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ON THE NUMBER OF LIMIT CYCLES BY
PERTURBING A PIECEWISE SMOOTH
HAMILTON SYSTEM WITH TWO STRAIGHT
LINES OF SEPARATION*

Jihua Yangh'

Abstract This paper deals with the problem of limit cycle bifurcations for
a piecewise smooth Hamilton system with two straight lines of separation.
By analyzing the obtained first order Melnikov function, we give upper and
lower bounds of the number of limit cycles bifurcating from the period annulus
between the origin and the generalized homoclinic loop. It is found that the
first order Melnikov function is more complicated than in the case with one
straight line of separation and more limit cycles can be bifurcated.
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moclinic loop, Melnikov function.
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1. Introduction and main results

Since the non-smooth phenomena exist widely in various practical applications and
natural fields, such as automatic control, neural network, electrical engineering,
economics, ecosystem, a big interest has appeared for studying bifurcation theory,
especially bifurcation of limit cycles for planar piecewise smooth differential systems.

As pointed out by Kukucka [13], it is usually a nontrivial task to extend the bi-
furcation theory of smooth differential systems to non-smooth differential systems.
So in recent years, the bifurcation of limit cycles for non-smooth differential systems
with a straight line of separation has been investigated intensively and many inno-
vative methods have been established. The Melnikov function method was extended
to piecewise smooth differential system in [9,17]. In [17], Liu and Han derived the
first order Melnikov function for planar piecewise smooth Hamilton systems which
can be used to study the number of limit cycles for these systems. By using the
Melnikov function method, Liang, Han and Romanovski [15] studied the number
of limit cycles by perturbing a piecewise smooth linear Hamilton system with a
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generalized homoclinic loop around the origin, which takes the form

{?:_y’ x>0, {gf:_y’ z < 0. (1.1)
y:17x7 y=2z,

For more results about this method, one can see [1,6, 16,23, 24, 26-28] and the
references therein. Another important method called the averaging method which
can be used to detect limit cycles for non-smooth differential systems is developed
in [8,19,20]. More results on this topic can be found in [2,3,5,7,14,18,21]. Re-
cently, Yang and Zhao [29] extended the Picard-Fuchs method to study the limit
cycle bifurcations for piecewise smooth differential systems with a straight line of
separation.

However, as far as we know, there are a few papers for estimating the number
of limit cycles of piecewise smooth differential systems with two straight lines of
separation. In [11,22], Wang, Han and Constantinescu considered the general form
of a piecewise near-Hamiltonian system with two straight lines of separation

: :Hl 1
:? y(ib,y) +5f (;E,y), z > 0, y > O7 (12)
Yy = _Hm(xvy) + €g (xay)v
: :H2 2
@ y(;r,y)+6f (;,y), 2<0, y>0, (1.3)
Y= _H:r(m7y) + €g (xay)v
J :HS 3
l.‘ 9(3177y)+6f (B’Iay)v $<O, y<0 (14)
Yy = _Ha:(xvy) +eg (xay)v

and
. :H4 4
',1? y(f7y)+€f (41‘,:[/), $>0, y<0 (15)
Yy = _Hx(x’y) +€g (Jf,y),

or

‘i. = Hy($7y) + Ef(il?,y),
y = _Hw(xay) + Eg(:c,y),
where 0 < |e| < 1, Hi(z,y), fi(x,y), 9 (x,y) € C®,i=1,2,3,4,

HY(z,y), >0, y >0,
Han,y,a:<0,y>O7
H(z,y) = { 1100
H3(z,y), © <0, y <0,
H4(x,y), x>0, y<O,
fHz,y), x>0, y >0, g*(z,y), >0, y >0,
f(z,y), <0, y>0, ¢*(z,y), <0, y>0,
flx,y) = 3( ) g(z,y) = 3( )
[(x,y), ©<0, y <O, g (z,y), <0, y <O,
fH(z,y), >0, y <0, g (z,y), >0, y <0

In order that system (1.6) has a family of periodic orbits near the origin for ¢ = 0,
the following two assumptions are necessary, see [17,22].

Assumption (I). There exist an interval 3, and four points A = (a(h),0), B =
(0,b(h)), C = (c(h),0) and D = (0,d(h)) such that for all h € 3

H'(A) = HY(B) = h, H*(B) = H*(C), H*(C) = H*(D), H*(D) = H*(A)
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with a(h) # ¢(h) and b(h) # d(h).

Assumption (II). The system (1.2)|.—¢ has an orbital arc L} starting from A and
ending at B defined by H'(x,y) = h,h € X,x > 0,y > 0; the system (1.3)|.—¢
has an orbital arc L} starting from B and ending at C defined by H?(z,y) =
H?(B), < 0,y > 0; the system (1.4)|.—o has an orbital arc L} starting from C and
ending at D defined by H3(z,y) = H3*(C), z < 0,y < 0, and the system (1.5)|.—o
has an orbital arc L} starting from D and ending at A defined by H*(z,y) =
HY(D), x>0,y <0. Thus, L, = L} UL? UL3 UL} is a periodic orbit of (1.6)|.—o
surrounding the origin for h € 3.

Under assumptions (I) and (II), {Ly|h € X} is a family of periodic orbits
of system (1.6)|c—¢ and each Ly is piecewise smooth. Without loss of generality,
suppose that Lj has an anticlockwise orientation, as shown in Fig.1. From [22],

A Y

B

L,

BN /

Figure 1. The closed orbits of system (1.6)|c—¢.

the first order Melnikov function M (h) of system (1.6) has the following form

M(h) =

/A oM@, y)de — [z, y)dy
AB

/A G2, y)de — f2(xy)dy
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Further, we know from [11,22] that if M (h) has at most k zeros in h on the interval 3,
then (1.6) has at most k limit cycles bifurcated from the period annulus Upex Ly. In
[12], by using the averaging method of first order, Itikawa et al. obtained the upper
bounds of the number of limit cycles bifurcating from the periodic orbits of two kind
of isochronous systems, when they are perturbed inside the discontinuous quadratic
and cubic polynomials differential systems with two straight lines of separation,
respectively. In [25], Xiong investigated the limit cycle bifurcation in perturbations
of non-smooth Hamiltonian systems with 4 switching lines via multiple parameters.

In the present paper, motivated by the above references, we will study the
number of limit cycles for a piecewise smooth Hamilton system with a generalized
homoclinic loop under the perturbations of piecewise polynomials of degree n. More
precisely, we consider the following piecewise smooth near-Hamilton system with
two straight lines of separation

_ 1
y+ef Ex,y) , >0, y>0,
1l—z+eg (z,y)
2(
<y+5fxy)>, £ <0, y>0,
i I—|—89 )
= (1.8)
Y 3
—y+el xy) , x <0, y<o,
r+egi(z,y)
_ 4(
y+efi ) , x>0, y<0,
1 -z +egi(z,y)
where
Y det, = Y Wiy, k= 1,234
i+35=0 i+5=0
A first integral of system (1.8)|.— is
1 1 2 9 _ N
1 h—1
H?(z,y) = —=[2* +v*] = ——, 2 <0,y >0,
2 2 1.9
1 h—1 (1.9)
H3(wyy)=—§[w2+y2]= 5 7 <0,y <0,
4 L 2 o _ N
H(l’,y):§[(aﬁ—l) —y]=§,x>0,y<0

with & € (0,1). When £ = 0, (1.8) has a family of piecewise smooth periodic orbits
as follows

h
Lh :{({L',y)|H1((E,y) = 57‘7; > an > 0}
-1
U{(x,y)|H2(x,y) = Tvm < 07y > 0}
-1
U {(Z‘,y)|H3(CE,y) =—z< 07y < 0}

2
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h
U{(z,y)|H (2,y) = 5,2 >0,y < 0}
=L} UL UL} UL}

with h € (0,1). If h — 1, L, approaches the origin which is an elementary center of
parabolic-focus type, see [4,10]. If h — 0, L;, approaches the generalized homoclinic
loop Lo with a saddle S(1,0), see Fig. 2.

4

<
<Y

Y /

> >

c 0] A & \
D

Figure 2. The phase portrait of system (1.8)|c=0-

Applying the above first order Melnikov function (1.7), we obtain the upper and
lower bounds of the number of limit cycles which bifurcate from the period annulus
of system (1.8)|.=¢. Our main results are as follows:

Theorem 1.1. The first order Melnikov function of system (1.8) is
M(h) = Py (WVT = b+ Po1(Vh) + Pupar (V1= h) + Paay (h)O(R), (1.10)

where h € (0,1), Pi(u) is a polynomial of u with degree | and

Vi—-h
O(h) :/O Vh+ g2dy. (1.11)

Theorem 1.2. Consider system (1.8) with |e| small enough. Using the first order
Melnikov function (1.7), the number of limit cycles bifurcating from the period an-
nulus is no more than 2n + 5[%51] + 15, if n > 2; 4 if n =1, and at least 2n + 1 if
n > 1.

Corollary 1.1. If fl(xvy) = f4(a:,y), gl(x’y) = g4(x,y), fQ(xvy) = f3($7y) and
g*(z,y) = g°(x,y), that is, the straight line of separation is x = 0, then, using the
first order Melnikov function (1.7), the number of limit cycles bifurcating from the
period annulus is no more than 2[%] + 3[%5] + 3 (resp. 5[251] +4) if n is an even
(resp. odd) number.



Limit cycles by perturbing a piecewise ... 2367

Remark 1.1 If f1(z,y) = f4(x,9), ¢*(2,9) = g*(2.y), [2(@,y) = [3(z,y) and
¢*(z,y) = ¢*(z,y), then (1.8) becomes (1.1) for ¢ = 0. The lower bound of the
number of limit cycles bifurcating from the period annulus between the origin and
the generalized homoclinic loop is n + [%$1], see Theorem 1.1 in [15]. The upper
bound of the number of limit cycles also can be found in [15], but here we provide
an alternative proof which is much more digestible.

The layout of the rest of this paper is as follows. The algebraic structure of the
first order Melnikov function M (h) and the proof of Theorem 1.1 will be given in
section 2. The Theorem 1.2 and Corollary 1.3 will be proved in sections 3 and 4.

2. Algebraic structure of M(h)

In the following, we will obtain the algebraic structure of M (h) of system (1.8).
Noting that (1.7) and

Hy (A)HJ(B)H(C)Hy (D) _ Hy(A)H}(C)Hy(D) _Hy(A)H,(D) HI(A) _
H}(A)Hy(B)HZ(C)H(D) — H}(A)HZ(C)H(D) Hi(A)HJ(D) H}(A) -t

we obtain that the first Melnikov function M (h) has the form

M(h) = /Li g (@, y)dx — f'(z,y)dy + /Li g (x,y)dx — [ (z,y)dy o

+ / 9 (@,y)dx — f3(z,y)dy + / g* (@, y)dz — fH(z,y)dy.
L3 L

h

For h € (0,1) and 4,j € N, we denote

I; ;(h) =/ z'y’dy, Jij(h) =/ z'y’dy,
Lj, Ly

jij(h):/ z'y’ dy, I”(h):/ 'y’ dy
L3 LA

It is easy to check that

I j(h) = (=1)L; j(h), Jij(h) = (=1)7J; ;(h). (2.2)
Lemma 2.1. For h € (0,1) and n > 2,

M(h) =ai1(h)Io,o(h) + B1(h)I1,0(h) +y1(R) o1 (h) + 61 (R) 1 1 ()
+ az(h)Joo(h) + Ba(h)J1,0(h) +2(h)Jo1(h) + 02(h)J11(R)  (2.3)
+ @nr1(Vh) + Yn1 (VI = h),
where @n11(u) is a polynomial in u of degree n + 1, ¥n41(u) is a polynomial in

u of degree n + 1 without constant term, and ag(h), Br(h), y(h) and 0r(h) are
polynomials of h with

degon(h) < (2], deg Bu(h). deg (k) < [, degai(h) < [




2368 J. Yang

Proof. For the sake of clearness, we split the proof into two steps.

(1) We first assert that

= > miilij(W)+ Y 0idii(h) + eni1(VR) + Yn (VI = h), (24)

i+5=0 i+5=0

where 7; ; and o;; are arbitrary real constants, pni1(u) is o polynomial in u of
degree n + 1 and ¥,41(u) is a polynomial in u of degree n + 1 without constant
term.

—
In fact, Let 2 be the interior of L} U B@ U OA, see Fig.1. Using the Green’s
Formula, we have for ¢ > 0 and j > 1

'y’ dx :j{ iyl dx :j// ziy! " tdxdy
/L;IL L}Luﬁuﬁ 5

J i+1, j—1 (2.5)
—- Ty T dy

i+1J01BduoA
———ILii1-1(h).

T linii(h)

In a similar way, we have for ¢ > 0 and j > 1

i) j
Wde = ———Jiy1,-1(h),
/xy o= =i (h)
o ] o
ide = ——2—Ji 1 -1(h),
/Lf,xy x ’L+1 +1, 1() (26)

L. j ~
iide = —— Ty 1 (h).
/ngy x T L 1(h)

On the other hand, we have for ¢ > 0 and 57 =0

/ zidr = ldm—/ a:dac—/ 2idr = — /

Ll L} UBOUOA BO 04 _fi

/ zidx :7{ 2idx —/ 2'dx —/ 2idr = /
L? L%J?U co oB 7

/ zidx :7{ zidx —/ zidr —/ zide = —/ zidz,
L3 Liuﬁuo? Do oc oc

/ zidx :7{ 2idx —/ zidx —/ zidx :/ r'dx
L L;‘Luﬁu(ﬁ A0 oD OA

From (2.1), (2.2) and (2.5)-(2.7), we obtain

2.7)

n n . n
1 i J g1 1
= Zb’ivo/ x'dx — Z mbi,j‘[’i‘f’l,j*l(h) — Z awfw(h)
i=0 Ly, iti=1, i1 =0
i>0,7>1
2 i 2
+Zbi,o/]:2$d$— Z mb Jiv1,-1( Z az ;Ji (b
=0 h 4l+]:1, i+35=0
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n n n
« . j ~
+30b [ ade— 3 disat = 3 a0
i=0 L itj=1, i+j=0
i>0,j>1
n n J
i=0 Ly i+j=1, =0
i>0,5>1
n n
= > miiliy(W)+ > 00 (h)
i+j=0 i+j=0
n n
+ i;(b;{o ~bly) /07 vidz + ;(bgo ~b3,) /07 vidz, (2.8)
where
70,5 = _a(l),j aéj’ 00,j = _a(l)j - a’éja Jj=0,
J + 1

7ig = —lai; + (=1aj;) = ——bj; + (=1)°b;), i > 1,5 >0,
; + 1
015 = —lol, + (~1al,] - 112

1,] 7, [bl ( 1)jb?,j]7 7’2 laj Z 0.

Thus, 75 ; and o; ; can be chosen arbitrarily. By direct computation, we have

Zn:(b?O - b%o)/ z'dx :Xn:(bfo —bly) /lﬁxidz
= - Jok =0 “Jo
_Z T =Vt
::Sﬁnﬂ(\/ﬁ), (2.9)
n ; n ) 5 —+v/1—h ;
;(b?,o - b?,o) /o? x'de = ;(bi,o - bi,o)/o xtdr

nop2 3
b bz 0 i+l

= ST

121/’n+1( vV1-— h)7

where ¢,,11(u) is a polynomial of u with degree n + 1 and 1,41 (u) is a polynomial
of u with degree n + 1 without constant term. Substituting (2.9) into (2.8) gives
(2.4).

(2) We assert that

> i j(h)=ax(h)Ioo(h)+By(h)I1o(h)+71(h)To.1 () +81 (h) 1 (),
i+75=0

N (2.10)
> 0idi () =az(h)Joo(h)+Ba(h)Jro(h)+72(h)Jo 1 (h)+62(h)J1 1 (h),

i+5=0
where ag(h), Br(h), vx(h) and ox(h) are polynomials of h with

-1 -2
), degdu(h) < [*

2

deg ap(h) < [F], deg Bi(h), degyi(h) < [~ | k=12
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Without loss of generality, we only prove the first equality in (2.10), and the
other one can be shown in a similar way. Differentiating H'(z,y) = % defined in
(1.9) with respect to y, we have

—y+ = — — =0. (2.11)

Multiplying (2.11) by z‘y?~'dy, integrating over L,l1 and noting that (2.5), we have
-1 j—1
i+1 142
On the other hand, multiplying H'(z,y) = 2 defined in (1.9) by 2'~2y/dy and
integrating over L, yield

IiJ‘(h) = (h — 1)Ii_2,j(h) + Ii_g7j+2(h) + 2]7;_173'(}1)7 1> 0, ] > 0. (213)
From (2.12) and (2.13), we have

I j(h) = Iit1 j—2(h) — Iitoj—2(h), i>0, j>2. (2.12)

Lg(h) = ——L = [(h = 1)L a() +

Livrj—2(h)], i>0, j>2(2.14
i+j+1 +15-2(h)]; i §z2(214)

o

i+1
and

i

I j(h) =

%+j—1
i+j+1

[(h = 1)isj(h) + 1 Iioyj(h)], i>2, j >0.(2.15)
We will prove the conclusion by induction on n. It could be noticed that n = 2
corresponds to (7, j) = (0,2) and (2,0) and n = 3 corresponds to (4, j) = (0, 3), (1,2),

(2,1) and (3,0). Hence, in view of (2.14) and (2.15), we have for n = 2,3

loa(h) = —5(h = 1)Ioo(h),

Iro(h) = 3(h = 1)Ioo(h) + 211 o(h),

Ioa(h) = =5(h = DIpa(h), (2.16)
Lio(h) = =5(h = 1) o(h) = §120(h), '
Ig’l(h) = %(h — 1)1, 1(h) + 2[1 1(h ),

Iso(h) = 3(h — 1)1 0(h) + 2 I20(h),

which yield the conclusion for n = 2,3. Now assume that the result holds for all
i+j<n-—1(n2>5). Then, for i + j = n, taking (¢,j) = (0,n), (1,n —1),(2,n —
2),-++,(n—2,2) in (2.14) and (i,5) = (n — 1,1), (n,0) in (2.15), respectively, we
obtain

To.n(h) (n—1)(h = 1)Iopn—2(h)
Iin-1(h) (n—=2)((h = DI1n-3(h) + 312,n-3(h))
I2,n-2(h) , (n = 3)((h = V)Iz2n-a(h) + §13,0-4(R))
- —— : (2.17)
Iy—22(h) (h— 1) I_s,0(h) + 2=21,,_1,0(h)
In-1.1(h) (1 =n)((h = V) I—31(h) + 357 Tn—2,1(h))

I’n,O(h) —Tl((h — 1)In_270(h) + 2,::11 1"_170(h))
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which implies the first equality in (2.10) holds for ¢ + j = n.
Now we discuss the degree of polynomials ay(h), B1(h), v1(h) and d;(h) defined
n (2.10). In view of (2.17), we have for (i,j) = (0,n)

Io,n () =h[a™ ) (h) Iy o(h)+ B2 (h) 11,0 () +7 "2 (h)Io,1 (h)+5T 2 (h)I; 1 (h)]
=™ () Io,0(h) + B (h) 1.0 (R) + 7™ (h) o1 (R) + 6 (h) I 1 (),

where "2 (h), 3("=2)(h), v*=2)(h) and §("~2)(h) are polynomials of h satisfying

—2 _ n—4
|, dega™ 2 (h) < [" ),
n—3

2]'

deg a2 (h) < [n

deg 8772 (h),deg " (h) < |

It is easy to check that

n—2
2 )

n n n n n
deg ™) () < [2], deg 8 (k). degy™) (1) < [*1), degs™(n) < |
If (i,5) =1,n—-1),(2,n—2), -, (n,0), then, by (2.17), we have

L j(h) =a" "V (h)Io o (h) + BV (h)I10(h) + 7"V (h)Io 1 (R) + 6D (R) 1,1 (h)
+h[al" 2 (h)Io.0(h)+B") (h) 11,0 (h)+7 "2 (h) Io,1 () +6T2) (h) 1 1 (h)]
i=a™ (h)Io,o(h) + B™ (h)I10(h) + 4™ (R)Io.1(R) + 6™ (h)I1 1 (h),

where a(®=%)(h), B"=)(h), v(*=*)(h) and §(*~*)(h) are polynomials of h satisfying

dega™=)(h) < %), degs™ =) (n) <[22,
deg 8T (h), deg~" ) (h) < [n%l_s]v s=1,2.

Hence, we have

n—2

degal™ () < 3], deg 5 (), deg ™ (h) < "], degd™ () < [ 7).

To sum up, substituting (2.10) into (2.4), we obtain (2.3). The proof is com-
pleted. O

Proof of the Theorem 1.1. By some straightforward calculations, we have

Ioo(h)=vVI—h,  ILo(h)=vI—h-0O(h),

Ioa(h) = %(1 —h), Lia(h)= %(1 —h) — %(1 — h),
Joolh) = —VI=E,  Jio(h)=T(1-h), =
Jo(h) = —%(1 —h), Jyi(h) = ;(1 —h)3,

where ©(h) is defined in (1.11). Substituting (2.18) into (2.3) gives (1.10). This
completes the proof of Theorem 1.1. O
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3. Proof of the Theorem 1.2

In the following, we denote by P;(h) the polynomial of A with degree no more than
I and by #{¢(h) =0,h € (01, 02)} the number of zeros of ¢(h) on the open interval
(01, 02), taking into account the multiplicity.

Ifn>2let A\=+/1—h, A€ (0,1), then we have

\) = /0/\ 1— A2 4 y2dy, (3.1)
and
M()\) = Paj(A)A + Pui(V1=X2) 4+ Pyi(A) + P[%]()\Q)@(A), A e (0,1). (3.2)
Let y = mam we have

0(\) = (1—)\2)/0ﬁ V14 22dz = (1 - 20, ()). (3.3)

Hence, M()\) can be written as
M(A) =Pig)(A)A + Pog1 (V1= 22) + Paya(A) + Pz (A)(1 = A2)01(N)
: (3.4)
=Pot1(N) + Pt (V1= A2) + Plaoay  (A%)O1(N).

Clearly, M (h) and M()\) have the same number of zeros on (0,1). Suppose that
Y=(0,1)\{) € (071)‘P[n2;1]+1(>\2) = 0}. By direct computation, we obtain for
heXx

Ml@):d<ﬂ7@>)

_ 1 +(Pn+1()\)+Pn+1(\/1—)\2)>/
(1= 2y Pty ()

P pe (MVI= A+ Py r (A) P (VI=A2)+ Pyt 5 (A) Prga (V1= A%)

= 2 2V(1 _ \2)2
P["T”H—l()\ )(1—A2)

2
P[n-;z](k )+Pn+2[n;1

L IVI=R?

n even
22 \2)(1_12)2 ) )
L, 000N
= . .
Piag)OD4P yimo1) (()VI=A dd
P2 (A2)(I—x2)2 » 1 oad.
(2zl1+1

(3.5)
Next we will estimate the upper bound for the number of zeros of M () on (0,1).
When n is an even number, we have
Plogz)(A) + Py sy (WYL = A2

2 2 — )\2)2
P 0= W)

Mi(\) =
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Let P[nTH](A )+ P yopns 1]+6( )V1— A2 =0. That is,

Praga) (V) = =P opasay s (M V1 = 02

By squaring the above equation, we can deduce that the function
P[nTJrz](/\ )+ P (AM)V1 = A% has at most 2n + 4[251] + 14 zeros on (0,1).
Therefore,

n+2[251]+6
#{M(h) = 0,h € (0,1)} =#{M()) =0, € (0, 1)}

<2n+ 5[”7_1] +15.
When n is an odd number, following the lines of the discussion above, we have

#Uﬂm=&hemJﬂz#@ﬂM=0ke(lﬂ
<2n+5[ 5 ]+15

If n =1, then we have

M(h) = ag + aiVh + ash + azvT — h + a40(h), (3.6)
where
1 1 1 1
@0 :§b%70 - §bi0 - 5“(1),1 + 5“3,1 - §a8,1 + 5‘13,1 —ajg—aj,

. 1 1
4 4
- bg,1 - bg,l - bé,o +b50 + §b1,0 - ibio»
ax :b(l),o *bgo 7b4110+b%0’

1 1 1
az 255:1)),0 b10+ 2%1 261(2)1"‘5@%71 -

+ b(2),1 + bo,l + 55411,0 bl 0

1
4 2 3
5%,1 +ajgt+aig

.3 2 2 1 4 4 1 1
az =by o — b5 +ago—ago+ ao,o —ago—ajg—a9—byy — bo 1
4 1 1 4
ag =ayo+ayo+byy+bg,

Similar to (3.4), equality (3.6) becomes

A
M()\) :a0+a2+a1\/1—x2+asx—a2ﬁ+a4(1—A2)/V““ V1 + x2de.
0

Similar to the proof of the case n > 2, we obtain that M (h) has at most 4 zeros on
(0,1).

Next we will give the lower bound for the number of zeros of M(h). For the
sake of simplicity, we choose

Zalox g~ (z,y) szox k=1,2,

fllzy) =g (I,’y) =0, Z=2,3,47J =3,4.
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Hence,
n ) n ) n
M(h) =30k, / wldr + ) b7, / aldr =Y ajoTio(h)
i=0 Ly i=0 Ly i=0
. 2 ‘ n n (3.7)
=N ()t 0 g - W01 — Ryt - L Lo(h).

~
i
=]

From (1.9), H(z,y) = 3[(z — 1)? — y?] = % is equivalent to

2r—2l=1-h—y>22 (3.8)

Consider (3.8) in  near = 0. There is a unique C* solution
oo
z=p(z) =) e,
j=1

where @y = %, o = %, U3 = 1—16, ---. Then, we have

n o0 i o
i_ 1 iy — i
ot = a’i,O( E Mz ) = E Piz’,
i=0 j=1 i=0

where
1 1 14

— 4l _ 1 _ 1
Po = a0,07 P11 = §a1707 P2 = Za'Q,O + §a1707 Tty

1
_ 1 1 1 1
Pn = 270%,0 + L(al,Ov 2.0, " 7an—170)7 B

L(-) denotes a linear combination of af o, a3, - ,a}_; . Thus,

n n oo
1 _ 1 .47, ) i
D alatioln) = [ Dalow'dy=3p. [ <

h =0 =

© Vi—h _
S T
i=0 0
Let y = \/ﬂu, we have
Z a}’OIi’O(h) - Z pi/ (1 —u?)'du(l —h)=
— - o
- Z;oo (3.9)
L3 pAi(L— by,
i=0
where A; = fol(l — u?)’du. The expansion of 1 —Vhfor 0 <1 —h < 11is

l—ﬁ:idj(l—h)j,
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where 01:%,02:%,03:11—6, . Thus,
noopl nopl > i+1
7,0 z+1 _ 7,0 ) _ 1
3PV =Y (S i1 )
i=0 i=0 j=1
- (3.10)
= Z 1/2(1 — h)l,
i=1
where
v = =b} = fbl +1b1 LS S A +ib1
1= 5%,00 V2= 2010 0,00 V3= 51 2,0 T 16710 T 1500
1
Vn+1 = Wbl ot L(bo 0,01 00 ab;—l,O)a e
Then inserting (3.9) and (3.10) into (3.7) gives
S z+1 120 itl = i+l = i
Z 1 (1-h)> _ZPiAi(l_h) Q—Zw(l—h)
i=0 ’ i=0 i=1 311
2n+1 i ( . )
é 61(1 - h’) 2+ 9
1=0
where
§o = _b(2),0 - a(lJ,Oa
1 1
fl = 517%,0 - ib(l),Oa
1 Ay
& = 3 %,0 - 7‘1%,07

&3 = 153,0 - §b1,o - gbo,m

1 32 751 S |
¢, = 7 10n.0 3 an o+ L(aq o, ’a”T*Q,O)’ n even,
n=93_1 ;2 _ 1 1 1
n+1bn,0 (n+1)2n771 %71,0 L(b0,07 abn;370)7 n Odd7
1 1 L 1 1
- i3 - e _ n even
f %_;,_2)25 bﬂ,o (b0,07 ’b712270)7 even,
n+l = 71+1
1
- 2w+1 a/n+1 + L(al 0y " aa'rL;170)7 n Odd,
Anga
1 1 1
¢ ——2n;§2 Uniz + L(aj g, aag,o)7 n even,
n+2 —
1 1 1 1
- bn+1 0 L(bgg, + bua 4), modd,
(n+3)2"% R
1 1
Son—1 = bn 1,0 — (b0,0v T 7bn—270)7
A
1
§on = 0+L(a1 00" 7an71,0)7

“gn n.
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1

Sant1 = —Wbrlb,o — L(bg 0, s bn_1,0),

Therefore, if n is an even number, then we have

8(£O7£1a e agn,£n+17£n+27 T 7§2n»£2n+1)

a(bg,mb%,of" vbi,()ablg,o’a[l%u]yo,"' 76‘711,0717711,0)
_10... 0 0 0 0 O
0 3- 0 0 0 - 0 0
1
00 - 0 0 0 0
00 0 ——Lr 0 0
(n+2)22
n42

00 0 0 _z 0 0
00--- 0 0 % .. —am 0

1

Obviously, the rank of the above matrix is 2n+2, which means that &;, 0 <17 < 2n+1
can be chosen as free parameters such that 0 < || < [&] € -+ < [&2n]| €
[€2n+1] < 1, and &;&41 < 0, 0 <4 < 2n. Hence, M (h) defined by (3.6) has 2n + 1
simple zeros in (0,1) near h = 1. Therefore, system (1.8) can have 2n + 1 limit
cycles for 0 < h < 1.

If n is an odd number, we can prove that system (1.8) has 2n + 1 limit cycles
for 0 < h < 1 in a similar way. This ends the proof of Theorem 1.2. O

4. Proof of the Corollary 1.1

If fzy) = fHay), ¢'(zy) = g (zy), FPey) = FPley) and g*(a,y) =
g3(z,y), that is, the straight line of separation is = 0, then system (1.8) becomes

( —y+€f1(x,y) ) x>0

1—x+egl(z,y)
_ (4.1)

Y —y+ef*(z,y) <0
z+eg?(z,y) )’ '

From Theorem 1.1 in [9,17], we know that the number of limit cycles bifurcating
from the annulus period of system (4.1)|.—¢ is controlled by the following first order
Melnikov function of system (4.1)

M) = [ g endo = Fapins [ @i Pady @42)

Ly Ly,



Limit cycles by perturbing a piecewise ... 2377

where L,J{ =L} UL} and L;, = L? U L3; see Fig. 3. Similar to (2.5), we have for

v

@
X

Figure 3. The phase portrait of system (4.1)|c=¢ with a separatrix line z = 0.

i1>0and 7 >0

iide = ——) @1 ;1 (h),
/L’TIZ/ T T 2L 1(h)

/_ a'yldr = *Z-j_ilqji-&-l,j—l(h)a

h

where
q)i,j(h):/ ziydy, \Ili’j(h):/ ziyldy.
Ly Ly

Since L,jf are symmetric with respect to the z-axis, ®;2j+1(h) = ¥;2541(h) = 0.
Therefore, the Melnikov function in (4.2) can be written as

n j n
M) == 3 =gbii®aaga(h) = 3 aj;@i (k)
i+j=1, i+j=0
120,5>1
n j n
- Z mbzz,j\ljﬂrl,j*l(h)_ Z a;; Vi ;(h)
i+i=1, i+5=0
120,51
= > 7))+ Y 0iVis(h).
i+5=0 i+5=0

Following the processes of the analysis of Lemma 2.1, we can obtain the algebraic
structure of M(h).
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Lemma 4.1. For h € (0,1),
M(h) = a1(h)®o,0(h) + B1(h)P1,0(h) + az(h)¥o,0(h) + B2(R)V10(R), (4.3)
where ay(h) and B (h) are polynomials of h with

n—1
2

deg e (h) < [, degBu(h) < [F5=, k=1,2.

Proof of the Corollary 1.3. By direct computation, we have

®oo(h) =2V1—h, ®19(h) =2v1—h—20(h),

4.4
Wo,0(h) ==2v1—h, ¥y9(h)= g(l_h)a Y
where O(h) is defined in (1.11). Substituting (4.4) into (4.3) implies

M(h) = Pg) (VT =+ Plazs)y(h) + Plac1)()O(R), h € (0,1).

Following the lines of the proof of Theorem 1.2, we obtain that M (h) has at most
2[2] + 3[251] + 3 (resp. 5[%52] 4 4) zeros if n is an even (resp. odd) number. This
completes the proof of Corollary 1.3. O
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