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ON THE LIMIT CYCLES OF A KIND OF
LIENARD SYSTEM WITH A NILPOTENT
CENTER UNDER PERTURBATIONS

Junmin Yang

Abstract In this paper, we study the number of limit cycles of a kind of
Liénard system with a nilpotent center under perturbations. Let L(m,n)
denote the maximal number of limit cycles of this Liénard system & = y —
eF(z),y = —g(z) near the origin, where m = degg,n = deg F. We obtain
some results on the lower bound of L(m,n) for m = 4,2 < n < 20, m = 5,
2<n<10,m=6,2<n<5and m=7,2 <n <4, where some results are
new.
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1. Introduction and main results
Consider the C*° near-Hamiltonian system
& =Hy+ep(x,y,e,0), §y=—Hy+eq(z,y,¢,9), (L.1)

where H(z,y),p(z,y,¢,9),q(x,y,¢e,d) are C* functions, € > 0 is small and § € D C
R™ is a vector parameter with D compact. For € = 0, system (1.1) becomes

i=H, y§=—H,. (1.2)

Suppose that system (1.2) has a nilpotent singular point at the origin. Then the
function H satisfies H;(0,0) = H,(0,0) =0 and

6(Hy, _Hw)
I(z,y)

Without loss of generality, we may suppose

d(H,, —H,) B
e (0,0) = 0.

(0,0) £0, det
H,,(0,0) =1, H,,(0,0) = H,,(0,0) =0,

which implies that the expansion of H(z,y) at the origin can be written as

1 .
H(z.y)= 59"+ Y hya'y’. (1.3)
i+723
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By the implicit function theorem there exists a unique C* function ¢(x) = O(x?)
such that Hy(z, p(x)) = 0 for |z| small. Then

10?H

H(wy) = H(w (@) + 557 @ @)y = () + O(ly — ¢(@) ).

Introduce
Hi(z) = H(z,p(x)) = Y hya'.
Jj=3
It is obvious that H(z,y) is definitely positive if there exists an even number k =
2m > 4 such that
hiy >0, h; =0, j<k. (1.4)

In this case, according to Han, Shu, Yang & Chian [2], the origin is called a nilpotent
center of order m — 1 of the system (1.2).

The equations H(x,y) = h define a family of clockwise periodic orbits Lj; near
the origin for 0 < h < 1 under (1.4). We have the following first order Melnikov
function

M(h,d) = f{ qdx — pdy
Lp

which plays an important role on the study of limit cycles.

On the limit cycle bifurcation of system (1.1) many works have been done if the
unperturbed system (1.2) has a nilpotent singular point. See Llibre & Zhang [3],
Li, Li, Llibre & Zhang [4], Han, Jiang & Zhu [1] and Jiang & Han [5] for different
cases.

For the cubic Hamiltonian system (1.2) with

1 A
H(Iay) = §y2 + Z hijzlij
3<ity<d

Jiang, Han & Zhu [1] gave a sufficient and necessary condition that the origin
is a nilpotent center. Then Han, Shu, Yang & Chian [2] provided a complete
classification for the nilpotent singular point.

To study the limit cycles bifurcated from the nilpotent center for general near-
Hamiltonian system, Han, Jiang & Zhu [1] obtained the following lemma.

Lemma 1.1. Let (1.4) hold with k = 2m (i.e., the origin is a nilpotent center of
order m — 1 ). Then there exists a C*° function N(v,d) such that

M(h,8) = h'2za N(hw,6).
Moreover, if (1.1) is analytic then so is N(v,d). Thus, if

N(v,0) = Z bi(6)v!

1>0

formally for |v| small then

M(h,8) = h'sn Y by(6)hm (1.5)

1>0

formally for 0 < h < 1.
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Consider a general Liénard system of the form

t=y—cF(z,a), (1.6)
y=—g(z,c),
where a € R™, c € R™, F and ¢ are C* functions satisfying
F(0,a) =0, g(z,c) = 2™ (g0 + O())
with m > 1 and go > 0. For (1.6) we have
1 x
Hloy) = 30+ Gla.0), Gl = [ glaond
0
and for h > 0 small
M(h,a,c) = F(z,a)dy = i Zbl a,c)hm. (1.7)

Ln 1>0
On the coefficients b; in (1.7) Su, Yang & Han [6] gave the following lemma.

Lemma 1.2. Consider (1.6) with m > 1. Let a(z,c) = —x + O(|z|?) satisfy
G(a(z,c),c) = G(z,c) and

F(a(z,c),a) — F(z,a) = Z Bi(a,c)x'. (1.8)

i>1

Then there exist constants Ny > 0,1 =0,1,--- , such that the coefficients by in (1.7)
satisfy

bo = B1 Ny,

by = Boi11Naiw1 + O(|B1, B3, Bs, - -+, By 1), 1> 1.

Then one can use the coeflicients Boji1,1 > 0 to study the limit cycles near the
origin. Further, [6] gave the following lemma.

Lemma 1.3. Consider the system (1.6), where the function F is linear in a € R™.
Let there exist integers k > 0 and n > 0, ap = (@10, ,an,,0) € R™ and ¢y € R™
such that

d(By, By, , Box_
Byjti(ag,c0) =0, =0,--- ,k—1, det (B1, Bs, 2k-1)

(ag,co) #0 (1.9)

day,- -, a)
and
B2(k+j)+1 = Lj(ak+1> s aanl)Aj (C)>j =0,---,n (1-10)
(a1, ak)=@(ak+1,"" ;aGnq,C)
with
Lj(ak+l,03"' ; Gny 0 )#07 j=0,--+,n, (1 11)
A]’(Co):O7j:07 . ,TL—]., An(CO) O, ’
and d(Lo, -+ A1)
det ——2 o —n-l 0, 1.12
¢ 6(017"' ,Cn) (CO) 7& ( )
where (ak+1, o+, Gy, C) is the unique solution of the linear equations Bajy1 =
0, j=0,---,k—114n (a,as, - ,a) for ¢ near co. Then for some (g,a,c) near

(O,ao,co), the system (1.6) has at least k + n limit cycles near the origin.
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As an application of Lemma 1.3, consider the following polynomial Liénard
system

it =y—ecF(x,a),
. 1.13
{ Y= _g(x7c)> ( )
where . .
F(z,a) = Zajxj, glz,c) = chxj, (1.14)
j=1 j=3
where a = (a1, a2, ,apn),c = (¢c3,¢4, - ,Cm) and c3 = 1.

Let L(m,n) denote the maximal number of limit cycles of the system (1.13) near
the origin. It was obtained in [6]

L(m,n) >2n—5, for m=n=3,4,5.

In this paper we will consider the limit cycles of system (1.13) under the cases
m=42<n<200m=52<n<100m=62<n<bandm=7,2<n<4.
Our main result is as follows.

Theorem 1.1. Let L(m,n) denote the mazimal number of limit cycles of the system
(1.13) near the origin for all possible F(x,a) and g(x,c) satisfying (1.14). We have

L(4,n) >n—1-[%], 2<n <20,
n—1, 2<n<A4d,

9, n=>5,6,7,
L(5,n) >

n—2, n=28§,9,

9, n = 10.

1, n=2,
L(6,n) > ¢ 3, n=3,

5, n=4,5>5.

1, n =2,
L(7,n) =

n+1, n=34.

2. Proof of the main result

(1) m = 4. In this case we know that

1 1
g(x,c) = 2> + caxt(cs £0), G(x,¢) = Zw‘l + 304:0".

Then by G(a(z,c),c) = G(z,c) in Lemma 1.2, we have

alz,e) = —x— %04332 — % cy’zd — % ezt — % cqtad — —3910245 cyP 2
224 6.7 38144 . 7.8 _ 258976 . 8.9 _ 1821408 . 9,10
625 ¢4 T T 73125 €4 T T 390625 ¢4 T T 1953125 4 T
_ 12927552 , 10,11 _ 93331136 , 11,12 _ 136035584 , 12,.13
9765625 4 18828125 “4 48828125 “4
_ 5008582144 , 13,14 _ 37165985792 , 14,15 _ 277796923392 . 15,.16
1220703125 “4 6103515625 30517578125
2089009203712 , 16,17 _ 15795692600832 , 17,.18
152587890625 4 762939453125
_120012697848832 , 18,19 _ 183160567243776 . 19,.20
3814697265625 4 3814697265625 4
1403128771414016 , 20,21 _ 431476464871424 , 21,22
19073486328125 4 3814697265625 4
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665548892643328 422 23 _ 643511472801038336 4235(524

3814697265625 r 2384185791015625 C
_24955133675252514816 , 24,.25 _ 194029589518732263424 251'26

59604644775390625 4 T 208023223876953125 ¢4

_302411310900137361408 26.1727 _11808288260297177759744 27£E28

_92397299064558060568576 ,, 28,29 _ 28972527208234266918912 295E30

298023223876953125  C4 7450580596923828125  C4

(2.1)

37252902984610140625 4 T 7450580596023828125  C4

_ 1137536840287038946148352 , 30,.31 _ 44734113476098209692516352 c 31x32

CL™ T

186264514923095703125 4656612873077392578125

_352365371585075328032833536 32 33+O( )

23283064365386962890625

In the following we give the proof of n = 20 and n = 5, other cases can be
proved similarly.
First, take n = 20. By (1.8), (1.14) and (2.1) we have

By
Bs
Bs
By

By

B3

Bis

By

Big

-2 ai,

—seaics® + 3 a204—2a3,

136 3 24
— %98 ares + 125 a2C4” — 55 azes® + & Cl4C4 —2as,
224 5 168 312 2
— 555 a1C4 —|— 3125 a2Cy 195 @3 04 —I— a 4C4 5 A5C4
1
+12 agey — 2ar,
_ 258076 (. 8 | 113536 7 36304 6 5 504 4
~ 390625 ¢ + 125 G2C4 15625 #3C4 +2 625 a4C4” — 755 A5C4
+?g§ a 043 — 12152 arcy® + E agcs — 2 ayg,
12927552 10 1108672 9 _ 349728 768 7192 6
9765625 41C4 " T 390625 a204 78125 #3C4° 1 135 A4Ca 25 @5C4
27696 5 1176 3 36 2
+ 3105 @6C4° — T55 A7 + 25 agcy” — 5 A9Cy +4aigeq —2&11,
136035584 12 287946368 11 _ 17999616 10 |, 4910208 9
48828125 M1Ca" " T Yggosion (24 1953125 #3C4 t S3gp505 444
_ 1227552 1431552 7 _ 312816 6, 12736 5 2376 4
78125 @504 ®+ 78125 46C4 5625 27C4° T TGa5 A8C4 125 49C4
2 264 24
+32 a19c4® — B ar1e4® + 2 aracs — 2 ass,
37165985792 14 15599332352 13 4844126464 12
6103515625 41C4 T Ta30703125 @2¢4 244140625 43C4
1316211456 11 _ 329052864 10 , 15441984 9 _ 17132192 8
+igsos125 34C4 9765625 45C4" T “390505 6C4 390625 47C4
3596288 7 710304 6 , 130384 5 21736 4
+ 78125 48C4 15625 a9c + 3725 410C4 “625 @11C4
+3112552 aracq® — % aizca® + 38 aiscy — 2ays,
2089009208712 , . 16 | 174266404864 (. 15 _ 53850873792 . 14
152587890625 6103515625 12C4 1220703125 43€4
2918762496 13 _ 729690624 12 | 4297190784 11 192524416 10
+igsos105 24C4 9765625 @5C4” " T “iggasizs 46C4 1953125 47C4
41138432 9 _ 8375328 8 |, 1616512 7 1464848 6
+ 300625 48C4 78125 49C4° t Tipgo5 @10C4 15620 a11¢4
49056 5 7384 952 3 96
+35892% a19¢4” — B arzeq + T2 anaes® — L arses® +3 5 aieCs — 2a17,
_ 120012697848832 . 18 | 9963623271424 . 17 _ 3068349694464 . 16
3814697265625 14 152587890625 2¢4 30517578125 3¢4
820687652352 15 _ 207421913088 14 | 244977312768 13
+ 6103515625 44C4 1220703125 #5C4° T 350703125 46C4
55234629632 12 | 11040408832 11 _ 2477162304 10
244140625 47C4 " 1 “isgosios  48C4 9765625 19C4
19692224 9 _ 93307808 8 |, 16737024 7 _ 2807168 6
+ 78125 @10C4 390625 011C4° + “7gi95  A12C4 15625 13C4
431984 5 11832 6848 3 612 2 | 36
+ 5195 A14C4° — 5" A seat + Ton 016C4° — 55 a17¢4” + 2 a18¢4 — 2 ayo,
__1403128771414016 . 20 | 580236532103168 ; . 19 _ 178182652168102 . 18
19073486328125 “1 3814697265625 2¢4 762939453125 3¢4
| 48104537622528 . 17 _ 12026134405632 16 | 2846523756544 15
152587890625 14C4 30517578125 6103515625
644824505344 14 | 2810850092 , . 13 _ 29534159616 ;. 12
1220703125 48828125 8C4 48828125 19t4
5983173248 11 1166122496 10 | 217789824 o _ 38733344 8
+ 9765625 410C4 1053125 (11C4 T T5g0505  12C4 78125 13C4
1299712 7 1014384 6 | 144256 5 18088 4
+ 5125 A14C4 3105 15C4° + Tgo5 - A16C4 125 d17€4
1 152
+1890 a15¢4® — 122 ag9cs® + 8 agocy,
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Byy — —005548892643328 \ . 22 | 274374309736704 , . 21 _ 10508132318201856 ;. 20
23 = 3814697265625 762939453125 1204 190073486328125 3¢4
4 2833337563222016 , . 19 _ 708334300805504 (, . 18 | 167923824288768 (. 17
3814697265625 4¢4 762939453125 152587890625 6¢4
3875735374336 (. 16 | 8371410911232 . . 15 _ 1775695454208 . 14
30517578125 4 6103515625 8¢4 1220703125 “9¢4
364634545152 13 _ 362188876544 12 | 69463980288 11
+odat40625 . 10C4 T — Toqaia0ees M11€aT T+ 48828125 a12¢4
12816549824 10 | 452606784 9 _ 75909408 , 59824128 7
9765625 13C4 " T 390625 114C4 78125 ® + 78125 4164
_sggggz a1-ca8 + 11351221544 a18¢4® — 064 a19ca® + 23; a200437
Bgs — — 24955133675252514816 (\ . 24 | 10261434188811075584 o3
25 — 59604644775390625 11920928955078125 *2¢4
_ 3138106666361327616 , . 22 | 845268085861801984 , . 21
2384185791015625 3 42 476837158203125 “4¢4
_211317021465450496 20 4 50159541565876224 19
95367431640625 19073486328125
_ 11435196777324544 . 18 | 2519409019670528 ;. 17
3814697265625 762939453125 8C4
_ 107640508137984 , . 16 4 111638206615552 , . 15 _ 22488072037376 , . 14
30517578125 30517578125 10¢4 6103515625 1164
4394805270528 13 831570102272 12 | 151869033344 11
+ 220703125 12€4 7 — Toga1a0625  @13C4° " T T iggosios  14C4
26651213184 10 | 4466604544 9 141784352 8
— 765625 415Ca T Tgp31o5  A16C4” — T igias  A17C4
+10?g§3204 argcs” — 14{4506922596 a19¢4® + 17371227568 a20C4”,
B — - 302411310900137361408 . 26 | 620406084640747094016 ., . 25
27 208023223876953125 1 208023223876953125 2¢4
_ 7577320656023683072 ., 24 | 16314066686312448 . 23
2384185791015625 3814697265625 4C4
_ 4078516671578112 , . 22 | 24227316616687616 . 21
762939453125 3814697265625 6C4
_ 138393056841209856 . 20 | 30605263385370624 (. 19
19073486328125 3814697265625 8C4
_ 6574451908471808 . 18 | 274879398530048 , . 17 _ 279792781869568 ; . 16
762939453125 30517578125 10¢4 30517578125 1164
55450729193472 15 _ 10686665213952 14 | 1998979003392 13
+ 6103515625 412€4° — Tigo0703125  A13C47 T Togiqa0605 | 414C4
361902168576 . 12 | 315862744064 ; . 11 _ 52889021504 , . 10
48828125 15¢4 48828125 16¢4 9765625 17¢4
1687445696 9 254131232 8 | 35684096 7
+ 390625 18C4 78125 19C4” T TH5go5 G20C4”,
Byg — —92397209064558060568576 , . 28 | 37841114300012374654976 ,, . 27
29 — 37252902984619140625 7450580596923828125 264
_ 11538045248030397825024 . . 26 | 620641043054888615936 , . 25
1490116119384765625 59604644775390625 4¢4
_ 155160260763722153984 , . 24 | 184493985171834372006 , . 23
11920928955078125 11920928955078125 6C4
_ 42233469435360074688 ., 22 | 93G83T4886882787328 . 21
2384185791015625 7 476837158203125 8¢4
_ 2021508664003086336 , . 20 | 85046180314273792 . 19
95367431640625 3814697265625 10¢4
_ 87287551142516736 , . 18 | 17487682730194944 . 17
3814697265625 762939453125 12C4
_ 683544835138048 . 16 | 650822544576512 , . 15 _ 2410773620952 , . 14
30517578125 13¢4 30517578125 14¢4 1220703125 15¢4
21659103485952 13 _ 3763218324736 12 | 629501678208 11
+ 220703125 M6C4 " — T oiaid0605  A17€4 Tt Tigsagios  418C4
100809177344 10 | 3068264064 9
— 0765625 M9C4 + Tag56a5 G204,
B, — - 1137536840287038046148352 , . 30 4 465131421991786886201344 . 29
31 186264514923095703125 37252902984619140625 2C4
_ 141671156169823189204992 , ., 28 | 7615334281263383314432 / . 27
7450580596923828125 4 298023223876953125 4C4
_ 1903833570315845828608 , ., 26  11326916086330132463616 ,\ . 25
59604644775390625 298023223876953125 6C4
_ 103877331116113035264 . 24 | 184807437854434304 . 23
2384185791015625 3814697265625 8C4
_ 40025292119138304 . 22 | 8462181818667008 ( . 21
762939453125 152587890625 10¢4
_1092940030235682816 , . 20  220866561851240448 . 19
19073486328125 4 3814697265625 1264
_ 43642453830636544 . 18 | 1685303041694464 . 17
762939453125 30517578125 144
_317593943407104 ., 16 | 291581804623232 , . 15 _ 52050414178304 . 14
6103515625 15C4 6103515625 16¢4 1220703125 1764
9006676540416 13 _ 301016845568 12 | 241739635456 iy
+ oqata0625  @18C4 T — T gzgngas  19C4 T T T grgreos  420C4
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B, — - 352365371585075328032833536 (, , 32 | 143878024525133549354876928 . 31
33 = 23283064365386962890625 4 4656612873077392578125 264
__ 43779577882150409432727552 , . 30 4 2352059979231898488537088 , (. 29
031322574615478515625 37252902984619140625 4¢4
_ 588014994807974622134272 , ., 28 | 700111130483531584765952 , ., 27
7450580596923828125 5¢4 7450580596923828125 64
_ 160727139091616048480256 , . 26 | 7164025192513357479936 . 25
1490116119384765625 59604644775390625 8¢4
_ 311275090338504373632 . 24 | 330438401314401091584 . 23
2384185791015625 2384185791015625 10¢4
_ 343311710976556978176 , . 22 4 69869012750607654912 ) . 21
2384185791015625 11 476837158203125 1264
_ 13928929670192183206 (, . 20 | 543856209808333184 - 19
05367431640625 13 3814697265625 1464
_ 103898027137191936 , . 18 | 97004709023490048 ,, . 17
762939453125 15¢4 762939453125 16¢4
_ 3535500487475712 . 16  3137449148977152 . 15
30517578125 17¢4 30517578125 18¢4
_ 108185148060672 (, . 14 | 18060313430016 ,, . 13
1220703125 1964 244140625 2004 -
(2.2)
We find that there exists a point
* * * * * * * * *
ag = ((1,1, trt,Qy,05,06,0 00 ,Q9,A10,A77,° " 5, Q14,A15Q16, A7, A18, A19, CLQO)
with
a* _ 0 a* _ 3814697265625 —5(120-‘1—(11904 a _ 762939453125 =5 a20+a1904
1= %l = 2756434688 cyl 3= 1378217344 cal?
P 5 —457763671875 a20+91552734375 a19c4+689108672 asca’
4 7 2756434688 cq16 ’
a* __ _ 1505126953125 —5asptaigcy a _ 3625732421875 —5 a20+a1904
6 — 172277168 cq1 (o 344554336 cq13
= 25 —402021484375 az0+80404296875 a19ca+24611024 ajgcy '°
8 — 393776384 ci12 )
k= 5 172277168 a10c4 *°—4063876953125 a204-812775390625 a19cy
9 — 344554336 ca 1T )
@t — _ 27753515625 —5az0+aecs
1 = 3076378 cg? )
at. — 125 —53918758125 a19cs+269593790625 az0+21534646 ascs
12 =~ 1378217344 €48 )
ata = 25 —6074646875 az0+9229134 a15¢4°+1214929375 aj9ca
13 =~ 29222048 ca’ )
. = 5 —89568078125 az0+64603938 a15¢4°+17913615625 a1gcy
14 — 86138584 48 ’
@ = — 125 —29223012550 a20+5833835187 a1gca
16 — T 2756434688 cat )
@ — 25 —3800137350 a20+749260147a1904
17 = 172277168 c43
. — — 15 —11183750 a20+1865463a19¢:4
18 = 7 2970296 ca2
such that Bj(ag) = Bs(ag) = -+ = Bag(ag) = 0 and
_ 27072733952 11
Bs1(a0) = — Tizms5850375 (—D 20 + @19C4) Ca™
___ 31467352767172608 [ __ 13
Bss(a0) = — G57iss21169091875 (D G20 T G19C4) C4™".
Note that
9(B1,B3,Bs,::+ ,Bag)
(iet 8(a17”'7a47a61“',agyally”'7a147a167a171a18)( 0)

_1394436119043895772653751208385286306111661723029386247012352 , 84
10339757656912845935892608650874535669572651386260986328125

Then by Lemma 1.3, for some (¢, a) near (0, ap), the system (1.13) has 15 limit
cycles if asg # —% a9 and cq4 # 0.
Next, we consider the case of n = 5. In this case, (2.2) holds with ag = a7 =
- = ago = 0. We can find ag = (a}, a3, a}, aq, as) with
25 4(1404—5&5 54&464—5@5

* * *
MEN LT TR T s BT
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such that Bi(ag) = Bs(ag) = Bs(ag) = 0 and
44 4 2672 , 4

Br(ag) = %ci(% - 304a4), Byg(ag) = ﬁq(ag, - 504(14).
Suppose a5 # %04114, ¢y # 0. Note that
0(Bi, Bs, Bs) 96
det —————=~ = ——
¢ d(a1,a9,as,) (a0) 125 “

Then by Lemma 1.3, it is easy to see that for some (g, a) near (0, ag), the system
(1.13) has 3 limit cycles near the origin.
(2) m =5.

Now we have

g(z,¢) = 23 + cya* + cxa®
and 1 1 1
G(z,c) = Zz4 + 304555 + 605x6.
By Lemma 1.2, let
a(z,c) = —z+ Z ot (2.3)
i>2

satisfying G(«(z,c),c¢) = G(z,c). Then using Maple 13 we easily get

Qo = —%047 Q3 = —% 642, Qy = 12285 C4 —|— C5C4, a5 = —%C 4 + %65(}42,
ag = 3910245 e’ + % caes — %Cs Cq, Q7 = *% 4 + 2%? cates — §§ cs?es?,
ag = _ig%gg 4"+ 291317152 4505 - 785 eseq® + 765304’
Gy = JBI0c s — M cytes? 4 §este,? - B0 o,
cno = W c/Te; — B2 ¢ + 0 eites” — 2egley — SIS 0,0,
oy = 110157511887058 ciBes — 31051652054 c4bcs + 352 cates® — ? 2 esle,? — 192796257652552 10
o1p = S %, — B T2 ¢ B e — T e
Sl + ot
oz = 6225249261857054 e 0cs — 5%2?3?8 B2 + 4§ggg4 T 1§?§4 csteg?
_‘_7 55y — 14386802385152854 212
1o = et + SRR s — I 0,7 4 0L et
S0 e S o3 — SRR 0,15,
s = 1 e+ ML o130 — TN o007 1 A o5
73?’;2;26 estesS + % 5Byt — 367110635591855672952 4
an = —10E08 o503 4. MUY 13, SISO 11,
+ TR0 e — SIE oot + MR os%c,” — SO o0
+2 5 cy,
oy = et s S e s - R o
+12§§23323292 e 0cs3 — 2219516726564 8e-4 4 1113526528588 c48¢s® + 057042
2089009203712 ., 16
152587890625 “4
ars = — gt ca®es® + EEE e ca'Pes — B iihrtan - 40 Cs”
+ o s - o'l es® — 0STEREER eaest + MR e es®
+2 ea’es” — Hinaeisatas. Ca — 3 esca,
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44 2 182 1
_ _ 86688 86 4 + 6208 08 57044+ 82608797810688 . 16

Q19 = 46875 457763671875 4 C5
_ 7377060235264 , 14C 4 2275528493056 , 12, 3 _ 5684973868288 ., 10 4
3662109375 4 ©5 439453125 ¢4 5 791015625 4 5
4+ 6173649152 | 5. 8 _ 36 . 8, 2 _ 120012697848832 , 18
1171875 5 4 5 5 ¢4 3814697265625 4 -

(2.4)
In the following we give the proof of n = 10 and n = 4, other cases can be proved
similarly.

First, take n = 10. By (1.8), (1.14) and (2.4) we can give the formulas of
By, B3, -+, Big using Maple 13. Here we only present the formulas of By, B3, -+ , B11
since the formulas of Bi3, Bys, B17, B1g are too long. As an appendix, we give the
programs written by Maple 13 by which we can compute B;,1 < i < n. For the
formulas of By, Bs,- -, B11, we have

By = —2ay,
By = —scaics® 4 2 ases — 2as,
By = Ggg alc4 + 25 alch4 + 125 a2643 - é a2C5C4 — % a3042 + %a404 —2as,
Br = —222a¢,5+ M2 arestes — 2§ aics®es? + 70 azes® — ¥8 ageqdes
+* (ZQC5204 — igg CL304 + = 036564 + 5E CL4C43 - §Q4C5C4 — % a5042
+2 ages — 2ar,
By = B mafe ~ Racte? + fneted ~ B ot + W e
—598387654 a204 Cs + a265 643 - %a2653€4 - i’gggé a3C46 + ﬁ a3C4 Cs
12058 ascs2eq® + 2602156 aqcq4® — % ascqdes + & a4c5204 — ‘;’gé asca®
+% a5csc4 + fgg a6043 — 1—52 agCsCq — 252 a 04 —|— = CLgC4 — 2ag,

By = Bases" — 22 as5e4% + daroes — B agey® + 258 a6645 — L1 greyt
+22254 agcs® — 1927962576 2552 areat0 + 1319008662752 ascs® — 37489172258 a3cs® — L56 agCsCy
*3283544387458 ases"cs — 2393??2 ases®cs + 5 375 2 aseqtes — 752 azes’cs’
+217356 ascs2esd + 110157511887058 aycaBes — 310516520; arcsSes? + 352 aycates’

5 arcstes® + % ascs®es? + %a205464 - “9’13205L azcq*cs?
+31355612054 a3Cq C5 + @ 03053042 - %0405364 - %8 a5C52642 2112258 a604305
—l—% a605 Cy —|— a7c5C42.
(2.5)
We can find ag = (af,- - ,ai,as, a¥, as, af, ay) with
a; = 0, a5 = 718715(000 (6 cy? =25 05) ascs, aj = % (6 cy? — 25 05) agcsC4,
aj = 52+ 53 (9000000 ¢s6¢s + 63500000 cqtes® — 133750000 c5°cq”
478125000 054) ,
aj = Bgets 4 89 (64400000 cs*cs? — 141250000 c5cs® + 93750000 ¢5*
—9000000 046(:5) ,

ap = 800cca0s (13896 ¢4% — 99900 ¢y’ cs + 218750 c5%cy® — 140625 ¢5%)
aj = 3495 (—608400 csBcs — 27250000 ¢4 c5® + 49218750 c5% ¢y
+6244000 c4%¢5% + 26784 410 — 29296875 ¢5°)
ajp = 352 (1962000 cs®c5? + 25550000 c45¢53 + 246093750 c5° ¢y
—136250000 c5*cs* — 1205280 ¢4'%c5 4 107136 ¢4 12 — 146484375 ¢5°)
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and

K = 26784 C410 + 1694160 64805 — 3006000 C46652 — 43075000 644053

+138281250 c5*c4? — 99609375 cs?,
such that
By (ag) = Bs(ag) = - - = By3(aog) = Bis(ao) =0,
and
By7(ag) = LoAo, Big(ag) = L1Aq,

where

7424 _ 512

Lo = 703125“8’ L1 = 1554657598,

Ay = L (1630368 4" — 28177200 ¢48¢5 + 190890000 ¢46 52
—630375000 c4*e5® 4 1007031250 ¢5*cs® — 615234375 ¢57) ¢4 s,

A = L (3248105184 ¢,'2 — 57821020560 ¢4 05 + 409264930800 c45¢5>
—1450804725000 ¢45¢5? + 2644761843750 ¢5*ca® — 2234995703125 ¢5%¢,>
+607851562500 ¢56) ¢47cs.

It is obvious that Ly # 0, L; # 0 if ag # 0. Further, from the equation Ag = 0 in
cs, we get its real roots

(1) _ 2 (361 /15 (2) _ 2 (36 4
Cs —?(63+63 71)047 Cs —ﬁ(T_§
2

) = (— /2443 + 2/369031 —

VT15) ¢4

_ 4
V/2443+2 m 15
Take ¢o = (c4, cgl))7 we obtain

273792 ¢4 (599731061 v/715 + 16008764624)

A1(cg) = —
1(eo) 875 76643019625 + 3138338158 /715

if ¢4 # 0. We also have

9(B1,B3, - ,Bis)
det d(a1,a2,a3,04,a5,a7,a9,a10) (ao’ CO)

- 12678203235159803232162801461595884837890625 % (361 T4y 715)
- (211591560419 v/715 + 5539561626845) ,

det 22580 (. co)

— (166598790187063222956553731571712 4 31151836430727728558598107693056 715) c 37
- 72378769244693625 361893846223468125 4

Then by Lemma 1.3 there exist 9 limit cycles for some (g, a,c) near (0,ag,cy) for
system (1.13) if ag # 0 and ¢4 # 0.

Next, take n = 4. Now (2.5) holds with a5 = ag = ay = --- = a19 = 0. Suppose
¢4 # 0. Then we can find ag = (a}, a3, a3, a}) with

as (6 ¢4 — 25¢5)
20 Cyq

* * *
a; =0, a5=_— =
1 ’ 2 2047 ay =

such that Bj(ag) = Bs(ag) = Bs(ag) = 0 and

Br(ao) = 33104”3 (2250421 - %05) )
Bg(ao) 61265 Cl3042 (%Ci - %05) (167 642 — 150 05) .
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We also have

By, B3, B 4
det@( 1,3, 5)((10):—67C42.

d(a1,az,a4)

By Lemma 1.3 there exist 3 limit cycles for some (e, a) near (0, ag) for system

(1.13) if ag # 0,¢5 # =c3 and ¢4 # 0.
(3)ym=6and m=7
First, take m = 7. We have

3 4 5 6 7
g(z,¢) = x° + cqx™ + c52° + cgx” + crz’,
and

1 1 1 1 1
G(z,c) = Zx4 + 504375 + 605906 + ?06x7 + écws.

Using Maple 13 we easily get the coefficients «; in (2.3) as follows.

ay = —Zcga3=—g i oy =2+ Zesey — 2,
a5 = *% et + ;ﬁ csca® — ;ﬁ C6Ca,s
s = —2obcs® + 3B cses® — 122 cgea® — 2 esPes + 2ose + 2erey,,
oy = ég C7C4 + 3 35 C4C5Cq + g%g 05644 g?g 06643 gé 652642 — %9 66
_% 6467
ag = ?%g ca®escq — %0'0704 + 29131752 ca®cs — 867858 cates — 17854 ca®cs’
%gg 84367 — %Zg 8406 + £ 85364 - %05 Ce + 7 C7C6 — % C 7,
o = YBecseos Bifeces e - ool + Hae
ZS cacg® + 8 65 c4® + 19 6506 - 1*52 eserey® — 7 cycsies + 2 = C4C7C6
258976 . 8
T 390625 ¢4
a = 327612152 cscsbos — 137054 es2cqcs + ggs cscelcs — 2347352 cresdes + % eres
+g cs’ereq — % C5C7C6 + 123324737745L cales — ?33%% cs’c — 995307752 cs’es”
7268162556 ce2cad 4 ? esBes® + 130182556 creg® — %05404 + §c5306

2 1821408 . 9 _ 12 . 3
5 cr’ey 1953125 €4 19 C67»

_ 613696 . 5 13056 . 2 2 1792 3936 . 3
11 = 21875 C4 C5Cq + 1225 C4"C5C6" — 125 C4 C5C7 — 175 C47Cs 66 +
9 . 3 144 2.2, 10551808 . 8,. _ 4337152
+35 C57CaCe + C5 Ca™Cr 35 + c5coerey + 1171875 C4 €5 — 546875
301504 2, 3552 . 6 60112 352 4.3 2384 . 3
~ 15625 © Ocs? + 625 C4 €7 — G125 ¢4 teg? + €4 C5" — T715 C6 C4
12 4.2 36 .2.2 36 2 12027552 . 10
5 C5 C4 19 ©5 7 Co 25 cr’ed® + 3 49 €7Ce 9765625 C4

(2.6)

In the following we only give the proof of n = 4 since other cases can be proved

similarly.

By (1.8), (1.14) and (2.6) we can give the formulas of By, Bs,---, Bj; using
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Maple 13.
Bl = _2a1a
4
B; = —3 a1c4? +7a204 2ag,
_ 136 2 72 3 4 4
Bs = 625 a c4 —|— a10504 — % a1cgCq + 195 32C4” — 5 G2C5C4 + 7 (2Ce
25 azes® + 3 G4C4,
_ 16 _ 992 3 _ 24
B = 3 a1C7C4 +3 35 a1c4¢56 + 2 37r aycseq® — %75 31C6C4 20 arcsies®
_ 8 2 224 2576 5 _ 176 2
49 aiCe 625 alc4 + 3125 a2Cy 75 a2C5C4 + 175 a2C6Cy
4 2 4 4 168 12
+* aoC5"Cyq — 7 a2C5Ce — g a2C7Cq — 125 (1364 + (13C5C4 -7 a3CaCq
48 38
+ 35 @4C4” — 7 A4C5C4 + 8 7 a4067
_ 3424 3 12 12 2 8 2
By = 525 A1€47C5C6 — 5 a105C704% — % 1C4C5°Ce + 7 A1C4C7C6 — 175 a2C4~C5Cq
8 144 _ 258976 8 | 113536 7 | 55104 6
+ A2C5C7C4 + 35 a3€4C5C6 — 390625 M1C4 + Tgign A204” + 15625 a1€4°Cs
67 5 376 256 4 96 3
21875 a1€4°Ce — ¢ arestes® + 195 01C4 CT — 49 arcs®ce® + £ £ 1C5 %
2 58864 4624 3 392 3
+@ @1C5C6~ — 9375 a204 Cs —|— 875 a204 ce + —a204 05 — 135 Q2c4”Cy
456 4 4 4
545 a26486 -3 a205 Cyq + 2 7 G2C5 06 — 7 a2C7Ce +1 5 CL385C4
72 2 5424 3 _ 108 2.2 2816 2
+% a3C7C4” — goz A3CeC4°~ — Hp A3C57C4 e a4c5C4 + a4cﬁc4
8 2 8 8 36 2 36304 2016 5
+*(L4C5 Cq4 — 70446506 - ga4c7c4 49 aszce” — 15625 a304 + 625 aqcq”,
_ 144 13056 2 2 _ 1792 4 613696 5
By = 35 01C5C6C7C4 + 1225 ajcq4csCe” — ﬁalc4 C5C7+ 51875 41C4°C5C6
3 2.2 3936 3 3
+*a105 C4C6 + fal% C4"Cr — Fm5 @1C47°Cs 2co + 8 7 a1C4”°C7C6
_ 36 4192 3 252 3184
% a3C4Cs 2c6 + o5 3C4°C5C6 — S5 agcscres® + 175 ascs®cs’cq
1696 2 19952 4 12
245 a9C5Cg"Cq — 595 (IQC5C4 Cg — ? a205 C7Cy + = CLQC5C766
6016 3 1608 3776 2
+ 55 375 aAgC7Cy~C5 — 75 a20704 ce + *a3046706 75 a4C4”C5Cq
16 1108672 200 3 _ 12927552 10 _ 349728 8
+35 ascserca + Baneas a2ca’ + 553 ance® — Frr a1ea'’ — TG asey
768 7 219232 10551808 8 . _ 4337152 7
+ 125 a4ca 9375 ases®cs + irgrs a164%¢s — Figge a1¢4’ Co
_ 301504 3552 6. _ 60112 352 3
Thoas, a1ca®cs” + 2 areq®er — P2 areates® + 25 arcs’es
2384 3 12 4.2 36 2.2 36 2
— 1715 A1C6°C4 — F A1C5°C4" — 30105 Ce” — %&1(37 C4 + @a16706
1554304 6 3854848 259264 2.3
+ Toos75 @2€4 C6 — “3g375 124 Tes + 9375 4205 Zes + a206 €4
992 3,3 _ 5904 4 4
5 A2C5°C4 6285 ascres® + 3 5 U2C5 C4 — 761205 06 + 0207 C4
335104 6, _ 56496 . . 5. _ 3304 4 4
+ 35625 a304 05 3125 @3C4°C 125 asestes® + 5 125 azCq C7
_ 1728 168 16736 4
175 43C4 c 24 agc5 04 + 7 a305c6 + s75 14C4”Co
7136 3 48 1328 8 2
+ 575 G4C4 52 — 5 04Cq Ser + 545 ascqce? — 5 4Cs 3eq + 7a465 Cé
8
-7 a4C7Cq.
(2.7)
Suppose ¢4 # 0. We can obtain ag = (af, az, a3, a}) with
20 ot ga264 o= 1 as (42 cs® — 175 c5eq4 + 125 Cﬁ) 2.8)
R A 1 cs
such that Bi(ag) = Bs(ag) = Bs(ag) and
4 4 4
Br(ao) = e 0200, Bo(ao) = oo 0241, Bi1(a0) = ————orr—02As
(a0) = 459375¢4 ’ )= 1148437504 ( 401953125(:4 ’
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where

Ay = 646845 — 26950 c5ca® + 42000 cgeq® + 65625 cacscq
—91875 creq® — 46875 cg2,

A1 = —1640625 cacs?cg + 350000 ca®cscg + 2296875 cxrcy?
—1989400 ¢4%¢5 + 2761500 c4°cg + 1470000 452
—5145000 c4*c7 — 1406250 c4%c6? + 392784 ¢4® + 1171875 c5c62,

Ay = —410497500 c4°csc6 + 420000000 c42csc62 4+ 686000000 c4teser
—80390625 c52c4%cr — 241937500 c43c52c — 372093750 c4>cres
+57421875 ¢53cace + 80390625 c72c4? + 98175000 ¢4 cg?
+312130000 c4%¢52 — 401310000 c4%¢7 — 135937500 ¢3¢y
—83606250 c4tcs® + 250194000 ¢47cg — 200023880 c48c5
+31182816 ¢4 10 — 41015625 c52c62 + 41015625 c7cg?
—bT7421875 c5cecrey.

Next, let Ag = 0. We can solve

3 2156 4% — 15625 c? + 14000 ceq® — 30625 crey?

“ =175 ca (=375 ¢ + 154 ¢1%)
if cg # %cﬁ. Substituting c5 into A, we obtain
341250c} ~
Al = - 4 1

(=375 ¢ + 154 ¢43)?
where

Ay = 656250 ce2cr + 232750 cy3cres — 237500 cace® — 15400 cadeg?
+15092 64667 — 643125 642672.

Further, let A; = 0, i.e. A =0. We get

2
1 _50c @) _ 44 4, 38
AT L T R T
Now, we have ¢5 = 17%5 28ca’+125¢5 — ct. Take ¢ = (cg,cg)). Then, it is easy to

Cq4
see that Bj(ag,co) = Bs(ag,co) = Bs(ag,co) = Br(ag,co) = Bg(ag,co) = 0. We
also can obtain
Bii(ag, co) = —% (7 cs® 4125 Cs) azcs®,
B13(CLO,CQ) = —% (7643 + 125 66) (28 C43 - 566) CLQC45
and

9(B1,B3,B5) _ 32
det Darasas) (a0, co) = = ¢,

B0 (4, cy) = 8360625006} (7 " + 125 o).

Then, by Lemma 1.3 there exist 5 limit cycles of system (1.13) for some (g,a,c)
near (0, ag,cp) if cg # %ci,cﬁ + —&ci,agq # 0.
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When m = 6,n = 4, (2.6) and (2.7) hold with ¢; = 0. By the similar way, we
can find ag = (a}, a3, a}) such that By(ag) = Bs(ao) = Bs(ap) = 0 and

4 4

Ba(ag) = ———ayAy,  Bolag) = —
7(ao) 280, By(ao) = Tyerams—a

— A
459375¢, 250

where a}, a%, a} satisfying (2.8) and

Ag = 6468 cs% — 26950 c5ca® + 42000 coea® + 65625 cacseg — 46875 cg2,
A1 = 1470000 644052 — 1640625 0465266 + 350000 6430506 + 1171875 65662
+392784 ¢48 + 2761500 c4°cg — 1989400 c48¢5 — 1406250 c4?c>.

Further, suppose cg # %cﬁ, then we can find ¢g = (cf, ¢§) with
, 54, ., 154
i =-—c g =— c
ST oars Tt 6T a3t

such that Br(ag,co) = By(ag, o) = 0 and

1088
B = — 9,
11(a0, o) = Frypga7s 0264
Note that
0(B1, Bs, Bs) 32 0(Ag, Ay) 9
det ——M——~ = — —_—r = —334425000¢4”.
€ 8(&1,@3,@4) (a0700) 5 Cy4, 8(05706) (ao,Co) Cyq

Then, by Lemma 1.3 there exist 5 limit cycles of system (1.13) for some (g,a,c)
near (0, ao, co) if ¢ # 322 ¢4, azcq # 0.
This ends the proof.
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Appendix

the program to compute «;, (1 < i < n) in (2.3):

restart:with(LinearAlgebra) :n:=19:Alph:=-x:
for i from 2 to n do
Alph:=Alph+alphal[i]*x"i:

od:
G:=1/4*x"4+1/5*c[4] *x"5+1/6%c[5]*x"6;
GA:=subs (x=Alph,G):
templ:=GA-G:

for i from 5 to n+3 do

tem[i] :=coeff (templ,x,i):
alpha[i-3]:=solve(tem[i] ,alphali-3]):
print(i-3,alphal[i-3]):

od:save alpha,"alpha.m":
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the program to compute B;, (1 <i < n)in (1.8):

restart:with(LinearAlgebra) :n:=19:read "alpha.m":
for i from 11 to n do
ali]:=0:

od:

F:=0:
for i from 1 to n do
F:=F+al[i]l*x"i:

od:

Alph:=-x:
for i from 2 to n do
Alph:=Alph+alpha[i]*x"i:

od:

temp:=subs (x=Alph,F)-F:

for i from 1 to n do

B[i] :=simplify(coeff (temp,x,i)):
print(i,B[il):

od:
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