G) that

L) loo = [[H"** 2 ]|oo = l|2[log+(c)-
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So, L is norm preserving. Consequently, L is a linear bijection. This fact shows us
that the sequence spaces b;*(G) and ¢g are linearly isomorphic. This completes the
proof. O

Theorem 2.3. The inclusions ¢y C by*(G), ¢ C b0*(G) and o C b25(G) are
strict, where ¢y, ¢ and lo, are defined in [10].
Proof. To avoid the repetition of similar expression, we give the proof of theorem
for only the inclusion /o, C 055(G).

For a given arbitrary sequence = = (xj) € (0, we have that

[ellezs @) = ™" 2o

n

1 n\ n—k_k
=sup |——— g S r(uTy + vTr—1 ‘
nen | (r+ s)" & () ( )

< sup |ux, + vTy—1]. sup
neN neN

1 "Ny e
o 2 O

k=0

= ||37He;c-

This means that = = () € b2*(G), namely the inclusion o, C b25(G) holds.

k i i
Now we define a sequence x = (z) such that z;, = L 3 (- %)k_ (— =) for all

k € N. Then Gz = ((—S+r)k) ¢ Ly but H»5"Vx = ((— : )F) € boo. Asa
T r+s

consequence, z = (z3) € b2 (G)\loo. This shows that the inclusion £, C b755(@G) is

strict. This completes the proof. O

Theorem 2.4. The inclusions by*(G) C b*(G) C b5 (Q) strictly hold.

Proof. It is well known that every null sequence is also convergent and every con-
vergent sequence is also bounded.So, the inclusions by *(G) C b*(G) C b%:5(G) hold.

1_(_%)k+1

Now we define two sequences ¢ = (zx) and y = (yx) such that x = Py

k ) )
and y, = %Z: ( - %)k_z( - Tti)z for all k& € N. Then we can observe that

Hmo%vy = e € c\¢g and H""y = ((fl)k) € lx\c, namely z = (z3) €
b (G)\by*(G)and y = (yr) € b33 (G)\b2*(G). These two facts show that the
inclusions b;*(G) C b*(G) C b25(G) are strict. This completes the proof. O

Theorem 2.5. ¢ C by°(G) strictly holds, whenever u+ v = 0.

Proof. It is obvious that Gz € ¢y whenever x € ¢. Also, the Binomial matrix is
regular when 7.s > 0. If we combine these two facts, we obtain that B"*Gz € ¢y
whenever x € ¢, namely z € b;*(G) whenever x € ¢. So , the inclusion ¢ C by*(G)

+
holds. Now we define a sequence z = (x,) such that z; = (—1)* [ﬁ} for

allk € N. Then, we can see that x = (z3) ¢ ¢ but H""Vz = ((S_T_T)k) € ¢,
s+

that is « € by*(G). This result shows that the inclusion ¢ C by*(G) is strict. This
completes the proof. O
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3. The Schauder Basis And a—, f— and y—Duals

In this part, we give the Schauder basis of the Binomial difference sequence spaces
by (G) and b2%(G). Moreover we determine a—, S— and v— duals of the sequence
spaces by*(G) , b2*(G) and b3 (G) .

A sequence u = (uy) in the sequence space X is called a Schauder basis for a
normed space (X, ||.||x) if, for every & = (z1) € X there exists a unique sequence
(Ak) of scalars such that x = > Aguy; i.e. such that

k

nl;rg@ Hx — Z /\kukHX — 0.
k=0
Theorem 3.1. Let & = (H™®"%x) for oll k € N. For all fized k € N, con-
L
sider the sequences d = (dy) defined by dy = ﬁ and d®)(r,s,u,v) =

u—+v
{d%k) (r, s,u,v)} defined by
neN

=

0<n<k,

d(k) , S, U, = n . — . .
n (1, 8,u,v) 1y (;)(, %)" (—s)=k(r + s)kr=t k < n.
i=k

Then the following hold:
(a) The Schauder basis of the sequence space by*(G) is the sequence {d™® (r, s, u,v) }ren
and all x = (zx) € by°(G) can be uniquely written

r= Z £.d® (r, 5,u,v).
k

(b) The Schauder basis of the sequence space b>*(G) is the set {d, dO (r, s,u,v),
dW(r,s,u,v),...} and all z = (z},) € b1*(G) can be uniquely written

v =1d+ 3 [6 — 1d®(r,5,u,0),
k

where | = lim (H™®%x).
k—o0

Proof. One can easily see that H"*%vd*) (rys,u,v) = e®) e ¢y for all k € N,
where e(®) is a sequence with 1 in the k th place and zeros elsewhere. Then we
conclude that the inclusion {d®)(r,s,u,v)} C by*(G) holds .

Let & = (x1) € by°(G). We write

m
m[m] = Z gkd(k) (7", S, U, U)
for all m € N. Then, by applying the matrix H™*%? = (h">"") to zI™l, we get

EHTS WY [m] Z£ Hrsuvd(k) 7’8 u, U Z Hrsuv ke (k)
k=0 =0
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and
0 ,0<n<m

{Hr,s,u,v(w o x[m])}n —
(H™®%Yg), ,n>m

for all n,m € N. For every € > 0 there exist mg = mgf) € N such that

7,8,U,V €
|(H”’$)m|<§

for all mg < m. On account of this

[m]

(HT’S’U’UJ?)»”

lz — 2" lyre () = sup ‘(HT’S’“’”a:)n| < sup < e
© m<n 2

mo<n

for all mg < m. This gives us that

r= Z £.d® (r, 5,u,v).
k

Now, we should show the uniqueness of this representation. We suppose that
there exist an another representation of x = (zj) such that

T = Z ed® (r, 5,0, v).
i

Then, by the continuity of the transformation, L defined in the proof of theorem
2.2 , we have

(Hns,u,vx)n _ Z:uk [Hr,s,u,ud(k)(r, s, u’v)]n — Zﬂke;k) = lin
k k

for all n € N. This equality is in contradiction with the fact that (H™**"z), = &,
for all n € N. Therefore, all x = () € b;*(G) has a unique representation.

(b) From the part (a) we know that {d*)(r, s, u,v)} C by*(G) and also H™**?d =
e € c. Thus, the inclusion {d,d* (r, s, u,v)} C b*(G) clearly holds. Given an ar-
bitrary @ = (zx) € b2°(G), we constract a sequence y = (yx) such that y = = — Id
, where [ = kli_{l;o &. Then it is clear that y = (yx) € by°(G) and by the part

(a) y = (yr) has a unique representation. This leads us to z = (x}) has a unique
representation of the form

x=I1d+ Z[ﬁk —1d®) (r,s,u,v).
k

This completes the proof of the theorem. O
If we combine Theorem 2.1 and Theorem 3.1, we can give the next corollary.

Corollary 3.1. The sequence spaces by*(G) and b>*(G) are separable.
A set defined by

M(X,Y)= {az (ar) € w: ax = (apzy) €Y for all x = (xy) EX}



Some new sequence spaces 239

is called the multiplier space of the sequence spaces X and Y. Then, the a—, 5— and
~v—duals of the sequence space X are defined by the aid of the notion of multiplier
space such that

X®=M(X,t), X?=M(X,cs) and X? = M(X,bs),

respectively.
Now, we continue with to quote lemma from Stieglitz and Tietz [21] which are
needed in the next.

;Iél;; ‘ kEZKank < 00 (3.1)
sgp Z lank| < o0, (3.2)
ek

Jim. ; |ank| = ; | Imany, (3:3)
nh_}rr;o ank = p forall k€N, (3.4)
nl;rr;o ;ank =pu, (3.5)

where F represents the set of all finite subsets of N.

Lemma 3.1 ( [21]). Let A = (ank) be an infinite matriz. Then the following
statements hold:

(i) A=
(ZZ) A= Ank

(ank) € (co:l1) = (c: b)) = (L : £1) < (3.1) holds
(ank)
(i) A= (am)
(ank)
(ank)

ank) € (
(c o) = (€ loo) = (oo : Uoo) & (3.2) holds
(co:¢) < (3.2) and (3.4) hold
(iv) A= (
(v) A= (an) € (

(vi) A = (ank)
n=20

c:c) < (3.2), (3.4) and (3.5) hold
ly : c) <= (3.3) and (3.4) hold
(c:co) & (3.2), (3.4) and (3.5) hold with p = 0,Vk € N and

S
S
S
ank) €
S
S

Theorem 3.2. The a- dual of the Binomial sequence spaces by*(G) , b*(G) and
b5 (G) is the set

dy>"t = { (ar) €w: supZ‘ Z Z( )( ) l( 8) R (r4s)rta, <oo}.
n  keK  i=k

Proof. For given a = (a,,) € w, by bearing in mind the sequence that is defined
in the proof of Theorem 2.2, we can write

S 3 2T I ETARIES W ey

k=0 i=k

for all n € N. Then, ax = (anz,) € ¢1 whenever z = (xk) € by*(G) , b3 (G)
or b3*(G) if and only if U™*%%y € {; whenever y = ¢y , ¢ or . This

(yx) €
shows us that a = (a,) € {bSS(G)}a = {b” } {k bos (G }a if and only if
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Unsv € (¢g: l1) = (¢: €1) = (b : £1). By combining this result and Lemma 3.1
(i), we deduce that

a:(an)e{bm } @supZ‘Z Z( )( ) Z( 8) R (r45)Fr~ta, | <co.

KeF ke K

This means that {bS’S(G)}a = {b?s(G)}a = {b’(;g“(G)}a: d®™". This completes
the proof of theorem. O

Theorem 3.3. Let four sets dy®™", dy™"" dy>™" and dg*™" be given as follows:

dy™>"? = {a = (ay) Ew: Sup2|vrsuv\ < oo},

neN

dy >t = {a = (ag) €Ew: nll)n;o v exists for all k€ N} )

TS, UV TS, UV | . 7,8,U,V
dy = {a = (ay) €Ew: nhHm E o, = Ek |n1Ln;o v |}
and

g = {a = (ag) € w: lim g v exists} ,
n—oo

where the matriz V©5"? = (v)>"") is defined by means of the sequence a = (a,)

by

e AT T O(-2) a0 ks
UT’S’u”U = i=k j=k

nk
0 yk>n

for all n,k € N. Then, the following hold:
(i) {05 } _ g g,
9 {01} = e e g
(iii) {bre } _ g g
) {t@)} = {rr©) = {re@} - g

Proof. Because of the parts (ii), (iii) and (iv) of theorem can be proved by using
a similar way, we give the proof of theorem for only the part (i). Let a = (a,,) € w
be given. Then by taking into account the sequence x = (xj) defined in the proof
of Theorem 2.2 , we obtain

En:akxk = En: E zk: zk: (Z) ( — %)k_j(_s)j—i(r + S)ir_jyi] ak
k=0 j=1
S (D)D) et = e,
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for all n,k € N. Then, ax = (a,z,) € cs whenever x = () € by*(G) if and only
if V7 uly € ¢ whenever y € ¢p. This result show us that a = (ai) € {bS’S(G)}B
if and only if V™**? € (¢y : ¢). By combining this result and Lemma 3.1 (iii), we
deduce that a = (ax) € {bg’s(G)}B if and only if

bupz:‘vrsuv

neN

and

lim o™
nk
n—o0

exists, for all k € N

B
namely, {bS’S(G)} =dy®"" Ndy*™™"". This completes the proof of theorem. O

4. The Matrix Transformations

In this part, we characterize some matrix classes related to the Binomial difference
sequence space b2°(G).
Now we give a lemma which is needed in the next corollaries.

Lemma 4.1 ( [4]). Let X,Y be any two sequence spaces, A be an infinite matric
and E be a triangle matriz. Then, A€ (X :Yg) < FAc(X:Y).

For simplicity of notation, we use the equalities below throughout the section 4.

d”“”—ZZ( )( )Zﬁj(—s)j_k(rJrS)kr_jam

i=k j=k
for all n,k € N.
Theorem 4.1. A € (b1°(G) : £s) if and only if

2 i < oo (@
dyp" exist for all n,k € N, (4.2)
sup Z ’* ZZ ( ) ( ) (o) Rr 4 8 ran| <oo (meN), (43)

i=k j=k

mli_r)noo % Z Z <£> ( - %)Z_J(—s)j_k(r + 8)*rJa,; exist for all m € N. (4.4)

i=k j=k
Proof. Assume that A € (b5°(G) : £s). Then, it is clear that Az exists and be-
B
longs to £ for every x = (x1) € b>*(G).This leads us to {ank } ey € {bZ’S(G)} for
all n € N. By combining this fact and Theorem 3.3 (ii), we conclude that the con-

k+1
ditions (4.2), (4.3) and (4.4) hold. If we consider the fact that x = (%) €

b5 (G) and Ax € {o for all © € b*(G), one can see that the condition (4.1) holds.
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On the contrary assume that the conditions (4.1)-(4.4) hold.Let us take an ar-
bitrary = = (zx) € b°(G) and take into account the equality

i LIS PRI ok o
oSSR

k=0 k=0 i=0 j=i
S R
k=0 k=0i=k j=k

for all m,n € N. Under our assumption if we take limit (4.5) side by side as m — oo
we obtain that
Z Ankplrp = Z d;,]j,u,vyk (46)
k k

for all n € N.Also by taking sup-norm (4.6) side by side, we have

| Az[|os < sup Y |dret®
neN =/

T,8,U,V

[yl < ylloo-sup D ldri ™| < oo
neN L

Therefore Az € (s, namely A € (b2°(G) : ls). This completes the proof of

theorem. ]

Theorem 4.2. A € (b>°(G) : ¢) if and only if the conditions (4.1) - (4.4) hold, and
. T8, UV

lim_ zk:dnk = (4.7)

nhﬁrr;o " =N\ forall keN. (4.8)

Proof. Assume that A € (b°(G) : ¢). It is known that the inclusion ¢ C f

holds. By combining the fact and Theorem 4.1, we deduce that the conditions

(4.1)—(4.4) hold. Also it is obvious that Az exists and belongs to ¢ for all z =
1

+
(zx) € b*(G). Under this fact, if we choose two sequences x = (ﬁ) and

U":’U
x = d®(r,s,u,v) , we obtain that the conditions (4.7) and (4.8) hold, where the
sequence z = d®) (r, s, u,v) is defined in the Theorem 3.1.
On the contrary, for a given x = (x) € b°(G), assume that the conditions
(4.1)—(4.4), (4.7) and (4.8) hold. Then by considering Theorem 3.3 (ii), one can say
B
that {anr}ey € {bZ’S(G)} for all n € N. This implies that Az exists. From the

conditions (4.1) and (4.8), we deduce that

m
Dkl < sup > fdrett| < oo
=0 neN &

for every m € N. This shows us that (Ax) € ¢;1. So the series > Agyy absolute
k

converges.
Now, we substitute a,r — A instead of a,j in the condition (4.6). Then, we
have

k k  i=k j=i
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for all n € N. If we combine (4.9) and Lemma 3.1 (vi), we obtain

lim > (ank — Ae)ax = 0. (4.10)
k

n—oo

Lastly, if we unite the condition (4.10) and the fact (Agyx) € £1, we conclude
that Az € ¢ ,that is A € (b*(G) : ¢). This completes the proof of theorem. O
Now we can give some more results by taking into account the Lemma 4.1.

Corollary 4.1. Let us take E = (en) instead of A = (any) in the needed ones in
Theorems 4.1 and 4.2, where E = (eny) is defined by

Enk = Ank — An41.k

foralln,k € N. Then, the necessary and sufficient conditions in order for A = (anx)
to belong to any one of the classes (bL°(G) : loo(A)) and (b2°(G) : ¢(A)) are
obtained.

Corollary 4.2. Let us take Z7" = (z71") instead of A = (ank) in the needed ones
in Theorems 4.1 and 4.2, where Z7" = (z; 1) is defined by

n

1 n o
T _ E n=353q.
kT o & Lo

for all n,k € N, where o,u € R and o.p > 0 Then, the necessary and sufficient
conditions in order for A = (any) to belong to any one of the classes (b7*(G) : b7H)
and (b2%(G) : bTH) are obtained.

Corollary 4.3. Let us take S = (sni) instead of A = (ank) in the needed ones in
Theorems 4.1 and 4.2, where S = (spi) is defined by

n
Snk = § Qjk
Jj=0

for all n,k € N. Then, the necessary and sufficient conditions in order that A =
(ank) belongs to any of the classes (b°(G) : bs) and (b2°(G) : ¢s) are obtained.

5. Conclusion

Since the double band matrix G reduces, in the special case u = 1, v = —1, to the
usual difference matrix A; our results are more general and more comprehensive
than the corresponding results of Biggin [7—10] and Meng and Song [17](in case of
m=1).
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