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STABILITY AND TRAVELING WAVES OF
DIFFUSIVE PREDATOR-PREY MODEL WITH
AGE-STRUCTURE AND NONLOCAL EFFECT*
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Abstract The paper is concerned with the dynamical behaviors of a stage-
structured diffusive predator-prey model with nonlocal effect and harvesting.
The linear stability of the equilibria is investigated by using the characteristic
equation technique. By constructing a closed convex set bounded by a pair of
upper-lower solutions and using Schauder fixed point theorem, the existence of
traveling wave solution connecting two steady states is also derived. Finally,
a pair of upper-lower solutions is constructed by using inequality technique
and characteristic equations.
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1. Introduction

One of the model for stage-structure population is proposed by Aiello and Freedman

[1]:

il(t) = Oél‘g(t) — 7"$1(t) _ ae_TT.’L'Q(t . 7_)7
{ $2(t> :ae_rTl‘g(t—T) —mx%(t)’ (1]_)

where z1(t) and z2(t) are the immature and mature population densities, respec-
tively; 7 is the time for an individual taken from birth to maturity. The term
ae”"Txzo(t — 7) represents the immature individual who were born at time ¢ — 7
and survive at time t and therefore represents the transformation of immature to
mature.

As we know that the predator-prey model is one of the important models for
describing the interaction rule of multi-species, which have been studied for a long
history by many authors, e.g. see [2, 3, 10, 14, 15]. Since the stage structure
is also existing in predator-prey species, and species at different stage may have
different behaviors, the investigation for predator-prey models with age structure
seems necessary (see e.g. [8, 14, 16, 20]). In 2007, Qu and Wei [11] considered a
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stage-structure prey-predator model as follows:

L) = x(t)(r — anz(t) — a3Y(1)),
y(t) = as1z(t)Y (¢) — roy(t) — azre "z (t — 7)Y (t — 1), (1.2)
Y(t) = agie Ta(t — 7)Y (t — 1) — r3Y (1),

where z(t) denotes the density of prey, y(t) and Y (¢) represent the immature and
mature predator densities, respectively.

If predators and preys are spatially distributed, it is obvious that there is a
temporal-spatial variation in the populations since the predators move to catch the
food and the preys move to escape. Therefore, it is natural to consider the diffusive
version of (1.2), which is a more realistic biological model in this world. On the other
aspect, it is reasonable that the number of the predator individuals which leave the
immature class and enter the mature class at time ¢ and position  may depend
on other position y € R. Therefore, in the present paper, we are concerned with
the following delay predatorCprey model with nonlocal spatial effect and harvesting
which is in fact a refinement of (1.2):

DO 8122’ [T - a’llu(m t)] (‘T7t) - a12u($7t)/02(xat)>
dvl =D,2 5+ au(z, t)va(x,t) — dyvi(z, 1)

“+o0
_ ae—le f G(T, xTr — y)u(y, t— T)UZ(ya [ T)dy7 (13)
+oo
oy _ DQa %2 tae~ BT [ G(r,x —y)uly,t — T)va(y, t —7)dy

— (dg + ge)va(a, t) — baov3 (a,t),

where u(z,t) denotes the density of prey, v1(z,t) and vs(z,t) represent the densities
of immature and mature predators respectively, and

G(r,z —y) = _1 6_%

’ v= ar DT ’

This model is derived under the following assumptions. r > 0 is the intrinsic growth
rate of the prey; a1 > 0 is the density-dependent coefficient of the prey, and a5 > 0
is the capturing rate of the mature predator; a/a12 > 0 is the rate of conversion of
nutrients into the reproduction rate of the mature predator population; d; > 0 and
ds > 0 are the death rate of the immature and mature predators respectively; bog >
0 is the overcrowding rate of the mature predator population. Note that gevs(z,t)
represents the catching rate function based on the catch-per-unit-effort hypothesis,
where ¢ is the catch-ability coefficients of the predator while e is the harvesting
efforts for the mature predator. 7 represents a constant time for a prey individual

+oo
from immature to mature, and the term ae=47 [ G(1,z—y)u(y, t—7)va(y, t—7)dy
— 00
stands for the total number of the predator individuals which leave the immature
class and enter the mature class at time ¢ and position z. In fact, this term depends
on the reproduction ability of the mature predators at time ¢ — 7 and any position
y € R, and hence the capturing ability of the mature predators at time ¢ — 7 and
any position y € R.
In (1.3), we consider the harvest behaviors of mankind, which is reasonable in
the nature. That is to say, the mature predators will be hunted by hunters.



Stability and traveling waves of a diffusive predator-prey model 175

Because the first and the third equations of (1.3) do not depend on vy (z,t), for
simplicity of notations, we denote vy (z,t) by v(x,t), and then consider the following
system

2
%—7; = Dong + [r — anu(z, O]u(z, t) — argu(z, t)v(z, t),
2 +oo
90 =Dy 5% +ae™ ™ [ G(r,x —y)uly,t — T)v(y,t — 7)dy (1.4)

— 00

— (da + ge)v(x,t) — bagv?(,t).

Accompanied with (1.4), we take the initial condition

,0) = 0,(z,0)
,0) = 0,(x,0)

u
v

zeR, —7<6<0. (1.5)

Vv

(z 0, du(z,0) >0,
(x 0, d,(z,0) >0,
Through this article, we assume that the solution of the initial value problem (1.3),
(1.5) exists globally and remains nonnegative. Please see Redlinger[12] for some
reference.

Stability is a classical topic for the study of dynamics[3, 4]. On the other hand, as
a form of wave propagation for biological invasion (see [15]), traveling wave solution
is a both interesting and significant topic in the study of population models. The
theory and methods have been developed fast during the recent years. Here we refer
the authors to [2, 5, 6, 7, 9, 10, 13, 17, 18, 19, 21] for more details. In the present
article, we are mainly interested in the stability of equilibria and the existence of
traveling waves connecting two equilibria.

This paper is organized as follows. In Section 2, we analyze the linear asymptot-
ical stability of the equilibria for the system (1.4). In Section 3, by a pair of given
upper and lower solutions satisfying some assumptions, we construct a closed con-
vex set I'. Using Schauder fixed point theorem, we prove the existence of traveling
waves of the system (1.4) connecting the zero equilibrium and the positive equilib-
rium. In Section 4, we shall show that the upper and lower solutions demanded in
Section 3 can be constructed, and thus the existence of traveling waves connecting
two equilibria are guaranteed. We want to mention here that our argument for
the upper-lower solutions is more delicate and convinced than what in the existing
literatures.

2. Linear stability of equilibria

In this section, we shall discuss the linear stability of the equilibria of system (1.4).
Firstly, it is obvious that the system (1.4) has three equilibria denoted by

d
E0(070)a El(Lvo)a EQ(Oa 2+qe
ail b2

).

If the following hypothesis holds:
(A1) rae=h7 — dyar; — qeay; > 0,
then system (1.4) has a unique positive steady state Es(u™,v™) where

rae~ N — dyai; — geaqr

>0, vt = > 0.

ut — daais + geays + rbao
ae~NTays 4 ar1bay

ae=hT a9 + ar1bay
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The linearized system of (1.4) at (u™,v*) is

% = Dyq 61 + ru(x,t) — 2a11u+ (2,t) — argvTu(z, t) — aputo(z, t),

9 = Dga +ae" DTyt f G(r,z —y)u(y,t — 7)dy + ae~47u

— 00

(2.1)
+ jXJG(T, x —y)v(y,t — 7)dy — (do + qe)v(xz,t) — 2bosvo(x, t).

We know that the linear equations (2.1) admits non-trivial solutions with the
form (see Gourley & Kuang[4]):

() = (2 )

if only and if

k1A, o ut v arpute AT 0 (2.2)
2 == .
—ae~ W ATy e D1t o (N o, ut, v ) ’
where
k1N o,ut, o) = A4 Doo? —r +2anut + appuT,
2
e\ o, ut o) 0 = A4 Dyo? —aem DT ATyt e DT Ly 4 ge + 2b900 T

(2.2) is equivalent to
k1A o uT v ) ke N o ut vt + aaipe~ W7 D1° Ty gt e AT — (2.3)
where A is a complex number and o is a real number.

Theorem 2.1. E(0,0) is linearly unstable.
Proof. Letting (u™,v") = (0,0) in (2.3), it follows that

k1(A,0,0,0)k2(), 0,0,0) = 0. (2.4)

It is easy to show that there exists at least a (Mg, 00) such that Ag > 0 satisfying
k1(\,0,0,0) = 0. The proof is complete. O

Theorem 2.2. (1) If rac 1T d,—qe < 0, then El( ,0) is linearly asymptotically
stable. (2) If "¢—— — d2 —qe >0, then Ei(-,0) is lmearly unstable.

Proof. Let (u+,v+) = (3,0) in (2.3), it follows that

k1A, 0, ——, 0)k2 (N, 0, —,0) = 0, (2.5)
a11 a11

Note that for any o € R, the root of the equation k1 (\, o
On the other hand, from koA, o

17

(1) If r2¢— — dy — ge < 0, we claim that all roots of (2.5) satisfy Re\ <
0. Otherw1se then there exists a root A of (2.5) with ReA > 0. Hence, from

s 7.—»0) = 0 is negative.

o -~ 0) = 0, we derive the following conclusions.
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k2(A, 0, 7, 0) = 0 we deduce that
_ *le*Dla'zT 7TR€5\ I X
Re) — —Dyo® + rae e cos(TImN\) oy ge
a1 (2.6)
rae” 4T
< o dy —qe <0,
11

a contradiction. That is, all roots of (2.5) satisfy ReA < 0. Therefore, the equilib-
rium El(a—jl, 0) is linearly asymptotically stable.

(2) If % —dy — ge > 0, we claim that there exists at least a (A, 04) such
that A, >0 satlsfylng (2.5). In fact, let

7d17'7)\'r€7D1027'

f(\ o) = —Dyo? + e —da — ge,
a1
and we have from 4
—dyr
£0,00= " — —dy —ge >0,
a11
that there is a small o, such that
—dyT 7D1crf'r
f(0,0,) = —Dyo? + rae ¢ doy — ge > 0.

ai1

Note that f(oo,0.) < 0. Therefore the equation A = f(\, o.) has positive solution
A« That is, (A, 0.) satisfies (2.5). The proof is complete. O

Theorem 2.3. (1) Ifrbaa—ai2(d2+qe) > 0, then the equilibrium point E5(0, d2+2qe)

is linearly asymptotically stable; (2) If rbaa — a12(d2 + qe) < 0, then E5(0, d2+qe) is
linearly unstable.

Proof. Let (u™,v™) = (0, d2+qc) in (2.3), it follows that

dy + qe
b22

ds + qe

A 0,0
Hl( Y O’? ) b22

)HQ ()‘7 a, Oa

) = 0. (2.7)

d2+q€

A roots of the equation k2 (A, 0,0,
Kk1(\, 0,0, dzb;qe) =0, we see that

) = 0 are negative. On the other hand, from

d
A= —Doo? —p 4 H2ldztae) (2.8)
bao
(1) If W < r, we claim that the only root of (2.7) satisfy Re\ < 0.
E(0, dzb;qe) is linearly asymptotically stable.
(2) If % > r, we see that there exists at least a (A, 0.) such that A. >0

satisfying (2.8). Therefore, F5(0, d2+qe) is linearly unstable. The proof is complete.
O

The following theorem give the linearly asymptotic stability of E3(u™,v™).

Theorem 2.4. Assume that (A1) and ay1bys > aayze~7 hold. Then the equilib-
rium point E3(ut,v") is linearly asymptotically stable.
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Proof. For the epidemic steady state E5(u™,v™), (2.3) is of the form

A+ Dyo? + apput) (A + Dyo? — ae=hTATyF o D10%T +dy + ge + 2bgyav™)

(2.9)

— p— 2 —
+Cla12€ dit—D1o T’LL+’U+€ 2AT _ O7

where we used the fact that —r + aju’ + appv™ = 0. It is easy to see that
A= —Dgo? — ajjut < 0 is not the solution of (2.9), so we can rewrite (2.9) as

()\ + Dyo? + a11u+) ()\ + Dyg? — ae~ QAT F e D1o?T +ds + ge
(2.10)
+ 2bgovt +

2
aa12€—le—Dlo' Tu+v+e—2/\7'> 0

A+ DQO'2 +ajjut

Therefore, looking for the solutions of (2.9) is equivalent to looking for the solutions
of the following equation

A+ Dyo? — ae~WTAT o= Dio’T + dy + ge + 2byov™

le_DlUZTU+7)+€_2)‘T (211)

aaie”
=0.

A+ l)oO’2 +ajjut

When 7 =0, let A := aaq2 + a11baz. We have

au’ —dy — ge — boov™

7a(d2a12 + gearn + Tb22) — (dg + qe)A — bQQ(Ta — d2a11 — qeall) o O (2]—2)

A

We suppose that ReA > 0. It follows from (2.12) that

aajputot
e

A+ Dyo? + ajut
aapsutvT (Rel + Doo? + ajju™)

(ReX + Doo? 4+ ajrut)? + (ImA)?

Rel = —Dyo? +aut — dy — ge — 2byovt — R

= —D20'2 — b22U+ -

< 0,

which contradicts the above assumption ReX > 0. Therefore, E3(u™,v™") is locally
asymptotically stable when 7 = 0.

When 7 > 0, one can also show that all roots of (2.9) satisfy Re\ < 0. In fact,
Re is continuous on 7. If there is a A = A(7) (7 > 0) such that ReA > 0, then
ReX will pass zero value as 7 is increasing from 7 = 0 to 7 > 0. Assume that i6 is
a solution of (2.9), separating real and imaginary parts, we derive from (2.9) that

6% — po = qofl cos(01) — q10sin(07), (2.13)
p10 = qosin(61) — ¢q16 cos(07), '

where the coefficients p;, ¢;(i = 0,1) are

Po = W(Nl + #2), P1 =W+ p1 + 2, qo = fqu(alzv+ - w), q1 = fiﬁ,

w = D()U2 + a11u+, 1 = DQO’2 + b22U+,

—di7—Dy0%T

o = do + qe + bagv™, £ :=ae
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Squaring and adding both equations of (2.13), it follows that

0" + (p1 — 2po — 41)0* + p§ — a5 = 0. (2.14)
Let z = 62, then Eq. (2.14) becomes

22+ (0} = 2p0 — ¢3)z + 1 — a5 = 0. (2.15)
Note that ae~®7ut = g and p3 — €2(u™)? > 0. By calculation it follows that

P —2po — G = (w+ p1 4 p2)? — 2w(py + po) — E(uh)?
> w? 4 pi + 2u1p2 > 0.

dy

On the other hand, by using the assumption a11b2s > aai2e™ %", we can derive that

pg— a3 = (po + q0)(po — 90)
= (i + ) + £ (arv* — @)l + pz) — E(uY(anze” — w)]
> (wpy + appéu™v M) [w(Dyo? + aeid”iﬁ) + byov T Dyo?] > 0.

By Routh-Hurwitz criterion we know that all the roots of (2.15) have negative real
parts. This is a contradiction. Therefore, if (A1) and a11b22 > aaize—“7 hold, then
the endemic steady state E3(u™,v™) is locally asymptotically stable for all 7 > 0.
The proof is complete. O

Remark 2.1. The condition ai1bse > aaine”®" implies that the role of intra-
action of each species is much important than the inter-action between two species,
which guarantee the asymptotic stability of the positive equilibrium.

3. Existence of traveling waves

In this section, we consider the possibility of a transition between the equilibria Ey
and F3 in the form of a traveling wave solution. We shall apply Schauder’s fixed
point theorem, the method of cross iteration scheme associated with upper-lower
solutions to establish the existence of traveling wave solutions for system (1.4).
From this section, we always assume (A1) holds, and thus the positive equilibrium
FE3 exists.

A traveling wave solution of (1.4) is a translation invariant solution of the form
(u(z,t),v(z,t)) = (¢p(x + ct),y(x + ct)), where the profile of the wave propagates
through one-dimensional spatial domain at a constant speed ¢ > 0. Substituting
u(z,t) = ¢(x+ct),v(x, t) = P(x+ct) into the system (1.4) and denote the traveling
wave coordinate x + ct by ¢, we derive the wave profile system

{ DO¢//(t) - C¢/(t) + fl(¢a ¢)(t) = 07 (3 1)
Dodp"(t) — ey’ (t) + fa(4,¥)(t) = 0, '

file,)(t) = (r— a11+¢(t))¢(t) — a120(t)Y (1),
(9 0)() = ae~hT [ e e PTG~y —en)d(t —y —en)dy  (32)
—(da + ge)i(t) — baatp?(t).
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Eq.(3.1) will be solved subject to the following boundary value conditions:

lim ¢(t) =0, lim ¢(t) =u",

tﬁfoo t~>.+oo n (33)
tl}I—noow(t) - O, tligloow(t) -

We introduce the concept of desirable pair of upper-lower solutions of system
(3.1) as follows.

Definition 3.1. A pair of continuous functions p = (¢,v) and p = (¢,) fort € R
is called a pair of upper-lower solutions of (3.1), if there exists a finite set of points
S={t; eR,i=1,2,--- ,n} with t; <ty < --- < t, such that p and p are twice
continuously differentiable on R\\S and satisfy ;

Dod" (t) — ¢ (1) + f1(6,0)(t) <0,
Dot (t) — e (t) + f2(8,9) (1) <0,

and -
Dog"(t) — c¢'(t) + f1(d, ¥)(t) > 0,
Doy (t) — e/ () + f2(¢,9)(t) > 0,
for t € R\S.
It is not difficult to verify the following equality:
> o ]_ y2 2
G : 7)\(y+c‘r)d _ / __ - ,TiDi~ 7)\(y+c7')d _ (D1 A 7c)\)’r' 3.4
|G oy = [ e ey — (3.4
Let
M1 2 ’LL+, M2 Z U+. (35)

Define a set of functions

Clo.m) (R, R?) 1= {(¢,0) € C(R,R?)| 0 < ¢(t) < M1,0 < () < Mo,
for i =1,2, t € R}.

Taking
B1 > 2a11 My + a1oMy — 1, B2 > dayqge+ 2bMs, (3.6)

we define two operators H = (Hy, Hy) and F = (Fy, Fy) from Cp (R, R?) to
C(R,R?) by

Hi(o,¥)(t) = fi(d,)(t) + B1o(t),  Ha(¢,¥)(t) = f2(¢,¥)(t) + Barb(t),
j‘ eku(t—s)]—]l((b7 w)(s)ds + J;fooe)\lz(t—s)‘Hl(¢7 ¢)(s)d;| ,

Fi(,¢)(t) = m

ft 1 (=) Hy () (s)ds + JrfooeAzz(ts)Hz(@w)(s)dS] ;

Fy(,¥)(t) = m t

where

— /@ +4B,Dq V2 + 481Dy
)\1120 c?+4p3 0 g )\12:C+ 2+ 46 LIS

2D ’ 2Dy ’
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C—y/ CQ+4/82D2 c+ \/82+452D2
A1 = <0, A= > 0.
2D, ’ 2D,

It is obvious that a fixed point of F' is a solution of (3.1), and vice verse.
For p > 0, define

B,(R,R?) = {(¢,¢) € C(R,R?) : igﬂ}g (6, 0)()]e " < oo}

and

(-9l = sup| (¢, ¥)(t)|e .

Then it is easy to check that (B, (R,R?),|-|,) is a Banach space. For our purpose,
we will take p such that

0< n< Hlin{—>\11, /\12, —>\21, /\22}. (37)

Now we explore some basic properties of H and F. In view of the boundedness
and continuity of fi, fo on Cigan(R, R?), the following conclusion is obvious.

Lemma 3.1. For sufficiently large 81, B2 satisfying (3.6), we have
Hi(¢1,91)(t) > Hi(d2,91)(t), Hi(d1,¥1)(t) < Hi(dr,v2)(1),
Hy(¢1,91)(t) > Ha(d2,91)(t), Ha(p1,¥1)(t) > Hal(dr,12)(t),

fort € R with 0 < ¢o(t) < ¢1(t) < Mq,0 < ha(t) < 91(t) < M.

In view of the definition of F', we can easily see that F' = (F1, F») also enjoys
the same properties as those for H = (Hy, Hs) stated in Lemmas 3.1.

Lemma 3.2. For sufficiently large 51, Ba satisfying (3.6), we have
Fi(o1,91)(t) > Fi(d2,91)(t), Fi(o1,91)(t) < Fi(er,¥2)(t),
Fy(¢1,91)(t) > Fapa, P1)(t),  Fa(o1,¥1)(t) > Fadr,12)(t),

fort € R with 0 < ¢o(t) < ¢1(t) < My,0 < 9Pa(t) < 9ui(t) < Mo.

In what follows, we assume that (3.1) has a pair of upper solution (4(t),(t))
and lower solution (¢(¢),(t)) satisfying

(P1) (0,0) < (p(t),0(t)) < (o), ¥(t)) < (My, Mo).
(P2) lim_(3(t).9(1) = (0,0), ,lim_($(1), (1) = lim_(6(6),%()) = (u*,v").
(P3) 8 (t+) < (t—) and ¢/(t+) > ¢/(t—) for t € R.

We shall look for traveling wave solution of system (3.1) in the following profile
set:

I'={(¢,%) € Cpo.m (R, R?) | (6(1), 9(1)) < (¢(1), (1)) < (1), (1)) for t e R }.
Obviously, I' is non-empty, convex, closed, and bounded.

Lemma 3.3. F = (Fy, Fy) is continuous with respective to the norm | - |, in
B,(R,R?).
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Proof. We first prove that H : B, (R,R?) — B, (R,R?) is continuous with respect
to the norm |- |,. Note that we have

“+o0 “+o0
1 w2
G(r,y)etvterlay < / e~ Tr7 ehllyl+er) g
/ (T9) y < Do y

(lyl—2Dq pu7)?
— oy e(cu+D1u2)Tdy — olen+Dip®)T

“+o0
1
e = (¢17¢1), U= (¢27¢2) € B#(R,R2)7 we have
|Ha(¢1,91)(t) — Ho(ga, a)(t)]|e M
< fa( 61, 91) () = folda, tba) (t) € + Bolapy (t) — ha(t)]e 1"

“+oo
<Jae~h / Grp)Ba(t — y — er)bn(t —y — er) — dalt —y — er)a(t —y — er)ldy

— 00

— (dz + g2e2) [ (1) — ()] — azz[9F (1) — V3 (D)le 1" + 52| — ],
+o00
=lae™ " / Gyt —y —cn)n(t —y —cr) = dalt —y —eT)ih(t —y —e7)

+ oot —y—cr)p1(t—y—cr)— ot —y — cT)a(t — y — c7)]dy

— (d2 + g2e2)[W1 (1) — Yo ()] — am[Wi () — w3 (O)]le " + Baf|@ — W],
“+o0

<fae~h7 / Glr )l bu(t —y — er) — balt —y — cr)| - [ (t — y — er)|dy

— 00

“+o0
1 oge—hT / G(r,y)|1(t —y —cr) —a(t —y —c7)| - |d2(t —y — c7)|dy

+ (da + qeea) |1 () — P2 ()] + ana|thr (t) + 2 () |[¢1(t) — Yo (t)| eI
+ B2|® — ¥,

+oo
Sae™%7M, / G(r,y)e!vTemldy| g1 — ¢,
—00

400
ae T, / G(r )+l dy|y — o),

+ (dg + QQ€2)|(I) — \If|# + 2a22M2|<I> — \I/|M + ﬂ2|q) — \If|u < /?;2|<I> — \IJ|#7

where )

Rog 1= aefle(Ml + MQ)C(DIM tep)r + d2 + qe + 2b22M2 + BQ.
Therefore, that implies Hs : B, (R,R?) — B, (R,R?) is continuous with respect to
the norm | - |,. Similarly, we can show that

\H(61,01)(t) — Hi(d2, o) (t)|e M < 7y|® — ¥,
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where
k1 =1+ 2011 M1 + a1oM1 + a1oM2 + B,

and thus H; : B,(R,R?) — B,(R,R?) is continuous with respect to the norm |- |,.
Now, we show that F : B, (R,R?) — B,(R,R?) is continuous with respect to
the norm | - |,. For ¢ > 0, we have from the choice of p that

| Fo (¢, ) (t) — Fa(,0)(t)]e I

t +oo
67#t )\21(t7) )\22(757)

— _ s s)| | H. - H d

| [ ¢ +/e [ Ha(1,160) — Halo,2) ()]s

o 0 t

_ Ro€™ >\21t/ —(A21+pu)s >\21t/ (=A21+p)s
= e e ds+e e ds

Do(A22 — A21) [

— 00

+oo
+ et / e(_)‘22+”)sd8:||(1)— v,

t

:DOO‘ZI:Q_ A1) {)‘%12,[_1 I o (e —/\)\2221)(:\2221— N)} [ =l
SDO(AQ;Q* A21) L\%fu I - ( );\2221)_()2221 ﬂ)} (@ — Ul
Similarly, for ¢ < 0, we have
|Fa(¢, %) (t) — Fa(, ) (t)|e I
SDo(Az:z— Aa1) {Aéjﬁ i +AA2221)_(AA;21+ ﬂ)} [© = Py,

which implies that Fy : B,(R,R?) — B, (R,R?) is continuous with respect to the
norm | - |, in B, (R, R?).

By using a similar argument as above, we can also prove that Fy : B, (R,R?) —
B, (R,RR?) is continuous with respect to the norm |- |, in B, (R,R?). The proof is
complete. O

Lemma 3.4. F(T') CT.

Proof. For any (¢,v) with (¢,9) < (¢,%) < (6,%), It follows from Lemma 3.2
that

Fl(?v@) < F1(¢,¢) < Fl(aay)a
Fy(¢,9) < Fa(¢,9) < Fa(9,).

Now we show F(o, P) < ¢. Without loss of generality, we assume that t; <
ty < -+ < t, and denote ty = —00,t,+1 = +00, By the definition of upper-lower
solutions, we have

Hy(6,4)(s) < —Dod () + ¢ (t) + Bro(t) for t € R\S.
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If t € R\S, then

1 ; oo
e b / | #113,)(5)
1 n tit1
- - . A11(t—s) A12(t—s) _
= X min<e e H, (5, $)ds
Do(M2 — A1) jz::() / { HHA(0,9)(5)
1 n bitl
S X min 6)‘11(7575)’ e)\12(t75)
_(DO)\12 _)\11) Z / { }

Jj=0 t;
—Dod (s) + ¢ (s) + 315(8)} ds
=0 41 ~ A (t=t5) haa(t—t;)1 |4 L) = P }
¢(t)+)\12—)\11 X {jzomln{e ,€ }[¢ (tj+) — & (t; )}
<¢(t) (by the assumption (P3)).

In fact, the above inequality holds for + € R by the continuity of F}(¢, P)(t) and

¢(t). Similar arguments lead to Fy(¢,v) > ¢, Fa(p,v) > ¢, Fa(¢,1) < ¢, but we
omit the details. The proof is complete. O

Lemma 3.5. F:T' — T is compact.

Proof. For any (¢,v¢) € I,
Fi(¢,9)(t)

Appetit / s Apgetizt T .
:m/e 1 Hl(fbﬂ/))(S)ds—i—DO()\u/\u)t/e 25 (¢,1))(s)ds.
Thus, we have

| FY (6, ) (1)
=sup l)oéiifif;ql) j/ e M Hy (9, 1) (s)ds
aat | T

Ai2e / Aros —ult
+ e M2 H (¢, 1) (s)ds| eI
Dol = Aar) H(:9)(s)

t
[Aui] { Arrt— - _
<— 1 _sup{ rutmal e~ s onls| o—nlsl gy ’ $)ds
= Doz — Aix) rek 1(6,9)(5)
—o0

—+oo
A12

+— 12 gqup{eMetoalt / e~ Mzsellsle=HISLE (¢, ) (s ds}
Do(A12 — A1) teﬂg{ 19, 9)(s)

t
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¢

| A11] { At _
<—————|Hi(o, sup { eMit—mltl e Msenlsl g
~ Do(M12 —>\11)| (¢ w‘“tg]}g

—0o0

>\12

+oo
A —)cs s Arat—plt| / —Xzsgpls| g b
+ Do(A12 — )\11)| 19 ), ilelﬂg {6 ‘ ‘ ’

t

If t > 0, we obtain
|Fi (¢, 9) ()]

0 t
| A1 (A1 — { / - -
—————|Hy(o, sup e~ e~ Mtmsge 4 | en=An)s g
_DO()\12*/\11)| 1(¢ 1/))|M te]g /

+oo
/\12

4+ ————|H (9, , SU ePM2—p)t / e(“h"’)sds}.
Dy(A12 — )\11)‘ 19Vl teﬂg{ /

A1
SDo()\lz “ M) (e + Ar) |H1 (¢, ¥)], +

_ 1 [ A1 A12
Do(M2 —A11) [+ A1 —p+ A2

A12
Do(A2 — A1) (—p + A12)

[ 0.0,

|H1(¢a¢)|ﬂ

If t < 0, we have
|F1 (6 9) ()]

[A11]
~ Do(M2 — A1)

t

|H1(¢a ¢)|p sup {6(>‘11+“)t / e—(>\11+/t)sds}
teR

— 00

oo

0
A1z A t - -
it 0 sup { e [ [y [ gy

Dg(A2 — A
0( 12 11) teR ) 0

A11 A2

SDO()\12 M)t )\11)|Hl(¢’w)|l‘ + Dol ) () |Hy ()],
= 1 )\11 )\12
_DO(A12_>\11) ILL+)\11 + _M+)\12:||H1(¢7¢)|y,

Since H; : B,(R,R?) — B,(R,R?) is continuous with respect to the norm |- |, and
the set I' is uniformly bounded, there exists a constant Ny such that [F{(¢,¢)(t)|, <
Ni. In the similar way, there exists a constant Ny such that |F5(¢,9)(t)], < Na.
Hence F is equicontinuous on I" and F(T') is uniformly bounded with respect to the
norm | - |,.

We next prove that F(I') — I' is compact. Define F™(¢, ) by

F(¢a'¢))(t)’ te [_n7n]a
F*(¢,¢) =4 F(o,¢)(n), te(n,00),
F(¢,9)(—n), te (—o0,—n).

Then, for any n > 1, F™(I') is equicontinuous and uniformly bounded. Now, in the
interval [—n,n], it follows from Ascoli-Arzela Theorem that F™(T') is compact. On
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the other hand, F™ — F in B,(R,R?) as n — oo, since
sup | " (¢,9) () — F(e,$)(t)|e"!"
teR
= sup [E™ (9, 9)(t) = F(¢, ) (t) ]!

te(—o0,—n)U(n,00)

<2(My 4+ My)e™™ =0 as n — oo,

for any (¢,9) € T, Proposition 2.12 in [22], we have that F' : I' — T' is compact.
The proof is complete. O
Now, we give the existence theorem of this section.

Theorem 3.1. Suppose there is a pair of upper-lower solutions p = (¢,1) and
p = (¢,9) for (3.1), satisfying (P1)-(P3). Then, system (3.1) has a traveling wave
solution.

4. Upper-lower solutions for system (3.1)

From Theorem 3.1, we see that the existence of traveling wave solutions for system
(3.1) follows from the existence of a pair of upper-lower solutions (¢, ) and (¢, )
of (3.1) satisfying the conditions (P1)-(P3). Let (A1) holds, which ensures that E3
exists. In this section, we further assume that ai1bas > aaioe~ %7, and this implies
from Theorem 2.4 that Fj3 is linearly asymptotically stable.

Denote

{ A1(A¢) = DgA2 — A+,

2 4.1
As(N,€) = DoA? — cA + ae~ N7 My P17 —emA _dy — ge. (4.1)

By analyzing the properties of functions A;(A,c¢) and As(A,c¢), one can see that
A1(A ¢) and Ag(), ¢) satisfy the following:

A;(\0)>0for AeR, A1(0,¢)=7r>0,

AY(A\¢) =2DgA — ¢, A} (A ¢) = 2Dy > 0,

As(X,0) =Do\? + ae_leMleDlT’\2 —dy —qe >0 for A € R,
A5(0,¢) —ae MMy — dy — ge > 0,

Ay(\, ¢) =2DoA — ¢ + ae” T My (2D A — CT)eDlTAL”A,
AJ (N, ¢) =2Dg + ae~ N7 M, (2D17A — cr)2ePrmA —erA

2
+ 2D rae” M M eP1 TN A S .
Therefore, we obtain a lemma as follows.

Lemma 4.1. There exists ¢; > 0,co > 0 such that the following four conclusions
hold.

(i) For any given ¢ > c¢1, A1(\,¢) = 0 has two distinct positive Toots Ai(c)and
A2(c). Moreover, assume that 0 < A1(c) < A2(c) hold. Then

>0, for0<X<A(c),
AN ) <0, for Ai(c) <X < As(e),
>0, forA>X(c).
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(#3) For any given ¢ > c2, Ag(X,¢) = 0 has two distinct positive Toots Az(c)and
Aa(c). Moreover, assume that 0 < Az(c) < Aa(c) hold. Then

>0, for0 <A< As(o),

Ay(Ne) <0, for As(c) < A< A(e),
>0, for A>X(c).

(130) If ¢ < c1, then A1(X,¢) =0 has no real root.

(v) If ¢ < cq, then Ag(A, ¢) =0 has no real root.

In the following , we denote \; = A\;(¢), i = 1,2,3,4.

Since aj1bys > aajze” ™7, there exist g; > 0(i = 1,2,3,4) satisfying 3 <
ut,e4 < vt and

ai11€1 — a1284 > 0, e ae_lesl > 0, (4 2)
ai11€3 — a2 > 0, booey — ae_d”—&“g > 0. ’
Using above constants, define continuous functions (¢(t),4(t)) and (¢(t), ¥ (t)) as
follows

S

() = uteMt  t <ty D) = vherst, ¢t <t
Tl utHee™M, t>t, Tl vt Fege™™M, t >,

_ 0, i<t _ ] 0 st
#le) = { ut —ege Mt >, ) = { vt —ee™, izt

where A > 0 is small to be chosen later. It is easy to know that M; := sup ¢(t) >
teR
ut, My :=sup(t) > v*. On the other hand, we have t; > 0, > 0,t3 < 0,4 < 0.
teR

We can see ¢, 1, ¢ and ¢ satisfy the conditions (P1), (P2) and (P3). We now

prove that the continuous function (¢(t), v (t)) and (¢(t),(t)) are an upper solution
and a lower solution of (3.1), respectively.

Lemma 4.2. Assume that (A1), ai11bay > aaijoe™ 17 and ¢ > max{cy,ca, D1(\; +

2)3)} hold. Then (¢(t),¥(t)) and ($(t),4(t)) is a pair of upper-lower solutions of
(3.1).

Proof. It suffices to prove that (@(t),(t)) and (¢(t), 1 (t)) satisfy the definition
of upper-lower solutions.

We first consider ¢(t). If t < ty, then @(t) = utert. It therefore follows that:

Dod" (1) — ¢8 () + (r — a11d(1))B(t) — arad(t)(1)
< Dod (t) — ¢ (t) + ro(t)
= uteM(DoA? —ch 4+ 1) = 0.
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If t > t1, then ¢(t) = ut +e1e™, (t) > vT —e4e, It therefore follows that:
D" (£) = 6 (1) + [r — a1 6(8)]6(t) — ar26() 6 (¢)
< Do(uT + 167 —c(ut +e1e7) + [r —an(ut + e )] (ut +e1e7M)
—ap(ut +ee M) (0T — gge)
= Doei \2e M + cej e M + [r—ay;(ut + 516_’\t)](u+ + 516_)"5)
—app(ut + e M) (vt —gge™M)
= Do N2+ cetho+ [r —an(u™ +e10)](u’ +e10) — ara(ut +e10) (v — £40)

= (Doe1A* + ce1A)o + [(a12e4 — arrer)o)(ut + €10)
= Il()‘> 9)7

where g := e € (0,e=*1) € (0,1) for t € (t1,00) and A > 0. Since ajoe4—ay161 <
0, we have, for any o € (0,1)

11(0, Q) = [(0,1254 - a11€1)Q](u+ + 81@) < 0.

Then there exists a constant A\] > 0 such that I;(\,0) < 0 for any A € (0,A}),
0 € (0,1). Thus, ¢ satisfies the definition of the upper solution.

We now consider 1) (t). If t < ta, then () = vTe?st, ¢(t) < utert. Note that

we always have ¥(t —y — cr) < vte®EV=¢) and ¢(t —y — er) < uteMrt-y=cn),
It therefore follows that

+oo
—! — 1 7L* —
Dot (t) — et (t) + ae” ™7 / \/TTlTe TPt —y — e )p(t —y — cT)dy

— (da + qe) () — bas?’ (2)

2
y— —y— + a(t—y—
e~ 17yt tmy—en) it ralt—y CT)dy

+0o0 1
S ae—le / -
\/47TD17'
+ Do(vtert)” — c(vter?) — (dy + ge) (v e?st) — bog(vTetst)?

2
_ v
< U+e>\3t< e~ aD77 u+e>\1(t*y*CT)eks(*y*CT)dy

+oo
—d T / 1
ae” “* e
Var Dyt
+ DoAj — cAg — (do + qe))

2
< U+e>\3t ( e—dyﬁe()\ﬁ*)\g)(fyfc‘r)dy

“+ o0 1
—di7,,+ At
ae e / InDrr
+ DoA3 — Az — (dg—l-qe))

_ ,U+e/\3t (DO)\g — A3 + a67d17M16D17(A1+A3)2757()\1+)\3) _ (d2 + qe))

S U+e>\3t (DO)\g o C)‘3 + ae—d1TMleD1TA§—CT>\3 _ (d2 + qe)) =0.
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Here, in the last inequality, we have used the assumption ¢ > Dj (A1 4 2A3).

If t > to, then ¥(t) = vt + ege ™, ¢(t) < ut + e1e7*. Note that we always
have ¢(t —y — cr) < vT +e0e 2777 and Y(t — y — cr) < ut 4 e My=en),
It therefore follows that

— — 1 v —
Dozp//(t) — c¢/(t) + ae” BT / \/TTlTe Wirp(t —y —er)p(t —y — er)dy
— —2
— (d2 + ge)ip(t) — baztp (1)
< DO(U+ +526—At)// _ c(v+ +€2€—)\t)/
y2
e i (ut + 6167)‘(t7y7”))(v+ + 6267)\(t7y767—))dy

ae” N7 / 1
VAar Dy
— (dog + ge) (vt + 8267”) — by (v + 6267”)2
< Doead?e ™ 4 cegde™ M
R / L B (it 4 ege M e (o 4 gpe N Em—en)y gy
\/47TD17'
— (da + ge) (vt + 626_/\t) — bao (v + 626_’\t)2
= Doag)\Qe_’\t + 052)\6_’\’5

+ ae~hT <u+v+ + u+€2e—At+DlT>\2+m>\ + U+Ele—>\t+D1¢>\2+cﬂ

+ ElEz€—2At+4D1T)\2+207')\> . (d2 + qe)(v+ + Eze—At) . bzz(v+ + 826—At)2

= (Doea\? + ceaN)o
1 ge—hT (u+v+ n u+€zgeDlT)\2+c7)\ + U+ElgeD1¢>\2+cr>\ ¥ ere00 4D1TA2+2CT)\>
— (da + qe) (0" + £20) — baa(v" + £20)?

=: (A, 0),

where o = e~ is defined as above. Note from the fact ae~%7e; — bases < 0 that

I5(0,0) =ae" M7 (ut +e10)(vT 4+ 20) — (da + ge) (vt + £20) — baa (vt + £20)?
= (v 4 e20)(ae™1Te1 0 — bazeap) < 0.

Similar to the argument of I (A, ¢) < 0, there exists a constant A5 > 0 such that
Iy(X\,0) < 0 for any A € (0,A3),0 € (0,1). Thus, 1) satisfies the definition of the
upper solution.

If t <t3, then ¢(t) = 0. It follows that

Dog"(t) — c¢’ ( ) + (r — a119(t))o(t) — ar29(t)1(t) = 0.
If t > t3, then ¢(t) = u™ — ez, P(t) < v +e2e7, and we derive that:

Do (t) — ¢/ (t) + (r — a119(£))(t) — ar20(t)¥ ()

> Do(ut —e3e™) — c(ut — e3¢ ™) + (1 — apy (ut —eze ™M) (ut — e3e7)
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—ap(ut — e3e7 M) (v 4 g0 M)
= — Does\le ™ —ceshe ™ + [r —api (ut —eze M) (ut — ez M)

—ap(ut — eze7 M) (v 4 207 M)

— (DoesA? + cesN)o + [r — ann (u™ — e30)](u™ — e30) — ara(u’ — e30) (v + £20)
=:I3(\ 0).
Note that

I13(0,0) = (r —ann(u" —e30)) (u" — e30) — ar2(ut —e30) (v + e20)

= (u" — e30)(a11€30 — ar2e20) > 0.

Note o = e * and t3 = + In £2, thus g € (0,e =) = (0, %) Then there exists a

constant A > 0 such that I5(\, ¢) > 0 for any A € (0, A3) and p € (0, %) Thus, ¢
satisfies the definition of the lower solution.
If t < t4, then ¢(t) =0, ¢(t) < uteM?, and thus

2

Doy (t) = et (1) + ae™ "o (1 / St -y — ey

—(d2+qe)¢(t)—b22w2(t) > 0.

If ¢ > ty, then ¢(t) = vF —eqe™, ¢(t) < ut —ege™*. Note that we always
have 1(t —y — c1) > v — gqe M7= ”T) and ¢(t —y — c7) > ut — egeMmv=em),
It then follows that

“+o0
" ’ —diT 1 _ v
Doy"(t) — c'(t) + ae & / \/TTNS Tt —y —er)Y(t —y —cr)dy

— (dz + qe)ip(t) — baatp®(t)

> Do(vt —ege™™) — (vt —gqe” M)

1 v
—diT TaDy~ (T — —At—y—ct)\(pt _ —At—y—c7)\g
ae e 17 (y g3e v g€
/ T ( 3 )( 4 )dy
— (dy + qe) (v — ege™ ™M) — bog (v — g4e72)?
Z — D0€4>\267)\t — 054)\67)\t

y2

e’W(@ﬁ _ 536—/\(t—y—CT))(U+ _ 546—/\(t—y—CT))dy

ae” QT / 71
vV 47TD17'

— (d2 +ge)(v" —eqge™™) = b (vt —eqe”N)?
= — D054)\26_)\t — 054)\6_/\t

2 2
4 ae—dl‘r <u+v+ _ u+€4e—)\t+D17>\ AR U+€3e—)\t+D17’)\ “+ecTA

i 83546—2At+4D17,\2+2CTA> — (do + ge) (vt — ege™ M) — boo (v — 4™ )2
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=— (D054)\2 —ceqM)o

+ aefdl'r (U+U+ _ u+€4QeD17'>\2+c7')\ _ ,U+€3Q6D1'r)\2+cv')\

2
+ egeq0%etD1TA +20'r)\)

— (d2 + ge) (v — £40) — baa(vT — £40)?
= -[4()‘, Q)

Note the fact

14(0,0) = ae” T (ut — e30)(vF — £40) — (d2 + qe)(vF — £40) — baa(vT — £40)?
= (v — €40)(baseso — ae~M7e50) > 0.

Similarly to the situation of ¢ > t3, there exists a constant A} > 0 such that
Ii(A, 0) > 0 for any A € (0,A}) and o € (0, g) Thus, ¢ satisfies the definition of
the lower solution.

Choose \* = —I:Ln%%, 4{)\;-*}. Then for A € (0, \*), the conclusion of Lemma 4.2 is

true. The proof is complete. O
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