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THE STABILITY OF ADDITIVE
(a, 8)-FUNCTIONAL EQUATIONS*

Ziying Lu', Gang Lu’', Yuanfeng Jin*" and Choonkil Park?

Abstract In this paper, we investigate the following («, 8)-functional equa-
tions

2f(x) +2f(2) = flw—y) + o "flalz+2)+ B fBy+2), (0.1)
2f(x) +2f(y) = flx+y) +a ' flal@+2) + B F(Bly—=2), (0.2)

where «, 8 are fixed nonzero real numbers with o' + 87! # 3. Using the
fixed point method and the direct method, we prove the Hyers-Ulam stability
of the (o, B)-functional equations (0.1) and (0.2) in non-Archimedean Banach
spaces.

Keywords Hyers-Ulam stability, additive («, 3)-functional equation, fixed
point method, direct method,non-Archimedean Banach space.
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1. Introduction and preliminaries

The stability problem of functional equations originated from a question of Ulam
[16] in 1940, concerning the stability of group homomorphisms. Let (Gi,.) be a
group and let (Ga,*) be a metric group with the metric d(.,.). Given € > 0, does
there exist a 6 > 0, such that if a mapping h : G; — G5 satisfies the inequality
d(h(z.y),h(x) * h(y)) < 0 for all x,y € G1, then there exists a homomorphism
H : Gy — Gy with d(h(z), H(z)) < efor all x € G1? In the other words, Under what
condition does there exists a homomorphism near an approximate homomorphism?
The concept of stability for functional equation arises when we replace the functional
equation by an inequality which acts as a perturbation of the equation. In 1941,
Hyers [8] gave the first affirmative answer to the question of Ulam for Banach spaces.
Let f : E — E’ be a mapping between Banach spaces such that

If(z+y) = f(x) - fy)ll <o
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for all z,y € E, and for some § > 0. Then there exists a unique additive mapping
T : E — E' such that

If(2) =T (@)l <6
for all x € E. In 1978, Rassias [15] proved the following theorem.

Theorem 1.1. Let f : E — E’ be a mapping from a normed vector space E into a
Banach space E' subject to the inequality

1f(z+y) = f(2) = FI < e(ll]” + llyll") (1.1)

for all x,y € E, where € and p are constants with € > 0 and p < 1. Then there exists
a unique additive mapping T : E — E’ such that

2¢
2—2p

1f(z) = T()]| < ][ (1.2)
for all x € E. If p < 0 then inequality (1.1) holds for all x,y # 0, and (1.2) for
x # 0. Also, if the function t — f(tx) from R into E’ is continuous in t € R for
each fixred x € E, then T is R-linear.

In 1991, Gajda [7] answered the question for the case p > 1, which was raised
by Rassias. More generalizations and applications of the Hyers-Ulam stability to a
number of functional equations and mappings can be found in [5,6,10, 11].
We recall a fundamental result in fixed point theory.
Let X be a set. A function d : X x X — [0, 00] is called a generalized metric on
X if d satisfies
(1) d(z,y) =0 if and only if z = y;
(2) d(z,) = d(y, ) for all 2,y € X;
(3) d(z,2) < d(z,y) + d(y, 2) for all z,y,2 € X.

Theorem 1.2 ( [1,3]). Let (X,d) be a complete generalized metric space and let
J : X = X be a strictly contractive mapping with Lipschitz constant L < 1. Then
for each given element x € X, either

d(J"x, J" " z) = +o00
for all nonnegative integers n or there exists a integer ng such that

(1) d(J"z, J ") < 400,Yn > ng;

(2) the sequence {J"x} converges to a fived point y* of J;

(3) y* is the unique fized point of J in the set Y = {y € X|d(J™z,y) < +o0};
(4) d(y.y*) < ;Zd(y. Jy) for ally €Y.

In 1996, Isac and Rassias [9] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with appli-
cations. By using fixed point method, the stability problems of several functional e-
quations have been extensively investigated by a number of authors (see [2,4,13,14]).

Throughout this paper, assume that X is a non-Archimedean normed space and
that Y is a non-Archimedean Banach space. Let «, 8 be fixed nonzero real numbers
with o=t 4+ 871 £ 3.
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Definition 1.1. Let X be a vector space over a non-Archimedean scalar field k
with a valuation | - |. A function || - || : X — [0,00) is a non-Archimedean norm if
it satisfies, for all r e k,z,y € X,

(1) ||zl > 0 if and only if z =0,

@) frell = [r{ll,

(3) ||z + y|| < max{||z|, |ly||}(the strong triangle inequality).
Then (X, | -] is called a non-Archimedean normed space.

Definition 1.2. Let {x,} be a sequence in a non-Archimedean normed space X.

(1) {zn} converges to x € X if, for any ¢ 0 there exists an integer N such that
|z —z|| < efor alln > N. Then the point x is called the limit of the sequence
{z,}, which is denoted by lim,, s x, = .

(2) {x,} is a Cauchy sequence if the sequence {x,,11 — x,} converges to zero.

(3) X is called a non-Archimedean Banach space if every Cauchy sequence in X
is convergent.

This paper is organized as follows. In Sections 2 and 3, we prove the Hyers-
Ulam stability of the additive («, 8)-functional equation (0.1) in non-Archimedean
Banach spaces by using the fixed point method and the direct method. In Sections 4
and 5, we prove the Hyers-Ulam stability of the additive (a, 8)-functional equation
(0.2) in non-Archimedean Banach spaces by using the fixed point method and the
direct method.

2. Stability of the («, 8)-function equation (0.1): A
fixed point approach

We solve the (a, 8)-function equation (0.1) in non-Archimedean Banach spaces.

Lemma 2.1. Let X and Y be vector spaces. If a mapping f : X — Y satisfies

2f(a) +2f(2) = flw —y) + o flalz +2)) + B f(B(y + 2)) (2.1)
forallxz,y,z € X, then f: X — Y is an additive mapping.

Proof. Assume the mapping f : X — Y satisfies (2.1). Letting x =y =2z =0,
we get

3f(0) = a~'f(0) + 7" £(0).
So f(0) = 0. Letting y = z =0 in (2.1), we get

fla) =a" f(az)

and so
flaz) = af(x)
forall x € X.
Letting z =y =0 in (2.1), we get

2f(2) = a™' f(az) + 871 f(B2)
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and so
f(Bz) = Bf(z)
for all z € X. Thus
2f(z) +2f(2)
=f(@—y)+a  flalz+2) + 87 f(Bly +2)) (2:2)
=fle—y)+fle+2)+ fly+2)

for all z,y,z € X. Letting y = 0 in (2.2), we get

fl@+2) = f(x) + f(2)

for all z,z € X. Thus f: X — Y is additive. O
Using the fixed point method, we prove the Hyers-Ulam stability of the additive
(o, B)-functional equation (0.1) in non-Archimedean spaces.

Theorem 2.1. Let ¢ : X® — [0,00) be a function such that there exists an L < |2|
with
zy E) <L 9
<p(2,2,2 < |2‘s0(:c7y72) (2.3)
forallz,y,z € X. Let f : X =Y be a mapping satisfying f(0) =0 and

12f (@) +2f(2) = f(z —y) — a7 flalz +2)) = B F(Bly + 2))]]

for all x,;y,z € X. Then there exists a unique additive mapping A : X — Y such
that

[ f(z) — A()]|
<# max {SD (l’, Oa .’£) y P (va 07 0) ) P (fﬂ, 0, 0) )y P (Oa O, 1’)} (25)
“2I(1-1)
forallx € X.
Proof. Letting y =2 =0 in (2.4), we get
1f(z) = o™ f(az)|| < ¢(,0,0) (2.6)
for all x € X.
Letting z =y = 0 in (2.4), we get
12f(2) = a™  f(az) = BT f(B2)] < ¢(0,0,2) (2.7)

for all z € X. It follows from (2.6) and (2.7) that

1f(2) =B~ (B2l

[2f (2) —a™'f (az) = 871 (Bz) + o™ f (az) = f ()
max{||2f (z) — a"lf (ax) — B7Lf (61’)” , ||f (2) — a”lf (az)”}
max { (0,0,2),¢(2,0,0)}

IN
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for all z € X. Thus

12f () +2f(2) — flx —y) — fla+2) = fly+2)
<|[2f(x) +2f(2) = fz —y) —a " fla(z +2)) = B F(B(y + 2))
+a ez +2) + BT (Bly +2)) = flz+2) = fly+2)|
<max {[|2f(x) +2f(2) — fx —y) —a” ' flaz + 2)) = B~ F(By+ 2)],
la™  fla(e +2) = fl@+2)|, 1871 F(Bly +2)) = fly+2)|1}
<max{p(z,y,2), p(z + 2,0,0),p(y + 2,0,0),(0,0,y + 2)}

(2.8)

for all x,y,z € X.
Replacing z,z by 3, % and letting y = 0 in (2.8), we get

137 (5] oo (0. 2) o 0000 (G00) o (00
< %max {¢(z,0,2),¢(22,0,0),¢ (2,0,0),9(0,0,z)} (2.9)

forall z € X.
Consider the set
S={h:X =Y, h(0)=0}

and introduce the generalized metric space on S:

d(g, h) =inf {n € Ry : [|g(z) — h(z)||
< pmax{p (z,0,z),9 (22,0,0),¢ (2,0,0),0(0,0,2)} ,Vz € X}.

It is easy to show that (S, d) is complete, for details, see [12].
Now we consider the linear mapping J : S — S such that

Jg(z) =2g (g)

for all z € X. Let g,h € S be give such that d(g,h) = e. Then

lg(x) = h(z)|| < emax{p (2,0,2),¢(22,0,0),¢(2,0,0),¢(0,0,2)}

for all x € X. Hence

I7960) = Th@)l = [0 (3) =20 (5)] < o (3) -» (5]

<emax{p(5.0.2),0(.0,0),¢(3,00),¢(0,0,2)}

L
< mamaX{@ (2,0,2),¢(22,0,0), ¢ (2,0,0),¢(0,0,2)}

for all x € X. So d(g,h) = ¢ implies that d(Jg, Jh) < Télg' This means that

d(Jg. Th) < %c«g,h)

for all g, h € S. It follows from (2.9) that d(f, Jf) < |L7‘
By Theorem 1.2, there exists a mapping A : X — Y satisfying the following:
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(1) Ais a fixed point of J, that is

x
A(z) = 24 (5) (2.10)
for all x € X. The mapping A is an unique fixed point of J in the set
M={geS:d(g,h) <+o}

This implies that A is an unique mapping satisfying (2.10) such that there
exists a p € (0, 00) satisfying

||f($) - A(J:)H S ,umax{gp (Jj,o,l‘) 7@(23370’()) , P (1’70,0),()0(070756)}
for all z € X.
(2) d(J'f, A) — 0 as | — oo. This implies
. n E -
Jm s (5) = Aw)
for all z € X.

(3) d(f,A) < 2£d(f,Jf), which implies

||f(£L')—A(£L’)|| < max{@ (m,O,x) y P (2%,070)790(.%,0,0) 790(0a03x)}

L
12[(1 - L)
for all z € X.

It follows from (2.3) and (2.4) that
124(z) +2A(z) — Az — )*Ol PA(a(z + 2)) = B7HAB(y + 2)) |
<2f( 2) 28 (o < o >
oty (0557) - (050))|
= Jim |27 () +2¢ (5 )—f( )
s (o5) = (057
S

for all z € X. So

= lim
n— oo

2A(2) +2A(2) = A(z —y) — o~ Ala(z + 2)) = BT A(B(y +2)) =0

for all x € X. By Lemma 2.1, the mapping A : X — Y is additive. O

Theorem 2.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < |2|
with
¢ (22,2y,22) < |2|Lg(2,y, 2)



Additive («, 8)-functional equations 2301

for all x,y,z € X. Let f : X — Y be a mapping satisfying f(0) = 0 and (2.4).
Then there exists a unique additive mapping A : X —Y such that

1f(z) = A(z)]| < max {¢ (z,0,z), ¢ (22,0,0), ¢ (2,0,0),¢(0,0,)}

_
21(1-L)
forallxz € X.

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem
2.1.
Now we consider the linear mapping J : S — S such that

To(e) = 39(20)

for all x € X.
It follows from (2.9) that

1
S o1 max{gp(x,O,:z:),go(Zx,0,0) )y P (I7070)7§0(0707x)}

Hf(o:) - 30 <5

for all x € X.
The rest of the proof is similar to the proof of Theorem 2.1. O

3. Stability of the («a, f)-function equation (0.1): A
direct method

In this section, using the direct method, we prove the Hyers-Ulam stability of the

(a, B)-functional equation (2.1) in non-Archimedean spaces.

Theorem 3.1. Let ¢ : X® — [0,00) be a function and let f : X —Y be a mapping
satisfying f(0) =0 and

T Yy z

Jim 121 0(55, 55 57) =0 (3.1)

for all x,y,z € X. Suppose that, for each x € X, the limit

Y(x) := lim max {|2\j max{cp (%,O, ;ﬁ) ) ( as 0,0) ,

n—000<j<n 27’

T T
¢ (grm0.0) ¢ (00,55
exists and

12f () +2f(2) = f(z —y) — "' flalz +2)) = B F(Bly + 2))]]

<¢(z,y,2) 32

for all x,y,z € X. Then there exists an unique additive mapping A : X —'Y such
that

1f(x) = A(z)]| < ¥(x) (3.3)
forallx € X.
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Proof. It follows from (2.9) that

ey 21 (5)] < o o (5:0.5) 2000 (5:00) o (20.3))

for all z € X. Hence
27 () ~ 27 ()|
25 (1) -2 (55
o
< () -2 ()|}
—énffin{HQf(za) P (g
< mas {129 max { (5757.0. 5757 ) -0 (55.0.0).
@ (5771:0.0) 9 (00,5755 ) }}

for all nonnegative integers m and ! with m > [ and all z € X. It follows from (3.1)
that the sequence {|2|¥ f(Z)} is Cauchy for all z € X. Since Y is complete, the
sequence {[2|* f(Z%)} converges. So one can define the mappings A : X — Y by

A(z) = lim |2/* f( 7)

k—o0

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.4), we
get (3.3). By (3.1) and (3.2), we get

I24(2) + 24(2) - A(x ~y) — o~ Alale + 2)) ~ - A3y + 2)]
25 (50) w21 () =1 ("5 -
1f( ) g (22|

< Jim 2% (57050050 ) =0

n—oo

= hm [2|"

for all 2, y, z € X. Therefore, the mapping A : X — Y satisfies (2.1). So A: X =Y
is additive.

To prove the uniqueness property of A, let T : X — Y be another mapping
satisfying (3.3). Then we have

14@) 1@ =12 ||A (%) -7 ()|

<ol (2) -3 1 (2) - 43

LT
Jg (2
<2/ (55)
which tends to zero as j — oo, we can conclude that A(x) = T'(z) for all z € X.
This proves the uniqueness of A. O

Theorem 3.2. Let ¢ : X3 — [0,00) be a function such that

1 o
lim ——p(272,27y,272) =0

j—oo |2]7
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for all x,y,z € X. Suppose that, for each x € X, the limit

1 . . _
— 1 J J J+1
P(x) = nlgréo orélgagxn{ o max{p (2 x,0,2 x) P (2 x,0, 0) ,

¢ (272,0,0),¢(0,0,272)}}

exists. Let f : X — Y be a mapping satisfying f(0) = 0 and (3.2). Then there
exists an unique additive mapping A : X — Y such that

1/ () = Al2)|| < ¢(2)
forallz e X.
Proof. It follows from (2.9) that

1
< —max{p(x,0,2),p(22,0,0),¢(x,0,0),0(0,0,2)}

Hf(w) -3 <

for all z € X.
The rest of the proof is similar to the proof of Theorem 3.1. O

4. Stability of the (a,3)-function equation (0.2): A
fixed point approach

We solve the (a, §)-function equation (0.2) in non-Archimedean Banach spaces.

Lemma 4.1. Let X and Y be vector spaces. If a mapping f : X — Y satisfies

2f(w) +2f(y) = fla +y) +a  flalz +2)) + B f(Bly — 2)) (4.1)
forall x,y,z € X, then f: X — Y is an additive mapping.

Proof. Assume a mapping f : X — Y satisfies (4.1). Letting x =y = 2 =0, we
get

3f(0) =a " f(0) + B f(0)
So f(0) =0 . Letting y =z =0 in (4.1), we get

f(x) = a f(ax).
and so
flaz) = af(z)

for all z € X.
Letting z = z = 0 in (4.1), we get

fly) =B7"F(By)
and so
f(By) = Bf(y)
for all y € X. Thus

2f(x) +2f(y) = fl@+y)+a  fla(@+2)+ B f(By—2))

f
fle+y)+flx+2)+ fly—2). (4.2)
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for all z,y,z € X. Letting z = 0 in (4.2), we get

flz+y) = flx)+ fy)

for all z,y € X. Thus f: X — Y is additive. O
Using the fixed point method, we prove the Hyers-Ulam stability of the additive
(a, B)-functional equation (4.1) in non-Archimedean spaces.

Theorem 4.1. Let ¢ : X3 — [0,00) be a function such that there exists an L < |2|
with I
Ty z
2 (57 57 5) S mgp('xa y,Z)
forallx,y,z € X. Let f : X =Y be a mapping satisfying f(0) =0 and
12 (x) +2f(y) = f(x +y) —a” flalz +2)) = BT F(B(y — 2))|| < pl(a,y,2) (4.3)

for all z,y,z € X. Then there exists a unique additive mapping A : X — Y such
that

1f(x) = A(z)] < max {¢ (z,,0), ¢ (2,0,0),¢(0,,0)}

L
21(1 - L)
forallz € X.

Proof. Letting 2 = z =0 in (4.3), we get

1£(y) = B~ F(By)ll < ¢(0,y,0) (4.4)
for all y € X.
Letting y = z = 0 in (4.3), we get
If(z) — o™ flaz)| < ¢(,0,0) (4.5)
for all z € X.
It follows from (4.4), (4.5) and (4.3) that
12/ (z) +2f(y) = fx+y) = fle+2) = fly—2)l (4.6)

= 2f(x) +2f(y) — flz+y) —a " fla(z + 2)) — B F(Bly — 2))
+o flalz +2)) = flz+2)+ B F(Bly —2) — fly—2)|

< max{||2f(x) + 2f(y) — flx +y) —a 2 flalz+2)) = B~ F(Bly — 2)|I,
o fla(@+2)) = flz+2)|, 187 F(By — 2)) — fly—2)|I}

< max{p(z,y,2), p(z + 2,0,0),¢(0,y — 2,0)}

for all z,y,z € X.

Letting z = 0 and replacing z,y by ,§ in (4.6), we get

o127 ()] < s (550) 0 o) (030}
< %max{tp (z,2,0),p(2,0,0),¢(0,2,0)}

for all x € X.
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Consider the set
S={h:X —=Y,h(0) =0}

and introduce the generalized metric space on S:
d(g, h) = inf{p € Ry : [lg(z) — h(z)|| < pmax{p (z,2,0),¢(2,0,0),¢(0,2,0),Vz € X}.

It is easy to show that (S, d) is complete (see [12]).
Now we consider the linear mapping J : S — S such that

Jg(x) =29 (g)

for all z € X.
The rest of the proof is similar to the proof of Theorem 2.1. O

Theorem 4.2. Let ¢ : X® — [0,00) be a function such that there exists an L < |2|
with

¢(22,2y,22) < [2|Lp(,y, 2)
for all x,y,z € X. Let f : X — Y be a mapping satisfying f(0) = 0 and (4.3).
Then there exists an unique additive mapping A : X — 'Y such that

1f(2) = A()]| < max {¢ (z,z,0),¢ (2,0,0),¢(0,z,0)}.

1
21— L)

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem
4.1.
Now we consider the linear mapping J : S — S such that

Jo(e) = 50/(20)

for all x € X.
It follows from (4.7) that

1
<o max{go(x, z, 0)7 gD(iL’, Oa Oa 50(07 z, 0)}

Hf(fv) -3fea) <5

for all z € X.
The rest of the proof is similar to the proof of Theorem 4.1. O

5. Stability of the («, f)-function equation (0.2): A
direct method

In this section, using the direct method, we prove the Hyers-Ulam stability of the
(a, B)-functional equation (0.2) in non-Archimedean spaces.

Theorem 5.1. Let ¢ : X2 — [0,00) be a function and let f : X — Y be a mapping
satisfying f(0) =0 and
; i (XY i) _
Jim 121 ""(2]"%’21 =0
for all x,y,z € X. Suppose that, for each x € X, the limit

=l : g ger0) @ (g 0:0) ¢ (0. 757:0) 1
Y(x): T}Lgorgjagn{lﬂ maX{w(2j+172jH,0 2 (5771:0:0) 2 (0 557570
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exists and

12f(2) +2f(y) = flz+y) — a7 flale +2)) = 7 F(Bly — 2))I| < p(z,y,2) (5.1)

for all x,y,z € X. Then there exists an unique additive mapping A : X — Y such
that

1f(z) = A(@)[| < (=)
forallx € X.
Proof. It follows from (4.7) that

21 (5)] < mxfi (3. 20) o (G00) - (050} 02

for all x € X.
The rest of the proof is similar to the proofs of Theorems 3.1 and 4.1. O

Theorem 5.2. Let ¢ : X3 — [0,00) be a function such that

lim —@(272,27y,272) =0
j—o0 |2‘J

for all x,y,z € X. Suppose that, for each v € X, the limit

n—oo 0<5<n

Y(x) := lim max {|2|}+1 max{cp (27x,2j:£,0) ,Q (2jx,0,0) ,Q (O,Qj:v,())}}

exists. Let f : X — Y be a mapping satisfying f(0) = 0 and (5.1). Then there
exists an unique additive mapping A : X — 'Y such that

1f(z) = A(@)[| < ¢(=)
forallz € X.
Proof. It follows from (5.2) that

1
S 7maX{@ (xaxao)5@(x70a0)7§0(07x70)}

@ - 5720 <

for all x € X.
The rest of the proof is similar to the proofs of Theorems 3.2 and 4.2. O
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