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Abstract In this paper, we consider the following fourth-order Liénard type
p-Laplacian generalized neutral differential equation with variable parameter

(pp(@(t) —c(t)a(t—8(t)))")" + fla(t)z'(t) +g(t, x(t), ot —7(t), ' (t)) = e(t).

By applications of coincidence degree theory and some analysis skills, sufficient
conditions for the existence of periodic solutions are established.
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1. Introduction

In this paper, we consider the following fourth-order Liénard type p-Laplacian neu-
tral differential equation with variable parameter

(op(@(t) —c(®)z(t=0(£)))")" +f(x(t)' (t)+g(t, x(t), 2(t—7(t)), 2" (t)) = e(t), (1.1)

where p > 2, ¢,(z) = |z[P72z for x # 0 and ,(0) = 0; |c(t)] # 1, ¢, § € C*(R,R)
and ¢, § are T-periodic functions for some T' > 0; f is continuous function; g is
continuous function defined on R* and periodic in ¢ with g(¢,-) = g(t + T,-,-,),
e, 7: R — R are continuous periodic functions with e(t + T') = e(t), fOT e(t)dt =0
and 7(t+T) = 7(t).

In recent years, there is a good amount of work on periodic solutions for Liénard
type p-Laplacian differential equations (see [1-3,5-10,12,13,15,16] and the references
cited therein.) For example, in [10], applying Mawhin’s continuation theorem, Shan
& Lu study the existence of periodic solution for a kind of fourth-order p-Laplacian
functional differential equation with a deviating argument as follows

[op (W (E)]" + f ()t (t) + g(t, u(t), u(t — 7(2))) = e(t). (1.2)
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Afterwards, by means of Mawhin’s continuation theorem, Wang & Zhu [13] study
a kind of fourth-order p-Laplacian neutral functional differential equation

[op((t) — ca(t — 6))"]" + f(@(t)z'(t) + g(t, 2(t — 7(t |2]o))) = e(t).  (1.3)

Some sufficient criteria to guarantee the existence of periodic solutions are obtained.

However, the fourth-order p-Laplacian neutral differential equation (1.1), in
which there are the p-Laplacian neutral differential equation, has not attracted
much in the literature. There are not so many existence results for (1.1) even when
the neutral operator with variable parameter. In this paper, we try to fill gap and
establish the existence of periodic solution of (1.1) using some Mawhin’s contin-
uation theory. Our new results generalize in several aspects some recent results
contained in [10,13].

Here A = x(t) — ¢(t)x(t — 6(t)) is a natural generalization of the operator A; =
x(t) — cx(t — §), which typically possesses a more complicated nonlinearity than
Aj. For example, A; is homogeneous in the following sense (A1z) (t) = (A12')(¢),
whereas A in general is inhomogeneous. As a consequence many of the new results
for differential equations with the neutral operator A will not be a direct extension
of known theorems for neutral differential equations.

The remaining part of the paper is organized as follows, in Section 2, we first
give qualitative properties of the neutral operator A which will be helpful for further
studies of differential equations with this neutral operator; in Section 3, by applying
Mawhin’s continuation theory and some new inequalities, we obtain sufficient con-
ditions for the existence of periodic solutions for (1.1); in Section 4, some examples
are also given to illustrate our results.

2. Preparation

Let

= a t = i t .
Coo Eﬁofﬁ'c()" co tgl(}g]ld)l

Define operators A : Cr — Cr by

(Az)(t) = z(t) — c(t)z(t — 4(t)).

Lemma 2.1 (see [14]). If |c(t)| # 1, then the operator A has a continuous inverse
A=Y on Cr, satisfying

(1) (A15) (1) = 5 N f(tmm 5(D})
t t 1
7‘2((1‘,:::6(&)))) — : , Jor le(t)] > 1, V f € Cr.
J=1 c(t+46(t)) _]:[1 c(D})

Ft) + i _ﬁl C(Di)x(t - éé(Di)),for le(t)| < 1, ¥ f € Cr,

M=

i

<. | Il

[floo
1 1o, for ceo <1 V feCrp,
& |(A f)(t)‘<{|f°° for co>1 V feCr.

Cg*].’
1 T

T/, = Jo [f(®)ldt, for ces <1 V¥ f€Cr,

@) o 1 f)(”'dté{ il for a>1 v e o

co—1
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J J
where Dy =t and Dj =t — > 0(D;), j = 1,2,...; Dy =t, D; =t+ > 6(D;),
i=1 i=1
]:1a25

Let X and Y be real Banach spaces and L : D(L) C X — Y be a Fredholm
operator with index zero, here D(L) denotes the domain of L. This means that I'm L
is closed in Y and dim Ker L = dim(Y/Im L) < 4+o0o0. Consider supplementary
subspaces X1, Y7 of X, Y respectively, such that X = Ker L& X,,Y =Im L&Y;.
Let P: X — Ker L and @ : Y — Y; denote the natural projections. Clearly,
Ker LN (D(L)N X1) = {0} and so the restriction Lp := L|p(r)nx, is invertible.
Let K denote the inverse of Lp.

Let © be an open bounded subset of X with D(L)NQ # 0. Amap N:Q —Y
is said to be L-compact in Q if QN () is bounded and the operator K (I — Q)N :
Q — X is compact.

Lemma 2.2 (Gaines and Mawhin [4]). Suppose that X and Y are two Banach
spaces, and L : D(L) C X =Y is a Fredholm operator with index zero. Let Q C X
be an open bounded set and N : Q — Y be L-compact on Q. Assume that the
following conditions hold:

(1) Lz # ANz,V z € 02N D(L), X € (0,1);
(2) Nx ¢ Im LY z € 900N Ker L;
(3) deg{JQN,QN Ker L,0} #0, where J: Im Q — Ker L is an isomorphism.

Then the equation Lx = Nx has a solution in QN D(L).

In order to apply Mawhin’s continuation degree theorem to study the existence
of periodic solution for (1.1), we rewrite (1.1) in the form:

{(Afcl)”(t) = ¢q(@2(1)) 1)

a5 (t) = —f(z1(t))x1(t) — g(t, 21 (t), 1 (t = 7(1)), 21(1)) + e(t),

where %—i—% = 1. Clearly, if z(t) = (z1(t), z2(t)) T is an T-periodic solution to (2.1),
then x1(¢) must be an T-periodic solution to (1.1). Thus, the problem of finding an
T-periodic solution for (1.1) reduces to finding one for (2.1).

Now, Set X = {z = (z1(t),22(t)) € C*(R,R?) : 2(t + T) = x(t)} with the norm
17|00 = max{|Z1]oo, [T2|oo}; ¥ = {z = (z1(t),22(t)) € C*(R,R?) : 2(t + T) = z(t)}
with the norm ||z|| = max{|z|ec, |2'|cc}. Clearly, X and Y are both Banach spaces.
Meanwhile, define

L:D(L)={zrcC*R,R?): z(t+T)=2(t),tcR}C X =Y
by
Loy = ()

and N: X —Y by

¥ = (| _p(anpet 0 - ste e ol ) 46D +<t6) )
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Then (2.1) can be converted to the abstract equation Lx = Nz. From the definition
of L, one can easily see that

Ker L~R?, ImL:{er:/OT @;Ez;)czs: (8)}

So L is a Fredholm operator with index zero. Let P: X — Ker Land Q : Y —
Im Q C R? be defined by

(Az1)(0) 1 /T yi(s)
Pz — : - — ds,
! ( 25(0) W=7 Jy () *
then Im P=Ker L, Ker Q=Im L. let K denote the inverse of L|xerpnp(z)- It is
easy to see that Ker L =ImQ = R? and

T
Ky(t) = / G(t, s)y(s)ds,

where

—t(T'—s) (23)

—s(T—t)
Gty = T 0<s<t<T.
T 0§t<SST

From (2.2) and (2.3), it is clearly that QN and K (I — Q)N are continuous, QN ()
is bounded and then K (I —Q)N(£2) is compact for any open bounded @ C X which
means N is L-compact on €.

3. Main results

For the sake of convenience, we list the following assumptions which will be used
repeatedly in the sequel:

(Hy) There exists a constant D > 0 such that

v19(t,v1,v9,v3) >0 V (t,v1,v2,0v3) € [0,T] x R® with |v;]| > D.

(Hy) There exist positive constants a, b such that |f(z)| < a|z|P~2 +b, = €R.

(H3) Tthere exist positive constants a1, ag such that |f(z)| < ag|z[P~ g, z € R.

(H4) There exist positive constants (1, (2, 83, m such that |g(¢,v1,va,vs)| <
Brlv1|P~L + Balve|P~L + Bslug|PTL 4+ m, for (t,v1,v2,v3) € [0,T] x R3.

Theorem 3.1. Assume that conditions (Hy)-(Hs), (Hy) hold. Suppose the follow-
ing one of conditions is satisfied
(i) If oo < 1 and

207L(B) + Bo)T?P + (4w )P~ LTPT1 B 4 2T 21

0< . =1 <L,
23p—17p—1 (1 — Coo — (%02 +Tecy +Tec161 + %COO(SQ + Coo0? + 200061))
(i) If co > 1 and
op—1 T2p 4 \P—1TP+13, 4+ 9P T2P—1
0< (B1+ B2)T* + (4m) B3 + 2Pa <1,

23p—17p—1 (CO —1- (%12_02 +Tei1 +Te161 + %00062 + COO(S% + 200051))1)71
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where §; = max |6 (t)], ¢; = max | (t)], i=1,2.
t€[0,w] te[0,w]

Then (1.1) has at least non-constant T-periodic solution.

Proof. Consider the equation
Lz = ANz, M€ (0,1).
Set Oy = {z: Lz = ANz, A € (0, 1)}. If z(t) = (z1(¢),22(t)) " € Q4, then
{(Awl)”(t) = Apq(w2(1)),
zy(t) = =Af (21 (0) 21 (t) = Ag(t, 21 (2), 21 (t = 7(t)), 1 () + Ae(?).
Substituting z2(t) = A 7P, [(Az1)” ()] into the the second equation of (3.1)
(0p(Az1)"(£)" + A f (1 (1) 21 () + Ag(t, 21 (1), 21 (t = (1)), 21 (2)) = Me(t). (3.2)

Integrating both side of (3.2) over [0, 7], we have
T
/iﬂumaym@—T@Lﬁ@Wﬁza
0

From the integral mean value theorem, there is a constant £ € [0, 7] such that

9(& 21(8), 1 (§ — 7(8)), 21(8)) = 0.

In view of (Hy), we obtain

lz1(§)] < D.

Then, we have

|1 ()] =

n1(€) + /6 2! (s)ds

t

§D+/ & (s)|ds,  te g+,
3

and

3 3
O] = (=D =226 = [ dhis| <D+ [ [ah(allds, tele+T)

Combing the above two inequalities, we obtain

x = max |r1(t)|= max |z1(¢
o1l = max fa()] = max [ (1)

1 t 3
< = ’ '
< max, {D+ . ( J s [ |x1<s>|ds>} 5.

1 T
§D+—/|ﬁ®W&
2 0
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Since (Ax1)(t) = z1(t) — c(t)x1(t — §(t)), we have
(Az1)'(t) = (z1(t) — c(t)z1(t = 6(1)))’
=21 (t) — ¢ (Har(t — (1)) — e(t)21 (t — 0(2)) + e(t)zy (£ — 6(1))d" (1)
(Az1)"(t) = (@1(t) = ()21 (t = (1)) — e(t)x (¢ = (1)) + c(t)a (¢ — 6(2))d" (1))
)’ (1))

+d ()2 (t -6
—c(t)z"(t -6

(t )
=z (t) — e(t)zy(t - 5(t)) - [C"(t)w(t —6(1)) + (2 (1) — 2 (£)9" (t)
(£)8" ()2 (t = 6(£)) + (c(£)(8"(£))" — 2¢()d" (1)) (t — 5(¢))]
and
(Az)(t) =(Az1)"(t) + " (D) (t — (1)) + (2<'(t) — 2 ()6'() (3.4)
—c(t)8" (£))a (t = 8(1)) + (c(8) (&' (1)* — 2¢()8' (1)) (¢ — 6(t)).
Case (I): If |e(t)] < coo < 1, by applying Lemma 2.1, we have
e, | Az (t)]
120 = o |A7 Azf(t)| < o
< $all22]o0) + 2|10 + (261 + 20101 + Co002) |2 oo + (Coo0T + 20001 |2 oo
- 1—cwo
From (3.3) and Wirtinger inequality ( [11]), we have
1 g / T% T / 2 :
ol <D+ [ a0l < D+ 5 (/ 2 (0) dt) o

1
T: T T : T2
<D+ —— TW)Pdt ] <D+ —]2)|e
< +22ﬁ</0 (0Pt <D+ I}

From z1(0) = x1(7T), there exists a point ¢; € [0,7] such that z}(t1) = 0, then we
have

e T
el <5 (0) + 5 [ 1@t < 1o (36)
0
Therefore, we have
|27 | oo

T2 T
<(Pallzaloe) + 2 (D + o loe) + 5 (261 + 2101 + o) oo + (e0]

5 (
+ 2¢0001)| 27 )/(1 - coo)

©q(|z2]oo) + (47r co+Tcy +Teci1d, + cooég + Coo07 + 20001 ) |7 |00 + 2D
1—coo '

Since 1 —cq — (4 co+Tecy +Tei61 + 000(52 + Coo0? + 200051) > 0, so, we have

sﬁq(|172|oo)+02D
1—cCo — (4 co+Tcy +Tec161 + 00062 + Co0? + 2000(51)

|77 ]o0 < (3.7)
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On the other hand, from x2(0) = z2(T), there exists a point t5 € [0,7] such
that a4 (t2) = 0, which together with the integration of the second (3.1) on interval
[0,T] gives

T
22(1)] < 2 (x;osz) +3 [ leseo) dt)
T
[ 1@ )40 - o1 0,1(e — 7(0),4(0) + (0] (38)
T

T T
< / (0] (6t + / gt 22 (), 21 (¢ — 7(8)), 2} (£))dE + / e(t)|dt.

From (Hz) and (Hy), we have

T

T T
2|4 (8)] < a / ey (6) P2 ()]t + D / 2 (6)]dt + By / s ()Pt

T T
+62/ |x1(t—7'(t))|p_1dt+63/ |z} ()P~ dt + (m 4 |e|oo)T
0 0

(3.9)
T T
<afoils? [ et Olde+b [ 1 (0lde+ (61 + BT
0 0
+ BT |51 + (m + |e]oo)T.
From Wirtinger inequality, we have
r / 1 r / 2 % 1T r " 2 % 2 "
/0 @) (6)lde < T3 / (0P ) <7 / APt ) < e
(3.10)
Substituting (3.5), (3.6) and (3.10) into (3.9)
T2 Pt TP .
! 1’ 1! —
20a5(0)] < (14 )T (D + Lloll )+ a2
T2 p—2 T2 T2
ra(DaThtle) (55 ) ot + 0 (52 ) lafloe t (0 + el 7
T2\"! 4xD \P7! - " -
=(f1 + B2)T <47T> <1 + 112|x/1/> |z} |51 + Bs o1 e (3.11)
T2\""2? /T2 4xD \P7? T

For constant § > 0, which is only dependent on k > 0, we have
A+z)* <1+ (1 +Ek)zx for ze€l0,d].

From (3.7) and (3.11), we have

72\"! 47 Dp ~ TP ~
2|zy(t)] < (B + B2)T <47T) (1 P ) B+ Ba 155
1loo

T2\P"2 /T2 47 D(p — 1) I
colin) () (0 T ) e st s O et
o0
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(Bt BT 43 ™ +2aT2p ° Pt (81 + B2)T*~*Dp
U (@t T T (4myp (4m)p—2
T2 T2 p—3
rapp-1 (3) (5) ) el b letle + m+ el
(B1 + Bo)T2P 1 T°  2qT2r2
< .
< (P e+ o (12
} (pq(|72]00) + c2D)P™"
(1*000 - (—02+Tcl +T0151+ L Cool2 + Cood? +200051)) -t
(B1+ Bo)T*~*Dp (T (T
+< (4m)p—2 Tablp—1) 27 ) \4n
) (0q(|22lo0) + c2D)"
(1—0OO (—02+Tcl —|—T0151+ L Cool2 + Cood? —1—200051)) -2
2
s Pallzloc) + D + (m + |e|oo)T.

2T 1 — coo — (4 co+Tcy +Tecid1 + COO(SQ + Coo0? + 2(:0051)

Since fOT op(Ta(t))dt = fo (Azy1)"(t)dt = 0, then there exists a point t3 € [0,T]
such that z5(t3) = 0. So, we have

L T
[22]o0 < 5 ; |22 ()]dt < 5 laoo. (3.13)
Combination of (3.12) and (3.13) implies
(B1 + B2) T ! TP | 2aT%P72
|l’2|oo s 4 |:< (47T)p 1 +ﬂ3 op—1 + (47T)p_1

. (pq(|72]o0) +C2D)p71
(1 — Coo — (4 co+Tcy +Tec161 + 00052 + Coo0? + 2000(51))

(B1+ B2)T* 2 Dp T2\ (12N
aD(p—1 —
+ ( (4)p—2 +ablp—1) 27 ) \4x
. (q(|72]00) + c2D)P°
(1—000—(4 c2+Tey +Teidr + 5 cooég—i—cooé +200061))
I ¢q(|z2]oo) + c2D

211 — cop — (—02 +Tecy +Tei1d + coo52 + Coo07 + 200051)

LT[ ((By+ Bo) T ™" 24T 8
1 R
2|00 + (p = D)|22|20 92D 4 - - + (c2D)P!

. (1 — Coo — ( co+Tcy +Tecr61 + 00052 + Coo0F + 200051))

(B1 + B2)T?~3Dp 2N\ (T2\"7
Dip—1) (=) (=
' ( (4m)p=2 tablp =1 21 ) \ 4m
. (pq(|72]oc) + CQD)p72
(1 — Coo — (4 co+Tcy +Tec161 + 00062 + Coo0 + 2000(51))

—1

-2

+b + (m+ le|oo)T

-1

—2
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T? Pq(|T2]00) + 2D
211 — coo — ( co+Tcy +Tci61 + 00052 + Coo07 + 200051)

2p71(ﬂl"rﬁz)T2P+(471—)P*1TP+163+2paT2p71
23p—1p—1 (175%7<%C2+Tcl+Tclél+%cm52+cw§%+2qx51))p
then there exists a positive constant M; (independent of \) such that

Since p > 2 and - < 1,

Case (ii): If ¢ > 1, we have
ax [Azy(t)]
1 gy s
0q(|z2loo) + (47T co+Ter +Terdy + Lesds + coodf + 260051) |2 |0 + CQD

Co—].

Since ¢cg—1— (4 co+Tecy +Te161 + 00052 + Coo0 + 200061) > 0, so, we have

‘Pq(‘x2|00> + 2D

|$N < .
1 Co — 1-— (%:_CQ + TCl + T0151 + %CDO(SQ + CDOCS% + 200051)

Similarly, we can get 22| < M.
From (3.7) and (3.14), we obtain that

0q(|72]oc) + caD
1 — Coo — (%02 +VTey +VTei61 + gcoo(& + Coo0? + 200051)
qg—1
S M —|—CQD — M;
1—(300—(4 CQ+\/>C]_+\/>C]_51+ cOO52+coo(5 —|—260051)

|x/1/<>oS

Tt follows from (3.5) that
T2 T?
|x1|OOSD+E|.’I}YOOSD+EM; ::]\437

by (3.6) -
|$/1|oof |10072M2 = Ma.

From (3.8), (Hsz) and (Hy), we know

T
/ xh (t)dt
0
1

<5 /0 | = fl@a ()2 () — g(t, 21 (), 21 (t — 7(2)), 2 () + e(t)|dt

o<l
5] < 5 max

1 _ _ _
<5 [T |21 5 2 oo + BT 21 oo + (Br + B2) Tl £ b BT |2y (B + (m o+ Jeloo)T]

1 _ _ -
Si |:(J,TM§) 1M2 + bTM2 —+ (61 —+ 62)TM§) ! —+ ﬂgTMg ! + (m + |6|OO)T:| = M4.
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Let M = max{My, My, M3, My} + 1, Q = {z = (z1,22)" : ||z|] < M} and
QD ={z:2€dQNKer L} then V2 € QN Ker L

1T pa(@a(t))
@Nw = T/O <—f(x1(t))x’1(t) — gtz (8), 21 (t — (1)), 2, (1)) + e<t>> dt-

If QNx =0, then z2(t) =0, z1 =M or —M. But if z,(t) = M, we know

T
0:/0 {g(t, M, M, 0) — e(t)}dt.

From assumption (H;), we have x1(t) < D < M, which yields a contradiction.
Similarly if x1 = —M. We also have QNx #0,ie.,Vx € 0QNKer L, x & Im L,
so conditions (1) and (2) of Lemma 2.2 are both satisfied. Define the isomorphism
J:Im @ — Ker L as follows:

J(x1,29) " = (w2, —21) "
Let H(p,z) = —pz + (1 — p)JQNz, (u,z) € [0,1] x Q, then V¥ (u,z) € (0,1) x
(02N Ker L),

o — (—ren () = 5 [ gt 21, 21,0) — e()]dt
H(p, ) ( _,m(t) O(l—u)wq(xg(t)) >

We have fo t)dt = 0. So, we can get

2 = [—ma(t 5T gt @y, a0, 0)dt
H2) ( */Mz() (1E 1)) eq(2(1)) >’

Y (u,x) € (0,1) x (02N Ker L).

From (H,), it is obvious that " H(u,z) < 0, ¥ (u,7) € (0,1) x (92 N Ker L).
Hence

deg{JQN,QN Ker L,0} =deg{H(0,2),Q2N Ker L,0}
=deg{H(1,z),Q2N Ker L,0}
=deg{I,QN Ker L,0} #0.

So condition (3) of Lemma 2.2 is satisfied. By applying Lemma 2.2, we conclude
that equation Lz = Nz has a solution x = (x1,22)" on QN D(L), i.e., (2.1) has an
T-periodic solution x1(t).

Finally, observe that yj(¢) is not constant. For if y; = a (constant), then from
(1.1) we have g¢(t,a,a,0) — e(t) = 0, which contradicts to the assumption that
g(t,a,a,0) —e(t) £ 0. The proof is complete. O
Theorem 3.2. Assume that conditions (Hy), (Hs), (Ha) hold. Suppose the follow-
ing one of conditions is satzsﬁed

(i) If coo <1 and 0 < T ((Coc0‘1+(1+Cw)(51+52))T”+1+2p "T%(1+cx0)Bs
22(17000 ( Ca+T(c1+¢161+ 5 Coo62)+Coo 67 +2¢00 81
T%((coca1+(1+cw)(61+/32))T”1+2P 172 (14+c00) Bs)
22 (co—1— (L co+T(c1+c181+ oo 62) + oo 63 +2000 01 )
Then (1.1) has at least non-constant T-periodic solution.

<1;

\_/\—/
~ ==

(i1) If co > 1 and 0 < <1.

~— =
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Proof. Let Q; be defined as in Theorem 3.1. The proof of (3.3) is the same
strategy and notations as the proof of Theorem 3.1.

Next, Multiplying the both sides of (3.2) by (Az1)(¢) and integrating over [0, T,
we get

T T
/0 (p(Azy)" (£))" (Azy (£))dt = — AP / Faa ()2, (8) (Ay) (1)
Y / ot 22 (8), 22t — 7(8)), 2 (8)) (Azy ) (£)dt
T
A / e(t)(Azy ) (¢)dt. (3.15)
0

Substituting [ (¢, (Az1)" (1)) (Az1(t))dt = [} |(Az1)"(t)[Pdt,
fOT flx1(t))2h (t)z1(t)dt = 0 into (3.15), in view of (H3) and (H,), we have

T
/ (A )" (1) Pdt
0

S/O \f(xl(t))HC(t)xl(t—5(t))|dt+/0 lg(t, 21 (t), 21 (t = 7(2)), 21 (¢))]

T
- |(Az)(8)]dt +/O le(t)]|(Az1)(t)|dt (3.16)

T T
<ol ]oo (01 / 1 ()Pt + ) + (1 -+ o)1 |0 (B / (1) Pt
0 0

T T
J“82/ |$1(t—7(t))|p_ldt+ﬁ3/ |2 ()P dt +mT) + (1 + coo)Tefoc]1]oc-
0 0

Substituting (3.3) into (3.16), we have
T
| 1y @
0

1 /T T

SCOO(D+§/ \m/l(t)|dt)(a1/ lz1 (6P~ 1dt + ag)
0 0

T

T T
1t e)(D+ g [ IOaE [ nOp s [ ne-ro)pa

T 1 T
8 [ IO e+ mT) 4 (14 e Tleloo(D+ 5 [ (0l

_ (;cmm T cwwl) / e mpar / ! (3.17)

T T
4 (1+cw)52/0 |x1(t—r)\p‘1dt/0 o, (8)|dt

N~ N~

T T
i ess / (1) [Pt / (1)t

T
4 (coeDan + (14 coo) DB / e (£)P
0
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T
(14 c)DBy [ foa(e = r(0)P s
0
T T
+(1+cm)Dﬂ3/ \a:’l(t)|p*1dt+N1/ |z (t)]dt + No
0 0
2 2

T T
<5 (Coon + (14 €oo)B1 + (14 coo) Ba) |l @ oo + 5 (14 coo) B[

+ N3|z1 |20 + (14 coo) DB3T |2} |25 4+ N1 T2 | oo + No,

where Ny = 1T (cooz + (1 + coo)m+ (14 co)l€|o0 ), No = DT (coottz + (14 coo)m +
(1+ ¢xo)leloo) and N3 = (coor1 + (1 + ¢o0)(B1 + P2)) DT

From z1(0) = x1(T), there exists a point t4 € [0,T] such that x}(¢4) = 0, then
we have

Moo < 2 (¢ 1 ' "(t dt—1 ! " () |dt 3.18
|21 ]oc < 21(t3) + 5 ; zy(t)ldt = 5 ; |27 (t)|dt. (3.18)

From (3.3), we have

1 [T
|z1]oo <D + 5/0 |2} (t)|dt

T

T T
<D+ Z/ 2 (t)|dt. (3.19)
0

Substituting (3.18) and (3.19) into (3.17), we have

T
/ (Azy)" (D) dt
0

2 T T T
< (ewon + (L e)(B + B0+ 7 [ el [ e

T2 1 T P
+ 5 (e ([ lat0lae)
T T
T 1 —1 1 1 —1
+ N3(D + 1 |z (8)|dt)P~" + N4(§ |27 (t)|dt)?
0 0

nT [T
;/ 2/ (t)|dt + Ny
0

T? TPt ) r "
:7((000041 + (14 coo)(B1 + B2)) - 5251 T u +2cp )63)(/0 xf (t)|dt)?
2 p—2

+ %(%&q + (1 + coo)(B1 + B2)) - 9%p-3

T
D(p - 1)(/0 |z (£)|dt)P~ + - -

2

T
4 (e + (4 en) B+ 820D [ It ()
0

T [T 1 (7
+N3(D+Z/ x’l’(t)|dt)P*1+N4(§/ |2/ (t)|dt)P~?
0 0

nNT (T
+%/ ()| dt + Na, (3.20)
0
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14coo)DBsT
where N, = %

Case (I): If |e(t)] < coo < 1, by applying Lemma 2.1 and (3.4), we have

T
| e
0

T T ”
Ax{(t)| dt
:/ |A‘1Ax’1’(t)|dt§ M
0

1—c

T
g(/ (A1) (O)|dt + eoT|1 oo + T(21 + 26161 + cooda) || oo
0
T
+ (Cood? + 200061)/ 2" (t)]dt) /(1 = coo).
0
From (3.18) and (3.19), we have

T
/ ) (8))dt
0

_ Jo (A1) (®)dt + T (D+ T |dt>

1—cso
N %(201 +2¢101 + Cool2) fo |2 (#)]dt + (cood? + 2¢o001) fo |2 (t)|dt

1—cso

T 2
T 1
_ (/ (A" ()d + (2 + T(er + 181 + neda) + coud? + 2eocd)
0
T
/ |2 (£)]dt + TeaD) /(1 — ).
0
Since 1 —coo — (TTZCQ +T(er + 161 + %00062) + Coo0? + 2000(51) > 0, so, we have

/T| (t)ldt < Jo 1(Az1)" (#)|dt + Tes D
T
o ! T 1= oo — (Frea + Ter + 161 + §C0002) + ool + 200001)

o 1 (3.21)
T (fo |(Ax1)”(t)\Pdt) " 4 TesD
<

1 = Coo — (TTZCQ +T(c1 + 101 + %COO(SQ) + Coo0? + 260051) .

Applying the inequality (a + b)* < a* + ¥ for a, b > 0, 0 < k < 1, it follow
from (3.20) and (3.21)

T
/ (1))t
0

T3 |5 (oo + (14 coo) (B + B2)) - Fr + (1+C°°)55>] EAGI
- 1—co — (TTZCQ +T(c1 + 161 + 500052) + Coo? + 200051)
T% |:T72(Cooal + (]- + Coo)(ﬂl + 52)) : 22p 3D ] (fo |:L‘ |dt)T
_|_

1—cCoo — (TTZCQ +T(cr +c161 + 560062) + cood? + 2000(51)
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T4 [ s + (1 + ) (81 + )07 1] (I It 0lar)?

1—cCoo — (—02 +T(c1 + 0151 + 700052) + Coo0? + 200051)

p—1

TiNG (D+Tf0 PAC |dt) ’ +TqN4 ( S \dt)T
1—000—( 02+T(01 +01(51+ cooég)—i—cooé —|—200061)

+

(M) T (Jy 1t |dt) +THNG + DT
1—Cop — (TCQ +T(c1 + 161 + 500052) + Coo0F + 260051) .

+

TG ((cov 1 + (100 )(B1+52)) TP 4277112 (14 000 ) B )
22 (176007(%262+T(Cl+0151+%Cm52)+cm6%+2cm51)
positive constant M* (independent of A) such that

Since

< 1, then there exists a

~—] T

T
| et < o,
0
Tt follow from (3.19) that
T [T T
7100 < D + Z/ |z (t)|dt < D + ZM* = M.
0
y (3.18)
1 (7 1
|20 < 7/ 2 (£)|dt < =M* = M.
2 Jo 2

On the other hand, form z2(0) = x2(T), we know that there is a point t5 € [0, T]
such that z4(¢5) = 0; then by the second equation of (3.1), (Hs) and (Hy)

1 T
o < 5 [ Ioh(Olat

SA(U@ﬂﬂm%ﬁﬂ+mmmﬁ%m@—7@hﬂﬂﬂ+k®Dﬁ
< TME™ My + aoT Mz + T((B1 + B2) MY~ + B ME™") + T(m + |elos) := M.

Integrating the first equation of over [0, 7], we have fOT |22 (t)|97222(t)dt = 0, which
implies that there is a point tg € [0, 7] such that x2(ts) = 0, so

1 T
0

This proves the claim and the rest of the proof of the theorem is identical to
that of Theorem 3.1. O
If ¢(t) = cand |¢| # 1, 6(t) = 6, then (1.1) translate into the follows form:

(p((t) —cx(t —8))")" + f(x()z'(t) + g(t, x(t), x(t — 7(1))2'(t)) = e(t). (3.22)

Similarly, we can get the following result:
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Theorem 3.3. Assume that conditions (Hy), (Hz), (Ha) hold. Then (3.22) has at
least non-constant T-periodic solution if
2P~ 1(By + Bo)T? + (4m)P~LTP+! B3 4 2PaT P~}
LT[ = [c]fr-!
Theorem 3.4. Assume that conditions (Hi), (Hs), (Hy) hold. Then (3.22) has at
least non-constant T-periodic solution if

<1

T4 ((felas + (1+ |e)(Br + B2) TP+ 20-1T2(1 4 |c])Bs) 7

<1.
22|11 — |d|

4. Application

We illustrate our results with some examples.

Example 4.1. Consider the following fourth order Liénard type p-laplacian gen-
erality neutral functional differential

<¢p (:v(t) ~ Lo sin(an)s (t ~ o cos 4t>)> 3702 0) + 5= ()

1 . 1 . .
+ g, Sin x(t — cosdt) + 3, o 4tsina’(t) = sin 4t. (4.1)
Here p = 4 is a constant. It is clear that T = J, c(t) = 15sindt, 6(t) =
3 cosdt, T(t) = cosdt, e(t) = sindt, ¢; = trerﬁ?] |Lcosdt| = 1, ¢ = tgg;;“ —
sindt| =1, §; = tg&>%]| — Lsindt| = §, 6, = tg%&)q(ﬂ — Lcosdt| = 1. f(z) = 1a?,
take a = i, b = 1 such that (Hz) holds; g(t,v1,v2,v3) = %U% + ésinvg +
& cos4tsinvs, and g(t,a,a,0) —e(t) = s=a®+ g sina—sin4t # 0. Choose D = 3=

such that (H;) holds. Now we consider the assumption (Hy), it is easy to see
9t 01,02,05)| < 5o+ 1,
3T
which mean (Hj3) holds with §; = %, B2 =0, B3 =0, m = 1. Obviously
2071 (B + Bo)T? + (4m)P~ ' TP+ By + 2PaT? !
23— 1ap=1 (1 — cop — (%02 + T+ Terdr + Leaoda + cood? + 200051))p_1
_ 2 x g x (5)°+ 20 x T x (5)
2t x (L= fs = (F+ E+ &+ s+ o+ a1)
_5%(n® + 37%)
© 51 x 213

So by Theorem 3.1, (4.1) has at least one nonconstant 7 -periodic solution.

~ 0.1790 < 1.

Example 4.2. Consider the following a kind of fourth order p-Laplacian neutral
functional differential

mr 1 ’ 1 1 .
(¢p (x(t) =Bz (t —0))") + gx4(t):1: (t) Jr@le(t) + g5 C08 x(t — sin 2t)

1
+ oo sin 2t cos 2’ (t) = cos 2t. (4.2)
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Here p = 5 and § is a constant. It is clear that T = m,¢ =5, 7(t) = sin2t, e(t) =
cos2t. f(x) = ta?, take a = §, b =1 such that (Hs) holds; g(t,v1,v2,v3) = =0+
%cosvg + ﬁsin%cosvg7 and ¢(t,a,a,0) —e(t) = éa‘l + % cosa + ﬁ sin 2t —
cos 2t # 0. Choose D = é such that (Hp) holds. Now we consider the assumption

(Hy), it is easy to see

1
lg(t,v1,v2,v3)| < —v1]* + 1,
6

which mean (H3) holds with 5, = 3%, B2 =0, B3 =0, m = 1. Obviously

=

T3 ((|elay + (14 |e]) (By + B2))TPH + 20" T2(1 + |c])B5)
221 — |c]]

§1 5%
:%m0.8217<1.

So by Theorem 3.4, (4.2) has at least one nonconstant 7 -periodic solution.
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