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ASYMPTOTIC BEHAVIOR OF THE
CAHN-HILLTARD-OONO EQUATION

Alain Miranville

Abstract Our aim in this article is to study the asymptotic behavior, in
terms of finite-dimensional attractors, of the Cahn-Hilliard-Oono equation.
This equation differs from the usual Cahn-Hilliard equation by the presence
of a term of the form eu, € > 0, which takes into account long-ranged interac-
tions. In particular, we prove the existence of a robust family of exponential
attractors as € goes to 0.
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1. Introduction

We consider the following initial and boundary value problem:

ou

E—I—eu—f—Azu—Af(u):O, €>0, (1.1)
ou  0Au

5, =5, =0onT, (1.2)

uli=o = uo, (1.3)

in a bounded and regular domain 2 of R3 with boundary I'; v denotes the unit
outer normal to I'.

Here, u = u€ is the order parameter (it corresponds to a rescaled density of
atoms or concentration) and f is the derivative of a double-well potential F' whose
wells characterize the phases. A thermodynamically relevant potential F' is the
following logarithmic function which follows from a mean-field model:

Fls) = %(1—32)+ g[(l—s) m(1= S)—i—(l—i—s)ln(l—;s)], se(=1,1),0< 0 <6,
(1.4)

hence
Fs) = —9cs+glni§, (1.5)
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although, as this will be the case here, such a function is very often approximated
by regular ones, typically,

(s —1)2, (1.6)

hence

f(s)=s*—s (1.7)

(see [2], [3], [4], [9] and [19]). Such an approximation is reasonable when the quench
is shallow, i.e., when the absolute temperature € is close to the critical one 6.

In particular, when e = 0, (1.1) reduces to the well-known Cahn-Hilliard equa-
tion. When e > 0, (1.1) is known as the Oono equation (see [22]) and was in-
troduced to model long-ranged (nonlocal) interactions; actually, this equation was
also introduced in order to simplify numerical simulations (see [20]). Short-ranged
interactions tend to homogenize the system, whereas long-ranged ones forbid the
formation of too large structures; the competition between these two effects trans-
lates into the formation of a micro-separated state (also called super-crystal) with
a spatially modulated order parameter, defining structures with a uniform size (see
[22] for more details and references). Here, the term eu, € > 0, models the long-
ranged interactions.

We can note that (1.1) is a particular (and actually simplified) case of nonlocal
Cahn-Hilliard models (see [16], [17] and [18]), obtained by considering the free
energy

1
v =5IVuP + )+ [ gty oyule)ds (1)
where | - | denotes the usual Euclidean norm and the function g describes the long-

ranged interactions. In particular, in Oono’s model, one takes

4me

9(y, x) > 0. (1.9)

=, €
ly — =
Note that the long-ranged interactions are repulsive when u(y) and u(x) have op-
posite signs and thus favor the formation of interfaces (see [22] and the references
therein). Writing finally, as in the derivation of the classical Cahn-Hilliard equation,

ou o1

— =A— 1.10

ot du’ (1.10)
where % denotes a variational derivative, we find (1.1), noting that —ﬁ is the

Green function associated with the Laplace operator (see [22] and the references
therein for more details).
Integrating now (1.1) over Q, we have

d<u>
S re<u>=0, (1.11)
where < - >= ﬁ(ﬂ) fQ -dz (or #(Q) <, 1 >pg-1(0),H (0) if one considers functions

in H-*(€), H'(Q) denoting the dual space of H'(Q) and < -,- >py-1(0) 51 (0)
denoting the duality product) denotes the spatial average. Therefore, when € > 0,
we no longer have the conservation of mass, i.e., of < u >, as in the Cahn-Hilliard
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equation (e = 0); however, if < ug >= 0, then < u(t) >= 0, V¢t > 0. Indeed, it
follows from (1.11) that

<ult)>=e ¥ <ug>, t>0. (1.12)

We also deduce from (1.12) that

| <u(t)>]<[<u>| t=0, (1.13)
. 1121 < u(t) >=0 (e > 0 fixed), (1.14)
111%1+ <u(t) >=<ug > (t>0 fixed). (1.15)

Our aim in this article is to study the asymptotic behavior of the dynamical
system associated with (1.1)-(1.3). In particular, we prove the existence of a robust
family of exponential attractors as e goes to 0, i.e., of a family of compact and
finite-dimensional sets which attract all bounded sets of initial data exponentially
fast and is Holder continuous at € = 0. This shows that, in some proper sense, the
dynamics of the Cahn-Hilliard equation is ”close” to that of the Cahn-Hilliard-Oono
equation, for € > 0 small. Recall that the Cahn-Hilliard-Oono equation was also
introduced for computational purposes.

Throughout this article, the same constant ¢ (and, sometimes, ¢’ or ¢’) denotes
constants which may vary from line to line (and even in a same line).

2. A priori estimates

We assume in what follows that f is the usual cubic nonlinearity (1.7) and we
further assume that

| <ug>|<M, M>0. (2.1)

In particular, we have, a priori,

| <wu(t)>| <M, Vt>0. (2.2)
We first note that it follows from (1.1) and (1.11) that

% + €t + A%u — Af(u) =0, (2.3)
where @ = u— < u >, which we can rewrite (formally) in the equivalent form
9 —1 —1=
5(_A) T+ e(—A) T u—Au+ f(u)— < f(u) >=0, (2.4)

where (—A)~! denotes the inverse Laplace operator with Neumann boundary con-
ditions and acting on functions with null average.
Multiplying (2.4) by @, integrating over 2 and integrating by parts, we have

1d

S 2+ el + [ 9ul® + (), @) =0, (25)
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where ((+,-)) and || - || denote the usual L2-scalar products and norms, respectively,
and || - ||_1 = ||(=A)~2 - ||. We then note that

((f(w)w) 2 Tl — ¢

1
l<u> /Q Flu)de] < 2ulltam + eur

where, here and below, || - ||x denotes the norm on the Banach space X, which
yields

d, _
E”qul HIVull® + lullza) < enr. (2.6)

Noting finally that

[@ll-1 < el Vaull, (2.7)

we find

d 12 —112 1 2 4 /

g llZs +clall=y + SIVall™ + llullzeq) < car (2.8)
In particular, in (2.8), all constants are independent of e. We now note that

d d

I L e P P ) (2.9)

dt dt

which yields, recalling (2.2),

d . _ _ 1
E(HUHQ_# <u>*) +e(full?y+ <u>?*)+ §|\VU|I2 +lulza) <y (210)

We deduce from (2.10) and Gronwall’s lemma a dissipative estimate on |[u||? ;+ <
u >2, namely,

)|+ < ut) >2< e “(||wol|® 1+ < uo >2) + ¢, ¢>0, (2.11)

where, here and below, we omit the dependence on M. Noting finally that v —
(I7)12 ;+ < v >2)2 is a norm on H~1(Q) which is equivalent to the usual H'-norm,
we deduce from (2.11) the existence of a bounded absorbing set for the associated
dynamical system on H~1(Q), i.e., VR > 0, |Juo|| g-1(0) < R, Jto = to(R) > 0 such
that ¢ > t¢ implies

[u®) g1 <c (2.12)
where the constant ¢ is independent of R. We also have
t+r
/ IVullds < ¢, t > to, >0, (2.13)
t
t+r
/t ||U||%4(Q)d8 <c¢p, t =1, 7> 0. (2.14)

Again, all constants are independent of €, but may depend on M.
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We now multiply (1.1) by u and find, noting that
f'> —co, co >0, (2.15)
the following inequation:
d, 2 2 2
Sl + [ Au]” < el Vull. (2.16)
Noting that

lull? < 2(|[all*+ < u >2) < e(|Vul]® + M?),

we deduce from (2.12), (2.13), (2.16) and the uniform Gronwall’s lemma (see, e.g.,
[21]) that (assuming, as above, that ||ug||gz-1(0) < R)

[u(t)]| < e, t > ti(> to), (2.17)

t+r
/ |Aul|?ds < ¢, t > 1. (2.18)
t

Note that this also yields the existence of a bounded absorbing set for the associated
dynamical system on L2(€2).
We finally multiply (1.1) by —Awu to obtain

| =

[Vul|? + €| Vul|® + ||[VAu||® + (Af(u), Au)) = 0. (2.19)

N | =
Y

t
Noting that

Af(u) = f'(u)Au+ f (u)|Vul?,

we have, owing to (2.15),

(Af(w), Au)) > 6/Qu|Vu|2dx _ cof| Aul. (2.20)

Furthermore, owing to Ladyzhenskaya’s inequality,

3
JolullVuPde < [[ullVullF sy < ellullll Vel [|u]Fe g, (2.21)
< clull*(IVull® + 1) + /[ Au? + .
We finally deduce from (2.19), (2.20) and (2.21) that
d
—Vull® < cllull(IVull* + 1) + || Aul® + ¢, (2.22)

We again deduce from the above estimates and the uniform Gronwall’s lemma that

[u®)l @) < e t>ta(>t). (2.23)

In particular, this yields the existence of a bounded absorbing set for the associated
dynamical system on H!(2).
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3. Estimates on the difference of two solutions

We first derive an estimate which will yield the uniqueness of solutions (as well as

the continuous dependence with respect to the initial data).

Let u; and ug be two solutions with initial data ug,; and wg,2, respectively. We

set u = u1 — u2 and ug = up,1 — up,2. We then have

1o}
6_1; +eu+ A%u — A(f(ur) — f(ug)) =0,
ou O0Au
W e Oon T,
uli=0 = uo.

As in the previous section, we can rewrite (3.1) in the form
Jou  _ 9
5 + e+ A%u — A(f(ur) — f(uz)) =0.
We multiply (3.4) by (—A)~1% and have
1d
2dt
We note that, owing to (2.15),

[l + el[@l?y + 1Vl + ((f (u) = f(u2), 7)) = 0.

((f(u1) = f(uz), @) = —collull*~ < u> /Q(f(m) = f(ug))dz.

Furthermore,

ull®

IN

2([[al*+ < u>?) < c([[@]-1[[Vull+ < u >2)

IN

VIVull? + c([[Tf? 1+ < u>?), ¥y >0,

hence

| <u> fg(f(ul) — f(ug))dz|

< o <u> | follual? + fual* + 1)luldz
< elllull® + (luallzagg) + luzllzag) +1) <u>?)
< 2lVall? +e(lullaq) + lluzllzaq) + DEl2+ < u >?).

We thus deduce from the above that

d, —
2+ 1Vul® < e(llunllLa) + lluall Lo + DUEIZ+ < u>?),

and, noting again that

d 2
— <O
dt<u>_ s

we finally obtain



Cahn-Hilliard-Oono equation 529

d . _ —
Z A2+ <u>?) +IVull® < elllu o) + luzllia@) + DAEIZ+ < u>?).

(3.9)
It follows from (2.10), (3.9) and Gronwall’s lemma that

[u(®)] 10 < e uollm-1(0), (3.10)

where ¢ and ¢’ only depend on ||ug ;|| g-1(0), ¢ = 1, 2, and M (and are, in particular,
independent of €).
Next, we derive a smoothing property on the difference of two solutions which
is the key estimate to prove the existence of exponential attractors (see [6]).
Keeping the above notation, we multiply (3.1) by tu to find, owing to (2.15),

d
Z(tull®) < [lull” + et Vul*, (3.11)
Integrating (3.11) between 0 and ¢, we have

14+¢ [t
u(®)])? < CT/O [ullFr1(0yds, t> 0. (3.12)

It now follows from (2.10), (3.9) and (3.10) that

t
/0 | Vul|?ds < ce® tHUOH%,l(Q). (3.13)
Furthermore, recalling again that

lull* < e([Vul*+ < u >%)

and noting that

<u >?<< g >3 (3.14)
we deduce from (3.12) and (3.13) that

1+t o
Ju(t)]? < c——e Nluollzr-1 (g (3.15)

where all constants are independent of e.
Let finally u¢ and u° be two solutions to (1.1) for € > 0 and € = 0, respectively,
with the same initial datum ug. We set u = u¢ — u°. We then have

ou

5 +eu+ A%u — A(f(uf) — f(u®) = —eu®, (3.16)
ou  O0Au
i OonT, (3.17)
u|t:0 = Ug. (318)
We recall that
d<uc>
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and we have

d<u®>
——= 0,
which yields
d<u> 0
7 te<u>=—e<u >. (3.19)
We thus deduce from (3.16) and (3.19) that
ou — 2 € 0 20
E—i—eu—i—A u—A(f(u) = f(u’)) = —eud. (3.20)
We multiply (3.20) by (—A)~'7 to have
1d, _ o —2 2 € 0\ - —-170 —1_
[l + el[@llZy + [[Vull” + ((F (u) = f(u7), 1) = —e((=2)72u (=A)"27)),

2 dt
which yields, owing to (2.15) and recalling that
1
[(=A)7=al| < ¢[[Vul|,

the following inequation:

d _

2+ [IVul® < ce[[ul]2) + lul® +2 < w > /(f(ué) — fu”))dz. (3.22)

Q

We then recall that

lull® < 2(|[@ll*+ < u >?) < (|l -1 ]| Vull+ < u >?) (3.23)

<ANVull® + c(u)|® ,+ < u>?), Yy >0,

hence

| <u > fgz(f(ue) - f(uo))d:v|

< o <u> | o(ju? + w0 + 1)[ulde

) (3.24)
< elllull® + (lullzagqy + 1wl zaq) +1) <u>?)
<

IVl + e(lul|Zagq) + 1u0ll 20y + D@21+ < u >3).

We thus deduce from (3.22), (3.23) and (3.24) that

d, — . _
a2y < e [wlllZy + (a7 + 1|2y + DA+ < u>%). (3.25)

Noting finally that

d
E<u>2=2<u>(—6<u>—e<u0>)§—2e<u><u0> (3.26)
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§62<u0>2—|—<u>2,
we find
d .
S+ <u>?)
ce?([[ul]|2 + < u >?) (3.27)

([l i) + 1601740y + DI+ < u>2).

IN

Now, it follows from (2.10) that

t

/0 )| s gy ds < e, (3.28)
and it is well-known that (see, e.g., [9], [15] and [21]; recall that, for e = 0, (1.1)
reduces to the Cahn-Hilliard equation)

t ’
/ |‘UOH%4(Q)dS S CGC t. (329)
0

We further have (this is again well-known)

4] 10y < e (3.30)

Here, all constants only depend on M and |lug||g-1(q). We finally deduce from
(3.27), (3.28), (3.29), (3.30) and Gronwall’s lemma that

lu)ll a1 < Ceeclt, (3.31)

where the constants ¢ and ¢’ only depend on M and |ug|| g1 (q)-

4. The dissipative semigroup

First, it follows from the a priori estimates obtained in Section 2, (3.10) and standard
techniques that we have the existence and uniqueness of solutions to (1.1)-(1.3).
Here, the proof essentially is the same as that of the classical Cahn-Hilliard equation
(see, e.g., [7], [15] and [21]). In particular, this allows to define the family of solution
operators

Sc(t): H 1) — H1(Q), ug +— u(t), t >0, ¢ >0,

which maps the initial datum onto the solution at time ¢. This family of operators
forms a continuous semigroup, i.e.,

x +— S(t)z is continuous, ¢ > 0,

Se(0) =1, Se(t+s) = Sc(t) o Se(s), t, s >0,

where I denotes the identity operator. Finally, we have

St): H Q) — HY(Q), t > 0.
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Setting now

Py ={ve HYQ), |[<v>|< M}, M>0,
it follows from the uniform estimates obtained in Section 2 that we have the dissi-
pative semigroup (still denoted by S(¢)) acting on the phase space @y,
Se(t) : (I)M — ‘I)M, t Z 0.

Finally, it follows, again from the uniform estimates obtained in Section 2 and
from standard results (see, e.g., [1], [14] and [21]), that we have the

Theorem 4.1. The semigroup S.(t) possesses the global attractor AM on the phase
space @y which is compact in L?(Q) and bounded in H'(£2).

Remark 4.1. We recall that the global attractor AM is the smallest (for the
inclusion) compact set of the phase space which is invariant by the flow (i.e.,
S()AM = AM vt > 0) and attracts all bounded sets of initial data as time
goes to infinity; it thus appears as a suitable object in view of the study of the
asymptotic behavior of the system.

5. Robust exponential attractors

We first recall the following result concerning the construction of a robust family
of exponential attractors for a discrete dynamical system (see [7]; see also [8], [10],
[11], [12] and [13] for generalizations):

Proposition 5.1. Let H and Hy be two Banach spaces such that the injection
Hy, C H is compact, B be a bounded subset of H and L. : B — B, € € [0, €],
€0 > 0, be a family of operators such that
a) For every x1, xo € B and every € € [0, €g],

| Lewt — Lexa||lm, < cllzy — z2llH,
where the constant c is independent of €.
b) For every € € [0, €], every i € N and every x € B,

|Liz — Liz|g < c'e,

where the constant c is independent of €.

Then, there exists a family M. C B, € € [0,¢0], such that M. is an exponential
attractor for the discrete dynamical system generated by L., i.e.,

(i) The set M. is compact in H and has finite fractal dimension in H,

dimp M, < c.

(i) The set M. is positively invariant,

LeMe C M.
(iii) The set M. attracts B exponentially fast,

disty (L'B, M,) < ce " ieN, ¢ >0,
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where disty denotes the Hausdorff semidistance between sets defined by
distg (A, B) = sup inf ||a — b|| 5.
H(A; B) aegbeBH P53
(iv) Furthermore, the family M. is Hélder continuous at e = 0,

distgym (Me, Mo) < cecl, ¢ €(0,1),

where distsym denotes the Hausdorff symmetric distance between sets defined by

distsym (A4, B) = max(dist g (A4, B), distg (B, A)).
Finally, all constants are independent of € and can be computed explicitly.
Based on Proposition 5.1, we can prove the

Theorem 5.1. For every ¢ € [0,¢], €0 > 0, the semigroup Sc(t) acting on Dy
possesses an exponential attractor MM on ®,; such that
1. The set MM has finite fractal dimension in H=1((2),

dimp MM < c.

2. The set MM is positively invariant by Sc(t),

Sct)MM c MM t>0.
3. The set MM attracts all bounded subsets of ® s exponentially fast, i.e., for every
bounded subset B of @y, there exists a constant ¢ = ¢(B) such that
disty;1(0)(Se(t) B, MM) < ce™t, £ >0, ¢ > 0.

4. The family of sets MM is Hélder continuous at 0,

distgym (MM, M) < ce’, ' € (0,1).
Furthermore, all constants are independent of € and can be computed explicitly.

Proof. We first note that, owing to the uniform estimates obtained in Section 2,
we have the existence of a uniform (with respect to €) absorbing set By C ®pr N
H'(Q), i.e., VB C @) bounded, Jty = to(B) > 0 independent of € € [0, o] such
that

S.(t)B C By, t > to, € € [0, €]-

It is thus sufficient to construct the exponential attractor M on By.
To do so, as usual (see [5]), we first construct exponential attractors for a proper
family of discrete semigroups and then pass to the continuous case.
It is easy to show that there exists ¢; > 0 independent of € € [0, €] such that
Se(t)Bo C Bp, t>t, e€ [0,60].

We then set

Le= S.(th)
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and consider the spaces H = H*(Q) and H; = L*(Q). It follows from (3.15) and
(3.31) that the assumptions of Proposition 5.1 are satisfied, hence the existence of
a robust family of exponential attractors MM:? for the discrete dynamical systems
generated by the operators L..

We finally set

MM = Ute[O,tl]Se(t)Méde'

To finish the proof, it suffices to prove that the mapping (¢,z) — Se(t)z is Holder
continuous on [0, ¢1] x B, uniformly with respect to € € [0, €] (see [5] and [7]). The
Holder (and, actually, Lipschitz) continuity with respect to x follows from (3.10).
To prove the Hélder continuity with respect to t, we note that

N t+s 811, 9 N
[Se(t + s)uo — Se(t)uollm < |s]( 55 -1 (e d7)
t

t+s
< CISlf(/t ([ullFr ) + I (w)]*)dr) =

and we easily conclude in view of the estimates obtained in Section 2.
O
As a consequence of this result, we have the

Corollary 5.1. The global attractor AM has finite fractal dimension in H~1(£2).
Indeed, an exponential attractor always contains the global attractor.

Remark 5.1. (i) The finite dimensionality means, roughly speaking, that, even
though the initial phase space is infinite dimensional, the reduced dynamics is, in
some proper sense, finite dimensional and can be described by a finite number of
parameters. We refer the reader to [1], [14] and [21] for more details and discussions
on this.

(ii) Proceeding as in [7], we can actually prove that all the above results hold for
the topology of L?(€2) instead of that of H~1(€).

Remark 5.2. (i) Here, we have the Holder continuity only at e = 0. However,
proceeding as in [8], we can construct a robust family of exponential attractors
which is Hélder continuous at every e € [0, €.

(ii) We can consider more general nonlinearities f, typically, polynomials of the
form

2p+1
f(s) = Z a;s", agpr1 >0, peN.
i=0

In that case, it is not difficult to adapt the estimates of Section 2. However, when
p > 2, we are not able to obtain Lipschitz type estimates as in Section 3, but
only Holder type ones (in particular, in the equivalent of (3.10)). Actually, here
the situation is similar to that in [13] for the Cahn-Hilliard equation with singular
potentials and the construction of a robust family of exponential attractors on @,
should be much more involved (see [13], Remark 6.2; one can nevertheless treat the
case when the average of the order parameter vanishes (we recall that, in that case,
the average of the order parameter is conserved)).



Cahn-Hilliard-Oono equation 535

References

[1]

2]
3]

[4]

[5]

[10]

[11]

[12]

[13]

[14]

A.V. Babin and M.I. Vishik, Attractors of evolution equations, North-Holland,
Amsterdam, 1992.

J.W. Cahn, On spinodal decomposition, Acta Metall., 9 (1961), 795-801.

J.W. Cahn and J.E. Hilliard, Free energy of a nonuniform system I. Interfacial
free energy, J. Chem. Phys., 28 (1958), 258-267.

L. Cherfils, A. Miranville and S. Zelik, The Cahn-Hilliard equation with loga-
rithmic potentials, Milan J. Math., to appear.

A. Eden, C. Foias, B. Nicolaenko and R. Temam, FEzponential attractors for

dissipative evolution equations, Research in Applied Mathematics, vol. 37, John-
Wiley, New York, 1994.

M. Efendiev, A. Miranville and S. Zelik, Ezponential attractors for a nonlinear
reaction-diffusion system in R, C. R. Acad. Sci. Paris Sér. I Math., 330 (2000),
713-718.

M. Efendiev, A. Miranville and S. Zelik, Exponential attractors for a singularly
perturbed Cahn-Hilliard system, Math. Nach., 272 (2004), 11-31.

M. Efendiev, A. Miranville and S. Zelik, Ezponential attractors and finite-
dimensional reduction for nonautonomous dynamical systems, Proc. Roy. Soc.
Edinburgh Sect. A, 13 (2005), 703-730.

C.M. Elliott, The Cahn-Hilliard model for the kinetics of phase separation,
Mathematical models for phase change problems, vol. 88, Edited by J.F. Ro-
drigues, International Series of Numerical Mathematics, Birkhduser, Basel,
1989.

P. Fabrie, C. Galusinski, A. Miranville and S. Zelik, Uniform exponential at-
tractors for a singularly perturbed damped wave equation, Discrete Contin. Dyn.

Syst., 10 (2004), 211-238.

S. Gatti, M. Grasselli, A. Miranville and V. Pata, A construction of a robust
family of exponential attractors, Proc. Amer. Math. Soc., 134 (2006), 117-127.

A. Miranville, V. Pata and S. Zelik, Ezponential attractors for singularly per-
turbed damped wave equations: a simple construction, Asymptot. Anal., 53

(2007), 1-12.

A. Miranville and S. Zelik, Robust exponential attractors for Cahn-Hilliard type
equations with singular potentials, Math. Methods Appl. Sci., 27 (2004), 545-
582.

A. Miranville and S. Zelik, Attractors for dissipative partial differential equa-
tions in bounded and unbounded domains, Handbook of Differential Equations,
Evolutionary Partial Differential Equations, vol. 4, Edited by C.M. Dafermos
and M. Pokorny, Elsevier, Amsterdam, 103-200, 2008.

B. Nicolaenko, B. Scheurer and R. Temam, Some global dynamical properties of
a class of pattern formation equations, Commun. Partial Diff. Eqns., 14 (1989),
245-297.

H. Gajewski and K. Zacharias, On a nonlocal phase separation model, J. Math.
Anal. Appl., 286 (2003), 11-31.



536

A. Miranville

[17]

18]

[19]

G. Giacomin and J.L. Lebowitz, Phase segregation dynamics in particle systems
with long range interaction I. Macroscopic limits, J. Statist. Phys., 87 (1997),
37-61.

G. Giacomin and J.L. Lebowitz, Phase segregation dynamics in particle systems
with long range interaction II. Interface motion, STAM J. Appl. Math., 58
(1998), 1707-1729.

A. Novick-Cohen, The Cahn-Hilliard equation, Handbook of Differential Equa-
tions, Fvolutionary Partial Differential Equations, vol. 4, Edited by C.M.
Dafermos and M. Pokorny, Elsevier, Amsterdam, 201-228, 2008.

Y. Oono and S. Puri, Computionally efficient modeling of ordering of quenched
phases, Phys. Rev. Letters, 58 (1987), 836-839.

R. Temam, Infinite-dimensional dynamical systems in mechanics and physics,
Second edition, Applied Mathematical Sciences, vol. 68, Springer-Verlag, New
York, 1997.

S. Villain-Guillot, Phases modulées et dynamique de Cahn-Hilliard, Habilita-
tion thesis,Université Bordeaux I, 2010.



