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THE OPTIMAL EXECUTION STRATEGY OF
EMPLOYEE STOCK OPTIONS*

Yi Fub', Baojun Bian?, Jizhou Zhang' and Dirk Linowski?

Abstract In this paper, we develop an optimal execution strategy for em-
ployee stock options by means of the fluid model, in which a voluntary turnover
is considered. We show that the value function is the viscosity solution of the
Hamilton-Jacobi-Bellman variational inequality and prove the uniqueness of
the viscosity solution. Finally, we present numerical illustrative examples and
numerical solutions of optimal strategies which are computed by the finite
difference method.
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1. Introduction

An employee stock option ( ESO) is an individually awarded call option on the
common stock of a company, granted by the company to an employee as a part of
the employee’s remuneration package. The objective of ESOs is to give employees
an incentive to improve a company’s market value by benefitting themselves from
a higher market price of the company’s shares [1].

Employee stock options are characterized by the following differences from
standardized exchange-traded financial options. (i) ESOs are non-transferable. Em-
ployees are not allowed to sell their employee stock options. They can exercise the
options if the circumstances are appropriate. (ii) Unlike exchange-traded options,
ESOs are considered to be a private contract between the employer and the em-
ployee. (iii) ESOs are usually characterized by a long holding period, or, a maturity
far from their issuance. (iv) ESOs are usually characterized by a vesting period.
During the vesting period, the options cannot be exercised (The vesting period can
e.g. be as long as four years.). (v) ESOs are American-style options. Once vested,
ESOs can be exercised at any time before expiration. (vi) ESOs have a departure
risk. Employees will lose a part or the total value of the unexecuted ESOs, if they
are laid off or leave the company voluntarily.
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Due to the wide use of employee stock options, there exists a large amount of re-
search on their features, valuation and execution strategies, respectively. Research
has e.g. been done on the effects of the non-tradability, hedging restrictions and
early exercise. Hull and White (2004) [13] discuss practical issues in valuing em-
ployee stock options by means of the binomial method. Referring to the likelihood
of an early exercise, Cvitanic, Wiener and Zapatero (2008) [10] derive an analytic
formula for the price of an ESO. Leén and Vaello-Sebastia (2009) [15] value typical
long-dated American style ESOs with the volatility of the underlying asset assumed
to be time-varying under a GARCH framework. Monyios and Ng(2011) [17] fo-
cus on American-style feature of ESOs to maximize the expected discounted payoff
over all stopping times. Henderson et al. (2012) [12] use a utility-based valuation
approach to study strategies of managing a portfolio which contains ESOs with
different strikes and maturities, respectively. Chang et al. (2015) [5] provide em-
pirical evidence on the positive effect of non-executive employee stock options on
corporate innovation. Chong et al. (2015) [6] extend the approach of option pricing
for executive stock options (ESOs) on the basis of stochastic volatility (SV) models.
Kyng et al. (2016) [14] extend the exercise multiple approach of Hull and White
(2004) [13] and use exit probabilities obtained from empirically determined multiple
decrement or life tables to model involuntary early exercise or forfeiture.

Other research has focused on the repricing and vesting feature. Brenner et
al. (2000) [3] deal with properties of repriceable ESOs and develop a correspond-
ing valuation model. By using the utility maximization approach, Corrado et al.
(2001) [7] extend this model such that multiple times of repricing are allowed. By
means of these methods, Leung and Kwok (2008) [16] study various repricing mech-
anisms based on some forms of Brownian functionals of the stock price process. In
their model, the firms exercise repricing only when the stock price falls below some
target barrier level for a certain period of time. Wu et al. (2016) [20] conduct a
more general fair value estimation based on attaching performance targets to option
vesting. Callaghan et al.(2016) [4] show that firms do retain managers when they
reprice their options compared to when they do not.

In contrast to the previously mentioned valuation models for stand-alone ESOs,
Bian et al.(2015) [2] assume the number of options to be continuous. Bian et al.
adopt a fluid model to characterize the exercise process and restrict the exercise
rate not to exceed an upper boundary. They aim thus to maximize the overall
discounted exercise return instead of pursuing on utility maximization.

Following [2], we develop in this paper an optimal execution strategy for em-
ployee stock options with a term of resignation. More precisely, we use control
variable to indicate the execution rate during the employment and use stopping
time to indicate the time of voluntary turnovers. Although the ESOs can be ex-
ecuted all at once at leaving time, the corresponding payoff from exercising the
option will be restricted by the resetting strike price and a penalty factor. Using
the Dynamic Programming Principle (DPP) of [18], the Hamilton-Jacobi-Bellman
variational inequality(HJBVI) is established. The strategy and the payoff of ESOs
are obtained from the solution of this equation.

In general, the HIBVI equation method is an appropriate choice for a continuous
execution strategy model, because the target (i.e. the value function) of the model is
always a combination of a stochastic control problem and an optimal stopping prob-
lem. However, the HIBVI equation is usually not well-posed, and the value function
is often not smooth enough to satisfy the preconditions of the HJBVI equation in
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the classical sense. Therefore, it makes sense to ask for a weak solution such that
the value function is unique even though it is not smooth. Such a weak solution is
called viscosity solution [8] [9]. More properties of the weak solutions are discussed
by Soner(1997) [19]. In this paper, the existence and the comparison principle are
proved by using the DPP and the contradiction method. The uniqueness of the
solution will be obtained, too.

This paper is organized as follows. In Section 2, we rigorously establish the
mathematical model for the optimal execution strategy of an ESO with a limited
execution rate. We show that the value function is the viscosity solution of the
HJBVI equation. In Section 3, the comparison principle of the viscosity solutions is
proved, which allows to draw the conclusion of the uniqueness. In Section 4, some
numerical illustrative examples are analyzed and discussed.

2. Problem Formulation

We choose firstly an infinite time horizon to approximate the life period of the
ESO, because the life period can generally be as long as e.g. four years. Let X,
denote the stock price at time ¢t and follow the stochastic differential equation

dX; = pXedt + 0 X¢dBy, t € [0,4+00) X(0) =z, x € (0, +00) (2.1)

with positive ; and o, where By is a standard Brownian motion.
We denote the number of ESOs yet held at time ¢ by Y'(¢). Then Y (t) satisfies
the following first-order differential equation

dY; = —lidt, t € [0,4+00), Y(0) =y, y € [0, +00), (2.2)

where [ € [0,l~] is the ratio of execution, and the constant [ is the upper boundary
of [. The vesting period is not considered in our model.

We deal thus with (X;,Y;) at any time ¢,¢ > 0, with the corresponding space
Q = R* x RT, where Rt = [0, +00).

Definition 2.1. A control [ is said to be admissible with respect to the initial val-
ues (z,y) € Q if (i) [ is an F; = o{X; : s <t} adapted, (ii) [ € [0,{] for all £ >0,
(iii) For arbitrary I, (X (t),Y (t)) € @, when t > 0.

We use .Z = Z(x,y) to denote the set of all admissible controls.

In this model, the vesting period is not contained. The employee can thus
exercise the ESOs at any time ¢ with a ratio of execution I;, and the corresponding
payoff is I;(X; — K1) with K; being the initial strike price. Moreover, we assume
that once the employee quits the firm voluntarily, the ESOs will be exercised all at
once with a constant stopping penalization ¢ and a resetting strike price Ks, where

€ (0,1). Consequently, the payoff of the ESOs can be expressed as

TAK
J(Iv YT, l) = E[/ eiptlt(Xt - Kl)ert + Ceip(T/\N)YT/\H(XT/\R - K2)+]a (23)
0

where
R = <lsn< {S | s 0 },
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p means the continuously market rate of return for discounting. 7 is the leaving
time (i.e., early exercise time or optimal stopping time, 7 € .7), and 7 is the set
of all stopping times in [0,4o00). Let & := T x Z.

To maximize the present value (2.3), we define the value function as follows:

W(x,y)= sup J(z,y;7,1), (v,y) € Q. (2.4)
(r1)E (x,y)

We discuss now some properties of (2.4) for deducing the existence and uniqueness
of the viscosity solution.

Lemma 2.1. The value function W (x,y) (2.4) satisfies a quadratic growth in Q.
This means that there exists a finite positive constant Cp, such that for any (x,y) in

Q holds
(W (z,y)| < Cp(1 + 2% + 7). (2.5)

Proof. We replace the optimal control [ by the optimal control lin (2.4) and get

L s 2
r+ —cly" +x

< Cp(1+ 2%+ yg).

Wz, y)| <

O
Remark 2.1. In the following, finite positive constants are always denoted by C,,.

Lemma 2.2. Assume p > . Then the following assertions hold:
(a) For each x, W(z,y) is non-decreasing in y.
(b) W(z,y) is continuous in (z,y) € Q.

Proof. (a) Note that for 0 < y; < y2, & (x,y1) C & (x,y2). Thenl € & (x,y1)

implies (7,1) € & (x,y2). We have

(z,y2;7,1)

W(xayQ) > J
2 J(%le;ﬂl)

for any x. This implies W (z,y2) > W(z,y1).
(b) Note that

¢
1
Xit =2 exp(/ w— iozds—l—oBt), (1=1,2).
0

Then we have & (x1,y, 2) = < (v2,y) for any 21 > 0,20 > 0and y € R .
For any (7,1) € &7 (x1,y) = & (x2,y) holds

|J(f£2, YT, l) - J(mla YT, l)|
TAK TAK
:E[/ eiptlt(Xl’t — K1)+dt - / efptlt(XQ,t - K1)+dt] (26)
0 0

+ CE[eip(TAK)YT/\K(Xl,T/\R - K2)+ - eip(T/\K)YT/\m(XQ,T/\H - K2)+]7
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where
TAK TAK
E[/ eiptlt(XLt — K1)+dt — / Eiptlt(Xgi — K1)+dt]
0 0
_ TAK L o
<IE| / e Pt [xy — xp| e 3OO B gy (2.7)
0
< l~|X1 — X2|
p—p
and
CE[eip(T/\H)YT/\n(Xl,T/\K - K2)+ - eip(T/\H)YT/\n(XQ,T/\n - K2)+]
<y- E[e—p(rm) X1 — X2 e(u—éaz)(mfs)w&m] (2.8)

<cy-lry —x2l.
According to

|W(‘T23 y) - W($1,y)|

<sup |J (w2, y;7,1) — J(21, 957, 1),
(r.0)

(2.9)

the inequality (2.6) — (2.8) implies the continuity of W (x,y) with respect to .

Next we show that W (x,y) is continuous in y. Referring again to (a), it suffices
now to show that for 0 < y; < yo < 400, W(z,y1) < W(z,y2). Let (12,l2) €
& (x,y1), such that

Yo =/ la,sds, and W(x,y2) < J(z,y2;72,l2)+ [y2—y1l-
0

Let r; =inf{t >0: fg lisds =y;}, i € {1,2}. Define

lo, tel0,k T2AR2
li= ? 0, 2] , 1 =inf{t > 0| lds < |lya—uy1],t < 72}

0, te (I’il,—i-OO) T1IAKL
It is now obvious that (71,11) € &/ (x,y1). Thus, we have

J(xa Y2, T2, 12) - J((E, Y1571, ll)
T2N\K2 TIAK1
:E[/ e_ptlg’t(Xt — K1)+dt — / €_ptll’t(Xt — K1>+dt]
0 0

+ CE[ —p(r2/\R2) Ym/\m (X‘rz/\nz - K2)+ - eip(TZ/\HZ)Y TAK1 (X'rg/\ng - K2)+]
E[e_p(ﬁ/\’w)yn/\m (XTQ/\K/Q - K2)+ _p(TQAEQ)Yn/\m (Xn/\m - K2)+]
E[e p(T2AK2) Y‘rl/\nl (Xﬁ/\nl _ K2)+ _ e*P(n/\nl)YTl/\Kl (X‘rl/\nl _ K2)+}

=(a) + (b) + (c) + (d).
(2.10)



The optimal execution strategy of employee stock options 1127

Using integration by parts for the first component of (2.10) we get
ToAKg T1NAK1
(a) = E[/ e_ptlzt(Xt — K1>+dt — / e_ptll)t(Xt — K1)+dt]
0 0

ToAK2
= E[/ €_ptl27t(Xt — K1)+dt

1A\R1

ToAK2
S E[/ €7ptlg7tXtdt

1AK1

ToAK2 t
= E[/ e*thtd/ Iy 4ds
T1AK1 T1INAR1

t ToNAK2 t
= E[G_PtXtd/ 12,8d8|2ﬁ2f +/ / lg’sds . e_ﬂt(p _ ,U/)Xtdt]

TiIAK1 1AK1 1AK

<(z+1)|y2 —wl,
(2.11)

The second part (b) becomes now

(b) = CE[eip(TQAKQ)YTQ/\Hz (XT2/\H2 - K2)+ - 67’0(72/\’{2))/7'1/\'@1 (XTz/\Hz - K2)+]
= CE[(YTzAﬁz - YTl/\Kl)e_p(TQ/\KQ)(XTz/\Hz - K2)+]
< cxly: —wl,
(2.12)
and for the third component (c) holds

(C) = CE[e_p(TQAKﬂYTl/\Hl (XT2/\H2 - K2)+ - e_p(Tz/\IW)YTlN‘&l (XTl/\Hl - K2)+]
< CY2 - E[eip(nmm) IX‘Fz/\*iz - XTl/\Hl ”

(2.13)
Using the Ito-isometry, we obtain
E[e_p(TzAﬁz)(XTzAﬁz - X‘Fl/\ﬁl)]Q
ToNKo ToAKg
<2E( / pe P X ds)? + 2E[e~P(m2/\r2) / o X.dB,)?
T1NK1 T1INK1
ToA\K2 9 ToAK2 9
<2C, (T2 AN ke —T1 A K1) E(/ le X, | ds) + QCPE[/ le™”* X, | ds]
T1NAK1 T1INAK1

§2C’p . {,CQ(TQ NKkg —T1 N I<61)2 + QCp . :172(’7'2 NKkg —T1 N Kl).

ToAR
Because [* "

7 Y2y
AR lds < |y2 — y1|, we have |17a A ke — 11 A K| < % Thus,

E[@ip(q—z/\nz) |X7-2/\/-c2 - XTl/\Rl |]
SE[(@iP(TQ/\K/Q)(XT;)/\K/z - X‘f‘l/\ﬁl)Q]%

. (2.14)
SCp~x\/(7'2/\/£2—7'1/\/£1) + (T2 Ay —T1 A K1)

2
Scp'ﬂf\/\ln =yl +y2 =yl
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Together with (2.13) and (2.14), we obtain

(C) = CE[e_p(TZAHZ)YﬁANl (XTz/\Nz - K2)+ - e_p(TZAKZ)YTlAK1 (XTlAfﬂ - K2)+]

2
<Cp- wy2\/ly2 =yl ly2 — .
(2.15)

Consequently, we receive
(d) = CE[e_p(TQARZ)YTl/\Nl (XTl/\m - K2)+ - e_p(Tl/\Kl)YTl/\N1 (XTl/\Nl - K2)+]

- CE[YTl/\Hleip(Tl/\Nl)(XTl/\ﬁl - K2)+(67P(T2A527T1/\H1) - 60)]

< cysx(Ta A kg — T1 A K1)

< 2elyz =il
B l
(2.16)
With (2.10)—(2.16), we obtain now
J(x,y2;72,12) — J (2, 91571, 11)
* _
<(z+1) y2 — w1l +cx|y2 — ya| + Cpxyz\/lyz — i+ ly2 — | + (Hzlyz il
CY2 2
<(( 7 tet Dz +1) |y =y +Cpxy2\/|y2 — 1"+ ly2 — w1l
(2.17)

It follows now that

W(xayl) > J(xvyl;Tlvll)

c
>J(z,y2; 72, l2) — ((% +et+ Dz +1) |y =yl +Cp - $y2\/|y2 — ™+ ly2 — w1l

c
W) — (2 e+ 2+ 1) o — |+ Cy ool — 1P+ 2 3l
(2.18)
This completes the proof of the continuity of W (z,y) with respect to y. O

Referencing [18], we show now two DPPs of (2.4) for deducing the corresponding
HJBVI equations.

Proposition 2.1. For all (z,y) € Q and any stopping time 6, we have [18].

TANONK
W(z,y) = sup E[ e_ptlt(Xt - Kl)ert + 1{T<(9M)}ce_pTYT(XT - K2)+
(r.hed(zy) JO

+ 1 oamye POW(XE . Y]

Proposition 2.2. Let ¢ > 0. For all (z,y) € Q, and for each admissible control
l € & define the stopping time

e = E{E > 0[W(XF, V) < oV (XF — Ka)* + ).
Therefore, if T <7, for alll € Z, we have [18].

W (z,y) = sup E[/ e P (X, — K)Vdt + e T (XE, YY),
lez 0
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According to the general hypothesis and the dynamic programming principle
(DPP), we derive formally the equation for the value function (2.4):

oW 1, ,0?W

max{ sup {—la—w+l(x—K1)+}+ux—+fa x 5 — W,
e (z,y) 8y O 2 Oz (2.19)
cyle = Ka)* =W} =0, (v.y)€Q,

W(x,0)=0, z € RT, (2.20)

where Q = R*2. Since this is a combination of the Hamilton—Jacobi-Bellman (HJB)
equation of stochastic control and the variational inequality (VI) of optimal stop-
ping, we denote (2.19) from now by HJ/BVI.

Because the first term of (2.19) is linear in [, the optimal ESO-strategy can be
described by the following table:

Table 1. Optimal Strategy of ESOs

Definition Strategy Condition
Holding Region(HR) =0 —%—i—(w—Kl)Jr >0, W < cy(z—Ko) ™
Execution Line(EL) — Between the HR and ER
Execution Region(HR) =l —%—i—(m —K))T <0, W<eylz—Ky) "
Stopping Line(SL) — Between the ER and SR
Stopping Region(SR) | Execute all W > cy(x — K'g)+

We will now prove that the value function defined in (2.4) is the viscosity solution
of the HIBVI equation (2.19)—(2.20). We use now the following notations:

USC(Q) :={W :Q — RT|W is upper-semicontinuous in Q}.
LSC(Q) :={W :Q — RT|W is lower-semicontinuous in Q}.
Above all, we introduce the following notion of a viscosity solution [9].

Definition 2.2. Let W : Q — R be locally bounded.

oW oW 9*wW
F(z,y, W, or Ty’ W)
ow
:max{ sup {—l—— +1(z— K;)"} (2.21)
€@y Oy

ow 1 o?w
P + 5021;2W — pW, ey(x — Ko) T — W}

(1) W € USC(Q) is a viscosity subsolution of (2.19) - (2.20) if

o, 09 0
F - aa g9
@7, W, 5-(@.7), a9y (.9), 53
for all (Z,7) € Q and for all ¢ € C?(Q) such that (Z,%) is a maximum point of
W — 6.
(2) W € LSC(Q) is a viscosity supersolution of (2.19) - (2.20) if

0 0 0?
F@.5 W, 50 .0), 5 @9), 55 @) <0



1130 Y. Fu, B. Bian, J. Zhang & D. Linowski

for all (Z,7) € @ and for all ¢ € C?(Q) such that (Z,7) is a minimum point of
W — ¢.

Definition 2.3. W is said to be a viscosity solution of (2.19)—(2.20) if it is both a
subsolution and supersolution of (2.19)—(2.20) .

Next, we will prove that the value function (2.4) is a viscosity solution which
exhibits at most quadratic growth. This implies the existence for problem (2.19)—
(2.20).

Theorem 2.1. The wvalue function (2.4) is a viscosity solution of the HIBVI-
equation (2.19)—(2.20).

Proof. The conditions (2.20) are obviously satisfied by (2.4). We prove now that
the value function (2.4) is a viscosity subsolution of the HIBVI equation (2.19)-
(2.20). Let (Z,7) € Q and let ¢ € C*(Q) be a test function, such that

0=W -9)=,y) = (JTZ,??Q(W - 0)(z,y). (2:22)
This implies
W(z,y) < ¢(z,y). (2.23)

Because of the definition of (2.4), we have W(z,y) > cy(z — Ko)t. If W(z,7y) =
cy(z — K3)™T, the value function (2.4) is a viscosity subsolution of the HIBVI equa-
tion (2.19)—(2.20).

Assume W (z,y) > cy(z — K3)T. For any admissible control I, define

Eé )

e A e, =inf{y >0 )W(XE,Y;?) < YP(XF—Ky) ' +e) (2.24)

Let 8 > 0 be a stopping time. We have

ONTE AR

W(z,y)= sup F e P (XE — Kp)Tdt
(9) €2 (z,5) | J (X v (2.25)

- e 0] T +
+e PNy (Xinrenn — K2) .

Hence

ONTE AR

W(z,y) < sup FE e P(XE — KT dt
(&:9) le2 () [ / (Xe = K) (2.26)

+ eip(eATE A ¢(XgAT€ AK? Yeg/\'rs /\N)] ’

By using Ité’s formula, we get

ONTENR
0< swp Bl [ et - KO (Li- po(XE Y (220)
e (z,y)
where L; = _la% +pz + %(721;268—;. Let # — 0. We obtain

Lig(z,y) — pW (2, 9) + 1(z — K1) >0 (2.28)
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by the mean value theorem. Thus,

00, 9, 0
F(x7y7mi(m7y)aaiy(may)7@

O (7,7)) > 0. (2.29)

It remains to show that the value function (2.4) is a viscosity supersolution of
the HIBVI eqution (2.19)—(2.20). Let (Z,7) € @, and let ¢ € C%*(Q) be a test
function such that

0= (W - 0)@.7)= min (W - 0)(z.v) (2.30)

This implies
d(r,y) < W(z,y), (v,y) € Q.

Let & > 0 be a stopping time. We apply the dynamic programming principle
(cf. proposition 2.1). For arbitrary I(-) and 7 = 400, we have

ONK
W(z,y) > sup E[/ e P (XT — Kp)Tdt
1eL(z,7) ne (2.31)
+ B*P(GAK)W(XE%AK), }/(%/\K)ﬂ
Hence
ONK
W(z,g) > sup FE / e P (XE— Kp)Tdt
@9) le2(2,9) | (X ) (2.32)
+e POMIG(XE Y(gM))].
Applying It6’s formula and dividing by 0, we obtain
ONK
0> sup E[/ e P (XT — Ky)Tdt
le£(z,7)
onn (2.33)
+ [ Lo - po)(XE Y at)
0

We replace now the control I; by any constant control I*. With § — 0, we have
Li-¢(z,9) — pW(Z,5) + 1" (2 — K1)T <0 (2.34)

by the mean value theorem. Because of the definition of (2.4), it is obvious that
W(z,%) > cij(Z — K2)*. Referring to the arbitrariness of I* in (2.34), we have

0 0 9?
F(z,3.W, a—f@,y% a—j(f, 7), Tﬁ(f@) <0. (2.35)

Consequently, (2.4) is a viscosity subsolution of (2.19)—(2.20). Together with (2.31)
and (2.35), we deduce that (2.4) is a viscosity solution of (2.19)—(2.20). This com-
pletes the proof. O
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We choose the Euler transformation. Let £ = Inz and u(§,y) = W(z,y). We
have

ou 1 5, 0u 1 ,0%
maxq Ssu A= U KT+ (= 20?) = + z0? == — pu,
{leéf(l;y){ dy ( 1) } (M 2 )85 2 852 P (236)
eylef — Ko)" —u} =0, (&) € QY
u(§,0)=0, {€R, (2.37)

where Q' = R x R and Q' = R x RT .

Lemma 2.3. For all (£,y) € QY, u(€,y) is the viscosity solution of (2.36)—(2.37).
Furthermore, there exists a positive constant C), such that

u(€,y) < Cp(e® + |y|* + 1).

3. Comparison Principle and Uniqueness

In this section, we proceed to develop the comparison principle and the unique-
ness of the viscosity solutions to (2.36)—(2.37). Firstly, we introduce a formulation
of viscosity sub- and supersolutions based on the so-called semijets.

Definition 3.1. Let
P>*U () ={(g, M) € R?> x S*|U(u) < U(u) +q(u — 1)
1
5 M (u ) (u — ) + o ju - 7*)|Q" 3 u — u}

be the set of second-order superjet of a USC function U at point u € Q', where S?
is 2 x 2 symmetric matrix, and u = (z,y) and let

P> V() ={(g. M) € R* x S*|V(u) >V (0) +q(u — 1)
+ 3w~ )~ ) + ofu— 3)Q* 3 u— )

be the set of second-order subjet of a LSC function V at point @ € Q'.
Superjet and subjet are both called semijet.

Then a point (7, M) € R*x5? is said to be in the closure of set PanU(ﬂ) (?2’7V(H))
if there exists a sequence (uk, q*, Mk) € Q' x R?x S? such that (uk, U(u*), q", Mk) —
(w,U(u),q, M) as k — oo, where (¢", M*) € P>TU(u) (P>~ V(u)) for all k.
Definition 3.2. (1) A locally bounded function U € USC (@1> is said to be a
viscosity subsolution of (2.36) if and only if V(¢,) € Q' and V(q, M) € P>TU(&,y)

1
max{ sup [pg+—tr (EETM)—l—l(e£ — K\ =pU, ey(e*—Ky)T=U} >0, (3.1)
ey 2

where
1.2
— =0 o0
H—3 >

-l 00
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(2) A locally bounded function U € LSC (@1) is said to be a viscosity supersolution
of (2.36) if and only if V(£,y) € Q' and V(¢, M) € P2~ U(&,y)

1
max{ sup [pg+ itr (ZXTM) +i(e* — K1)T]—pV, cy(e*—K2)T =V} <0. (3.2)
leZ(&y)

We refer now to the maximum principle for semicontinuous functions.

Lemma 3.1 (Ishii’s lemma [9]). Let U; € USC (0;) fori=1,--- ,k, where Q; is
a locally compact subset of RN . Let ¢ be defined on an open neighbourhood of Oy x
-+ X Oy such that ¢(z1,- -, xy) is twice continuously differentiable in (z1,--- ,z1) €
O1 X -++ x Oy . Suppose

(58\17"',/{17\]@)601><---X0k,

F(zy,- -, zk) =Ui(x1) + -+ + Ug(wg) — ¢(@1, -+, op) < F(Z1, -+, Tg),

for (xz1,--- ,x) € Oy X -+ X Og. Then for each n > 0, there are M; € Sy, such
that

(Do, (@1, 7). Mi) € P UT:) fori=1,--- ,k,

M- 0
) ) ) ) (3.3)
e CRa )P B -V ER S
0 --- Mg
where A = (D2¢)(Z1,-++ ,Tx). The norm of a symmetric matriz A is defined as

[ All = sup{[(AE, )] = [€] < 1}.

We prove now a comparison principle for the viscosity sub- and super-solutions
that satisfies quadratic growth.

Theorem 3.1. Suppose p > %,ﬁ, and U € USC (Ql) is a viscosity subsolution of
(2.36), V € LSC (Q") is a viscosity supersolution of (2.36), satisfying U(&,y) <

V(,y), for (€,y) € 0Q". Then we have U(€,y) < V(£,y), for (€,y) € Q. It holds
Q' = Q' \ Q' p=max{(2u+ Ao?)(1+ N),e(2u +0?)} and X > 1.

Proof. To begin with, we introduce the following notations and operators:
Let P:= (§,y), P* == (%, y"), P := (§1,11), P2 := (€2, 42)- Pra, P2a, Pre, P, P-
are defined in an analogous way.
Let [P Ps| = \/(€1 — €)% + (g1 — )%, | P|I" = e1+0E 1 [¢[2 4 [y, m € R
We argue by contradiction, which yields to

U(P*) > V(P*)+ 24, for some P* € Ql (3.4)

with § > 0.
For any 0 < € < 1 and «, we introduce the following functions:

O (P, ) =U(P1) — V(P2) — ¢(P1, %),

Q
(P, Po) = §|1°1Pz|2 +e(lP] + [[1P2)1),
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1<
Let
F, = sup O (P, Py). (3.5)
RxRtXxRxRt
From the growth condition and upper semicontinuity of ® (P, Py) we get that
F, < +o00 and there exists (P ,q, P2.o) such that

Fo =% (P, Paa)- (3.6)
Hence
Fo > U(P*) = V(P*) = 2[|P*|* > & (3.7)

for each € small enough. This implies that U(Py o) > V(P2,a) + 0, for each a > 0
and ¢ small enough.
Noting that ® (0,0) < ® (P o, P2,o) and by the linear growth condition, we have

U(0) = V(0) — 26 <U(P1,o) — V(Poa)
- PPl = (I1PLall® +11Poal) -

Then we obtain
«
SPLaPral* +& (IPLal* + | Poall*) = 25 S U(Pra) = V(Poa) = U(0) + V(0)

S Cp (6251‘(" + y%,a + 6252'0‘ + yg’a'i_]-) .

This means that there exists a positive constant C; . such that HPLQH’\ +
HP27O[||’\ < (¢, where C1 ¢ is determined by e.

From the above arguments we deduce that there exists a subsequence, still de-
noted by (P o, P2,a), which converges toward some (P o, Py ) € Q*xQ', as a — 00
(for each fixed ¢).

Furthermore, we can get %|P17QP270L|2 < Oy where Cy ¢ is a positive constant
for any fixed € .Thus, we have {14 — €20 = 0, ¥1,0 — Y2, — 0, as @ — o0, and
Pl,s = PQ,E. Let .PS = Pl,s = Pg,g.

Considering that ® (P ¢, Pac) < @ (P1,o, P2.o), we get

«
5 PraPoal” SUPLA) = U(Pre) = V(Pra) + V(P2e)

A A A A
2 (1P + 1P2el) = = (1Pl + 1Pl -

The semicontinuity of U and V help us to yield %|P1,QP2’O,|2 — 0 as a — oo (for
each fixed ).
Since ® (P*, P*) < ® (P o, P2,o) we have

e (I1PLall® + 1 Poal®) S U(PLA) = V(Pra) = U(P*) + V(P*) + 22| P
SU(Pra) = V(Pra) + 26| P

If P. € 0Q', then it is obvious that U(Py o) =V (Paa) > Fo > U(P*) =V (P*)—
2¢[|P*||*. From the upper semicontinuity of U — V and U(P.) < V(P.), as @ — o0
and ¢ — 0, we get U(P*) < V(P*). This contradicts to (3.4). Therefore, P. € Q*.
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We assume now P. € Q! such that Py, € Q!, P2, € Q!, for any « being large
enough. An application of Ishii’s lemma yields that there exist M, N, such that

(QLa;Ma) S P27+U(P1,a)7
(Q2,OHNOL) S P2’7V(P2,a)a

where q1,o = Dp, ,$,92,0 = Dp, . ¢.
Since U and V are viscosity subsolutions and viscosity supersolutions of (2.36),
there exists a constant [*, such that

T

{ p— 30 (€10 — Ea.a) +e[(1+ NeHVea 4 2g ]
max A1
—l* a(Y1,a — Y2,0) + 2 eyil,
T
1 o0 o0
+otr M, |} +1%(efre — Kyt — U, (3.8)
2 00 00

cylwa(efl’” — Ky)t — U} >0,

T
{ p— 2o? (€10 —Ea0) —e[(1+ N)elFTNEa 426 ]
max

I (Y10 = Y2.a) — 2Aeys "
T
1 o0 o0
+ gtr M, |} 4152 — Ky)T = pV, (3.9)

00 00

cyg,a(egm — Ky)t — V} <0.

We compute now the difference of (3.8) and (3.9) and get
max{ fo,1, fa,2} — max{fo1, fo,2} >0, (3.10)

where f4 1, fa2, f1 and f, 2 are corresponding expressions in (3.8) and (3.9). Thus,
we have

faq — fo1 20, (3.11)
or
fa2 = fo2 > 0. (3.12)
Firstly, we prove the contradiction to (3.11).
From (3.11), we obtain
fox = fox =T +11 = p(U = V) + 1" (e — K1)T = I"(e* — K1)t >0,
where
T
7 w— %02 a0 —&2.0) +e[(1+ )\)e(1+)\)51,a + 281 4] (3.13)
=l (Y10 — Y2,0) + 2)‘53/%};1
T
p— 30 & = E2,0) = e[+ A)el TV 426, ]

—l* a(Yia — Y2,0) — 2Xeys
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1 cct epT\ (M, 0
IT=~tr , (3.14)
DCT DDT 0 —N,

o0
and C = =D.
00

From Ishii’s lemma we conclude

M, O 1,
<A+ A7
0 —N, o
I -1 Ry 0
where A = « +€ ,
I 1 0 Ry
14+ 2)2e(I+Néia 49 0
Ri = ( ) ai € {1a Z}a
0 2A(2X — L)y
and
I -1 2R —R1— R R? 0
A% =202 +ea ! e
-1 I —Ri1— Ry 2Ry 0 R3
After simplifying the above matrices, we get
1 I -1 Ry 0 2R -Ri— R
A+ =A% =30 ve| +e ! b
« I 1 0 Ry —Ri— Ry 2Ry
(3.15)
2 (R o
+ J—
a\ o R
Therefore
1 ccT ¢pT M, 0
11 = —tr
2 DC” ppT 0 —N,
(3.16)
1 cot oDt 1
< tr (A+ =A%)
2 pcT ppT «a

From (3.13)—(3.16), we obtain

1
lim T =2e(p— z0?)[(1+ N)e(TNe 1 2¢ ] — del* \y?* L,

€

P 2 (3.17)
lim 1< 602[(1 + )\)26(1+>\)Eg + 2]'

a—00
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Consequently, from (3.11) — (3.17) we get

1
0 <e(2u— o) (14 N)el Ve 4 dge(py — 502)55 + e02(1 4 N)2el+NE 1 9252
- p(U(PE) - V(PS))
<e(2u+Ao?)(1+ XV 4 a2+ 0%)&2 + 22+ 30%) — p(U(P2) = V(F2))

< £(2u+ 30%) + emax{(2u + A2 (1 + A), e(2p + o) H|P-||* = p(U(P.) — V(P.))
1

< e+ 30%) +p| P = (p = AU (F:) = V(P))
ANl D L
< e(2p+30%) + ep| P~ (p — 59)0.

If ¢ is chosen sufficiently small, this leads to a contradiction of (3.11).
Next, from (3.8)—(3.12) we get

lim fo2 = foo=—(U(P:) = V(F)) < =4, (3.18)
which leads to a contradiction of (3.12). This completes the proof. O

Corollary 3.1. The value function u(&,y) is the unique viscosity solution of (2.36)—
(2.37).

The uniqueness in corollary 3.1 is obvious after the conclusions of lemma 2.1
and theorem 3.1.

4. Numerical Simulation

In this section, we will give some numerical examples to illustrate our results.

4.1. Finite Difference Scheme

The finite difference method, which is discussed e.g. by [11], is used in the
following simulation to obtain a positive coeflicient discretization of equation (2.19).
The main steps can be summarized as following;:

(Step 1:) Consider the step size Az and Ay for z,y. Define the infinite lattice

St =A{(z,y) = (iAz, jAy)|i,j =0,1,2,--}.

For actual numerical calculations, E}}n ¢ must be replaced by some finite lattice E}}
as the subset of E}}n - Denote

Sh={(z,y) €1 ;0<z < M,0<y <N},

where M > 0, N > 0 is large enough and M = mAz, N = nAy.

Let ¢ = 0,--- ,m; kK =0,---,n. Then we have x; = iAz, yr = kAy. The
equation (2.19) can be discretized using forward, backward or central differencing
to obtain

I
= A W = W) 1A — K0) ™ + (W — Wi

o (4.1)
+ *UQiQ(Wi]Tll - 2Wz‘k+1 + Wf—ﬁl) - PWfH =0,

2
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where [ can be assigned any initial value.

(Step 2:) Calculate the vector (W*+1)! from Wk If |(Wk+H)I — (WH1)0| < er,
the iteration stops, where er is the allowed error, and (W*+1)® = W*. Otherwise,
compute /' by (W*+1)! and replace [ in (2.20).

(Step 3:) Repeat the step 3, until [(Wk+1)m — (WhHHn=1]| < e,

(Step 4:) Wkl = maz{(WF)" ckAy(iAx — Ko)*t}.

4.2. Computational Examples

The parameters for this section are shown in Table 2.

Table 2. Parameters for this numerical simulation

Parameter Value

I 0.03
o 0.2
P 0.08
] 1
K, 3
Ky 4
c 0.6
M 20
N 32

Firstly, we show the the numerical values of the employee stock options obtained
from numerical calculation by using the finite difference method discussed in section
4.1 (see Figure 1). It is obvious that W is monotonically increasing in X and Y.
Secondly, we concentrate on the impacts of different parameters in our model.

Figure 1. The present value

We observe from Figure 2 that the SL and EL with higher p are respectively
standing above those with lower u. In fact, p is the drift or growth factor of the price
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process. The higher pu, the higher the price of the stock. To achieve a maximum
payoff of the all ESOs, the employees will partly or totally exercise the ESOs with
higher p until the stock price rises.

16

14+

12

10

ER

Tow

T
—-— EL ;p=0.03

—%— SL, ;i =0.03
—&— EL,pp=0.035 4
—6— SL, ;1 =0.035

Figure 2. The strategy with different p

In Figure 3, we show the plots of ER and SR with different p, p being the market
rate of return. A higher p corresponds to better investment chances in the market.
The employees will here be inspired to exercise more ESOs to invest other financial
products in the market. Thus, the SL and EL with a higher p lie below those with

a lower p, respectively.

16

14

— — ELp=008
—%— SL,p=0.08
—A& EL,p=0.09|{
—o—SL,p=0.09

Figure 3. The strategy with different p

In Figure 4, we plot the strategy against different initial strike prices K;. On
the one hand, it is obvious that a higher K corresponds to a higher stock price,
which keeps the ESO in the money. On the other hand, a higher K; corresponds
to a higher risk of the option, so the corresponding to the SL being situated lower.
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16

— — BEL K =3
—%— SL,K, =3
14l \ —&—FL K, =35
\ SR —o—SL,K, =35
12
ER
100
x 8f
6F ~
4t T - —_——
A HR
0 s s s s s s
0 5 10 15 20 25 30

Figure 4. The strategy with different K,

We also plot the strategy under varying c¢. The SL is sensitive to ¢ because the
value c effects directly the payoff at the stopping time 7. The employees will thus
completely exercise the ESOs with a lower ¢ at a higher price. The SL with the
lower c is thus above their corresponding line. This means the employee will wait
for a higher stock price to exercise the options with the lower ¢, because the waiting
time cost will be compensated by the one-time execution returns.

16 T
" —— ELc=0.7

| —*— SL,c=0.7
14+ | SR — A ELc=08H
& —6—SLc=08
12} \
10 ER
x 8l
s
a4t DALABLLALDDAN NN
HR
Al
0 . . . . . .
0 5 10 15 20 25 30

Figure 5. The strategy with different ¢

5. Conclusions

In this paper, we examine optimal strategies for exercising small numbers of
ESOs over an infinite time horizon. In particular, a single-time execution is consid-
ered. The objective is to maximize the expected overall payoff. The value function
for developing the optimal execution strategy is established, and a fully nonlinear
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corresponding equation is derived by using the dynamic programming principle.
The uniqueness and comparison principle of the viscosity solutions of the related
HJBVI equation are proved. Finally, numerical examples are given and interpreted.

References

[1]

[12]
[13]

[14]

[15]

D. A. Bens, V. Nagar, D. J. Skinner and M. F. Wong, Employee stock options,
EPS dilution, and stock repurchases, Journal of Accounting and Economics,
2003, 36(1), 51-90.

B. Bian, S. Hu, Q. Yuan and H. Zhang, Constrained viscosity solution to the
HJB equation arising in perpetual American employee stock options pricing,
Discrete and Continuous Dynamical System, Series A, 2015, 35(11), 5413-5433.

M. Brenner , R. K. Sundaram and D. Yermack, Altering the terms of executive
stock options, Journal of Financial Economics, 2000, 57(1), 103-128.

S. R. Callaghan, C. Subramaniam and S. Youngblood, Option repricing and
executive retentionCrevisited, Review of Accounting and Finance, 2016, 15(4),
499-517.

X. Chang, K. Fu, A. Low and W. Zhang, Non-executive employee stock options
and corporate innovation, Journal of financial economics, 2015, 115(1), 168
188.

T. T. L. Chong, Y. Ding and Y. Li , Ezecutive Stock Option Pricing in China
Under Stochastic Volatility. Journal of Futures Markets, 2015, 35(10), 953-960.

C. J. Corrado, B. D. Jordan, T. W. Miller Jr and J. J. Stansfield , Repricing
and employee stock option valuation, Journal of banking and finance, 2001,
25(6), 1059-1082.

M. G. Crandall and P. L. Lions, Viscosity solutions of Hamilton-Jacobi equa-
tions, Transactions of the American Mathematical Society, 1983, 277(1), 1-42.

M. G. Crandall, H. Ishii and P. L. Lions, Users guide to wviscosity solutions
of second order partial differential equations. Bulletin of the American Mathe-
matical Society, 1992, 27(1), 1-67.

J. Cvitani¢, Z. Wiener and F. Zapatero,Analytic pricing of employee stock
options, The Review of Financial Studies, 2007, 21(2), 683-724.

P. A. Forsyth and G. Labahn Numerical methods for controlled Hamilton-
Jacobi-Bellman PDFEs in finance, Journal of Computational Finance, 2007,
11(2), 1-44.

V. Henderson , A. E. Whalley and J. Sun, Ezecutive stock options: portfolio
effects, 2013, Working Paper.

J. Hull and A. White, How to value employee stock options, Financial Analysts
Journal, 2004, 60(1), 114-119.

T. Kyng, O. Konstandatos and T. Bienek , Valuation of employee stock options
using the exercise multiple approach and life tables, Insurance: Mathematics
and Economics, 2016, 68, 17-26.

A. Le6n and A. Vaello-Sebastia, American GARCH employee stock option val-
uation, Journal of Banking and Finance, 2009, 33(6), 1129-1143.



1142 Y. Fu, B. Bian, J. Zhang & D. Linowski

[16] K. S. Leung and Y. K. Kwok, Employee stock option valuation with repricing
features, Quantitative Finance, 2008, 8(6), 561-569.

[17] M. Monoyios and A. Ng, Optimal exercise of an executive stock option by
an insider, International Journal of Theoretical and Applied Finance, 2011,
14(01), 83-106.

[18] H. Pham, Optimal stopping of controlled jump diffusion processes: a viscosity
solution approach, Journal of Mathematical Systems, Estimation and Control,
1998, 8, 1-27.

[19] H. M. Soner, Controlled Markov processes, viscosity solutions and applications

to mathematical finance, Viscosity solutions and applications, 1997, 134-185.

[20] M. C. Wu, I. Lin and Y. T. Huang Managing Employee Stock Option Expense:
A Fair Value Approach, Australian Accounting Review, 2016, 26(4), 429-438.



	Introduction
	Problem Formulation
	Comparison Principle and Uniqueness
	 Numerical Simulation
	Finite Difference Scheme
	Computational Examples

	Conclusions

