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SOME SIMPLE ‘GROUPS OF LIE TYPE CON——
.STRUCTED BY THE INNER-AUTOMORPHISM

OHENG CHONHU
(Xiangtan University)

C. Ohevalley constructed some simple groups and obta.med for them the structure
theoremsm Usmg the graph automorphism of simple Lie algebra L and the automor-
‘phism of the field £, R. ‘Steinberg and R, Ree construoted some twisted simple ‘group

{2, 8]

of Lie type'®®, It is analogous to the construction of real form of - L by ‘the outer-
’ automorphlsm of L and the conjugation of complex number field 7, '
From the theory of Symmetric Rieman' Space™, . we know that the real form of
L’can be constructed by the involutive inner- automorphlsm of I and the conjugation
of the field €, In this paper; we denote by L the simple I Lie algebra C, Where l'is even
and 1>4 and denote by 2 the field I, (\/*— Ywhere £ is an ordering field. USmg the
involutive mner-automorphlsm of L and the involutive automorphism of the field .7,
we construct the simple group of Lie type which is denoted by 2C, . The con-
struction of 2C, (% ) is connected with the theory of the classification of the real form
- of L™ and the theory of the conjugation between the oarta,n subalgebra of the real
form of LfI***
Let @ be the system of roots of L, @ can’ be expressed in the form D, {tete;,
£2¢, 1<e<y<I}, Lot I'= (D)4 be the yector space generated by @ over the real
number field &. Obviously, &. {es, es, -, ei}is a basis of T , We define an 'ordering &
of ‘the space I', let rC I', the first non-zero coefficient of r for the basis Z is positive,
then r is called positive, i. e. fr>0 For the ordermg &, e positive system of roots
{ez:te,, 262, 1<y} and the fundamental system of roots 1I. {ai, ag, v+, a},
Where O =6;— ;1 for 4= 1, 2, -+, I—1and o= 231 Let 9. {1, 3 oo, 1—1} andlet
Wo = Wa,Wa,*** We,_,, obvmusly, Woe; = e;+1, 'woe;q e; for each ¢ € 2. Let H ° {ay, ds, TR
al._i}and let @*=@*\11°, .
Lemma 1.1 For each r E @*, r€ II ° ’bf and only fbf wo r €D,
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Proof If a, a; €11°, j#4, then (&, a;) =0, Thus, wer= —r&®- for each
rEI°. Conversely, lot Wi=1w,Wa,, *Wa,, and leb W,.u=1I, then there exists an
clement & of {2, 1+1}such that Wir=8€O" and Wiar=W,, BED, It follows
from ay_o € IT that B=az_s€II°, Obviously, Wi=1I, therefore, r= WiB= Wio_o.
If j*k—2, then (0, O-2) =0, thus We, Gk—2=04-3, Therefore, Wiax—a=o0y_s, hence,
r=o0y2€I1°,

Sinoe wi=I, I'=I"*+I'~ where I'*, {rE€T | wer=r} and I'", {r&I'| wer=—
r}, Obviously, (I'*, I'") =0. For each r €I, we denote by r' the projection of r
onto the subspace I'*. Clearly, % * {ei, b, +++, €l—1}is a basis of the subspace I'+ where

e =—;—<6t+0£+1), i€ 9D, We can define an ordering & of the subspace I+, let rED*,

The first non-zero coefficient of r for the basis & is positive, then r' is called positive,
i.e., r'>0, and if r €@, r>0 for the ordering &, then 7/>0 for the ordering &',
moreover if a€I1°, then o =0 and '~ = (II°) a. Let @', @*" and II' be the projections
of @, @* and II onto the subspace r+ respectlvely It is easy to verify that @' is a
system of roots and &' (II') is a positive (fundamental) system of roots of @',
Obviously, ' = —&* and II'=1IT*' where II*' is the pvojection of II*=IT\II° onto the
subspace I'*, It is easy to verify:

Lemma 1.2 1) If a€II° and r E@* and if atr €D, then atr €D*; 2) II' and
I (Oy) are @somorph@c where T (C) 48 the fundamental system of roots of Om, m=1/2,

‘Let us denote by.r the wer for each r&®, It follows from 1.1 that if r€®*,
then /rE(D* Let @, {r €®*|r<<r} and let J,. {r, r} for each r €P], For each r € Py,
lot Wi=w, or Wi=w,w; according as r=r or r#r, For each a€Il°, letJ,. {a}
and let W5=Wa., Obviously, for each rEDF=OUII°, Wty = Wy, (WhH2=1I and '
Wi,=—J. {—, —r}.

Definition 1.8 W2, {wEw|wow=wwo},

It is easy to verify the following lemma,

Lemma 1.4 For each r EDF, then Wicw?, _

For each WEW?, then wl*=I* and wl'~=I"", Let w' be the restriction of
w onto T+, it is easy to verify that for each r€®;, WY =w,, where w, is the
reflection in the hyperplane orthogonal to the root +' of @ operating on the subspace
I+, If rEI°, then Wy =T' where I' is the identity mapping on the subspace I'*,

,, Theorem 1.5 W=, rel),

Pfroof We denote by W the restriction of W' operating on the subspace I'* and
let W (@), {wy, " €D'}, It follows from 2) of 1.2 that Wi =W (@'), Therefore, by
2.1.8 of [7], every element w' of W' can be e‘ipressed in the form

W' =Wy Wyye-wy, Where 1 € II', 1<fi,<p

Lot wE€Wand Wy=W-*WLWL,-- W, where r(€II* and the projection of r, onl™*

Tp
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is i, 1<9<p. COlearly, for each r€®;, WY =W, therefore ; W&éI ', ‘where 4/ is
the restriction of w; onto the subspace I'*. Clearly, for each a€II®, wia= + g,
where B€II°, Therefore, there exist Bi, Ba, <+, Ba€II° such that wy=w, W5 W3 ...
W}, leaves II° invariant. Obviously, w,=1I' for all a€ II °, then wh=1I', where w} is
. the restriction of w; onto the subspace I'*, In 1h> following, wo shall prove that W,
leaves all elements of I'~ invariant. Assume the contrary, there exist a=e¢, —é+1 and B
=¢;—€j41, U, 1€ D, i%4 such that wea=p, Let ry=2¢, r;=2¢; and Ti21=2e;,1, then
either wyr; =1, or wyr,— — 71, Obviously, , 1), £, ED* and TiFET, T =
Hence we have a contradiction. -Therefore, w, leaves all ‘elements of I'- invariant.
- Thus, w=WLWL- W, where r,€ II, 1<é<m, n=p+q. This proves the theorem.
 Corollary 1.6 If w€W', then wll® <{II°, —II°}; w*{D*, —&*}

Obviously, we can separate all elements of @71 into the following three types of the
partition .7, f; @ r=r; @ r+7r, ris long, @ r#r, ris short. _

~ Lemma 1.7 1) Any two elements r and s of the same type in o are conjugate
with each other under W', moreover, there ewists ry belonging to @) type of < such that
(r, 7)#*0, ¢=1, 2 8, 2) Any two elements o. and B of II® are conjugate with each other
under W', . ' o .

Proof 1)@ If r and s belong to @ tjrpe of &7, then r and s can be expressed in
the form: r=e;+-e5.4, s=¢;4+¢j44, 4, €D, If 155 (1<), then Wir=s, where 8=,
—¢;, Moréover, leb ri=e;eq, ra=2¢;,1 and g =€41—Cyg O ry= e,;lée{, then (r,
;) %0 for i=1, 2, 8. @ If rand s belong to @ type of &, then # and s can be
éxpressad in the form: r=2¢,4, s=2¢,4, 4, €D, If i §(#<yg), then Wir=s, where
d=ei.1—¢;, Moreover, 7y 4=1, 2, 3 mentioned in @satisfy(o‘, r) %0, i=1, 2, 3, @

- If 7 belongs to @ type of . and rrze;”-i—e,-“, 8, §€ED, i#j, then Wir=e,4—e,
where 8,=2¢;,4, Therefore, if 7 and s belong to 3 type of 7, under the conjugation
of Wt o and s can be expressed in the form r=e;,,—e¢, S=eyr1—en, 9, 4, k, hé.@, Let
wy=1I or w; =W}, where 8, =e¢,.; — e according as 4=k or i#k(i<k), Similarly, let
wg=1 or ,wg—#W},, ‘where d3=¢,,1—¢, aécording as. j=h or j=h(j<h). -Olearly?
Wiwar=s, Let ry=¢;+e,,, r2=2¢3, rs=7r, then (rur) 0 for 4=1, 2,‘ 3..

2) If o, BEII°, then a and B can be expressed in the form: a=¢,—¢;,y, B=e;—
e, 8 JED, If 45 (i<y), then Wia= g8, where d=ti1—e;,

2

Let G=L(xX) be the Chevalley group for the Chevalley basis Oy, {%, r&II; 3,
€@}, For each a €Il °, let n,=expade, oxp (—ade_,)0xp ada, lot ny=1yng, - My,
then no corresponds to w, under the natural homomorphiszn from N onto W,
Obviously, ni=1, where T i the identity element of @,
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- Lemma 2.1 There is a Chevalley basis Cy, {h,, rEII; e,, r ED} such that nee, =
koer, v €D where k., rED satisfy the following relations: a) If rED*, r=r or frEH °
then k.= —1; b) If rED*, r+r, then k=1,

. Proof We shall prove that there are e,=me, for all »E®, where .= +1, by
appropriate sign changes of the 7,, such that C,, {A, rEII; ¢, rEP} is a Chevalley
basis of L and the relations a) and b) hold.

a) 1) For each a € II°, noey= —€_4, N€—g= —es, Thus, let ex=e4, €_o=6_, for
all e €II°, we have k,=—1forallt€II°, 2)If rEB*, r=r, then r=e;-+¢.1, $€D,
hence n,g, = (—1)€/€pe,, Where a;=e;—e;41 by 6.4.2 of [7], It is easy to verify that
N4,8r =y Where ay=e;—e;,1, jE D, j+4, Therefore, noe,= — &4, Lot ¢,=6,, e_,=o_, for
all r €®*, r=r, then we have k,= —1 for each r CD* r=r, '

b) Lot @™, {r&®*|r+r}, Clearly, I*CP®c®*, Let ¢,=e, for all wEH*,_ we
can choose the appropriate x; so that &,=1 for all r € II* Suppose that for all » of &*,
of which the height A (s) <n(h>1) the 7, and the 7, have been chosen so that &,=1,
For each element 7 of & of which the height A(r) =n, If %, and n; have been chosen
so that k=1, then k=1 by ni=1I; if n, and »; have not been chosen, then we can
choose 1_§he appropriate 7, and »%; so that k=1, By the sfteps along the lines of the
- preceding discussion, we obtain ¢, =ne, for all rEP®, such that k=1, Moreover,
for each r ED™, we can choose e_; such that [e,, ¢_.] =A,, Thus, we obtain the set O,
{h, rEII; ¢, rED} It follows from p. b8 of [7] that C is a Ohevalley basis, and the
relations a) and b) hold obviously.

Clearly, the chevalley group for the Chevalley basis C, is G=L(#)as was
inen.tioﬁed in[7] and for each ac Il ° n;=eXpa de, 0Xp—ade_, eXpa de., Let f be an
involutive automorphism of the field ¢ which satisfies f (@) =a for all a€.7%, and
f(x/=1) = —a/—1, The mapping &, (#)—> o, (f(t)) can be extended to an involutive
automorphisrn of G (denoted by f also). By f(1) =1 and f(—1)=1, We have fno=
Mo,

 Definition 2.2 For all € Q, let oo=Ffpx=f (nowng*), Obfufbously, o’z =w for al&
z€G, 4., 6., 0%=1,

: Defmltlon 2.8 U. {ucUlou=u},

If r €@, r=r, then lot X(¢) =,(t), where t€H4 and t=Ff(t) =—4; if rEDi,
ro7, then let X1(1) =a, B o, ®), tEXH, F(£) =1,

Lemma 2.4 For each r€®D;, X;(t) €U, tEX,

Lemma 2.5 Hvery clement u of U* can be ewpressed in the following form

u=2,, (t1) @, (ta) - a:,,,(t ), mED", LEX*=\0, 1<i<n, ri<ry<- <1r,.
Proof It follows from 5.3.8 of ['7]that « can be expressed in the form
=, (1}) s, (5) +* ws,(t where s; € DF, H €™, 1<i<p, 81<8a< <8y,
In fact, s; €®" for all 1<é<<p, Suppose the contrary, it follows from 1.2 and 5.2.2
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of [7] that ,
' w= w5, (@) 5, (as) * 25, (@) r, (t1) Tr, (£2) ++@r, (ta)
where B;EII° V a,EJf‘.* 1<fi<7a r; € DF, tLEA*, 1<i<n, f'r’1</t'2'< v Ky,
Obviously, ou can be expressed in the form |
ou=2_p(— 1) 0_g,(—as) @, (— Gk) w7, (£1) w7, (£2) 5, (t,,), .
where {,€ %, 1<i<n and if ri#r, then &=7%; if ri=r;, then f;=—7;, 1<i<n,
Hence, it follows from cu=u and 7.1.2 of [7] that a;=0 for all 1<<i<<h, Thus, we
have a contradication. Therefore, s, € @* for all 1<<é<\p and we have
| U= g, (11) @4, (1) 05, () =, (b1) 27, (b2) -+ @1, (30),
where r; € D%, LENA*, 1IN, ri<rg<e<ry, ‘
Lemma 2.8 For each s € &%, there ewists s C Dy such that s'=5s" and s+, Lot r= |
Min{s, s}, and r*=Max{s, s}, then
) If ri €Dl and rr’=fr"1»,. then either ry=1r or ry=r%
2) If ry, 1€ T i}, then rutrs gD, | |
3) Theq*e s no 14 € D3 such that r<ry<r*, Moreover, r<r*<r* <fr . ‘
 Proof- @ If sEQi and s=s, then s=e¢;+eiy1, €Y, Let s—2e,+1, then §' =s' and
s#s. @ If scd], P and s is long, then s=2¢y1, €D, Lot =6+ ¢4, then §'=s'
and s#s, @ If SEQS 1, s%s and s is short, then s=e;,1—¢; 0T s=6is1+€js1, %, J €D, i<].

Let § =644 —€j41 OT § =641+ ¢; Tespectively, then s'=s'" and s+#s, It is easy to verify -

| that the relations 1), 2) and 3) hold.
We arrange the roots of @* and @7 in 1norea31ng order relative to <, then by 2. 6
we have
@, {rs, 15, T3, T4, T, T T Ta, +rv, Ta, Th Ty, 7o} and
D5, {ry, 71, 7o, T2 e, To, Tl
Lemma 2.7 Fuery element w of U' can be expressed fin the - following form -
uniquely ’ ' _ : S ‘
w=X1 () X1t XL () X 77 (t5) - X7, (80) X72(t), i, ti€E X
Pa*oof It follows from'5.3. 3 of [7] that u can be expressed in the following form
umquely
w2, 1) 2,2 () 072 (), (8 -1, () 215 (1) 1 () 1, (1)
where &, t], %, % E%and if 7f=7f, then £,=0, 1<i<gq. o
~ From cu=wu, we have t; =1; and if #{ =r;, then ;= —1;, T =0, if rissry, then
Li=1; for 1<é<Xq, Therefore, for each 1<i<g, @, (&) v (43 x5 () 0, (&) can be
expressed in the form X7 (t:) X7:(£) umquely This proves the lemma. -
By 2.7, we obtain the following theorem: immediately:
Theorem 2.8 Ewmy element U of U* can be ewpressed. in the followmg Sform .
umguely ' '
u=Xt ) XL () X5 (@) fwhefre s; € Di, t;E%* I<E<p, §1<8a <o <8y, .
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In the following, let Jy(u) =s; and J (u) = {81, Sa, *+», Sy}, for the expression of the
element w of U* mentioned above.

Definition 2.8 V', {vEV |ov=1},

If rED, r=r, then lot XL, (¢) =2, (t), where tEX and T=—1t; if r €D}, rer,
then let X1, (1) =w_,(H)2_+(#), t€, Similarly, we have

Theorem 2.10 Fuery element v of V' can be ewpressed in the following form
uniquely :
=X, (t) XL, (ta) - XL, (t), where s;€P1, LEX™, 1<i<n, and 8;<sq<< v+»
< 8n, ’

3

If r €@ and r=7, then lot N:(£) =n,(£), where € ¢™ and t = —¢, and let N}=
Nt (&/=1); if rEP; and r#r, then let Ni(#) =n{)n:(f), 1€A™ and let Ni=
Nz(1). - '

Definition 8.1 N, (Ni(t), rEPY, t€X™), H'=N'NH,

Lemma 8.2 1) If n€NY, h& H?, then O'n=n; ch=nh, 2)For each a €11°, there
emists NLE N* such that N corresponds to Wi=ws under the natwral homomorphism.

Proof 1) The assortion of 1 is obvious. 2) Let a=¢—e;1, $€D, then Ni=
NINLEN?, where r=26;41, and r*=¢+e,q. Obviously, N, L corresponds to Wi=w,
under the natural homomorphism. " :

Corollary 8.8 1) For each rE®Dy, then hi(f) =N3(2) (Nl) € H*, 2) H*CN*
UL, V',

Proof 1) is obvious. 2) For each'r €], a~:1:97 6]5»(15, hence

Ni(t) =X1(H) XL, (-t X1(), Thus H*cN'cUY VY,

Theorem 3.4 N* corresponds to W* under the natwral homomorphism from N
onto W and N/ H*=W?, ‘ ‘

Proof Let w be an element of W*, then it follows from 1.5 that W can be expressed
in the following form E

w=WLWL. Wi, where n€Il, 1<i<n,
Let n=N:NE.--Ni, then n corresponds to w under the natural homomorphism from
N onto W,

Conversely, if n € N, then n= N (1) N (tg) NL (t,),Where €85, t, €™, 1<
4<<p, Obviously, n corresponds to w=W4W,-W;, under the natural homomorphism
from N onto W, It follows from 1.4 that erW1 This proves that N* corresponds
o W* under the natural homomorphism from ¥ onto w,

Obv1ously, the kernel of the natural homomorphism from N onfo W is. H,
hence the kernel of the natural homomorphism from N? onto Wt is H'=H* N%,
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Thus, Nt/ H*=W*, : -

Corollary 8.5 Let Ni= <N rEDEY, then the 'e}mage of N*under the natural
homomorphism is W, : :

By 8.5, for each wEW1 we can choose an element of Nt denoted by n,, such
that n,, corresponds to w under the natural homomorphlsm The elements n, for all
wEW? form a set NG, - o |

Corollary 8.6 If ny, na©NY, cmd the images 'of ny and mny under. the natwral
homomorphism are w, then ny=h(x)ns, where h(x) € H*, :

Corollary 3. 7 If uelU?, fnGNl and h(y) € H', then h(x)u h(x)'l EU’ and n
h(x)n—t€ HY, :

Corolla,ry 8.8 If a=g—en€Il°, ° 4€ED, and r=20,1, then nyEN 1; and 4f
A(te) =he () b ('), p, W' €™ and, if oh(x) =h(x), then h(x) € H,

Proof Obviously, he(v/—1) =kt (=~ —1) = h(—~/=1) k(v —1) € H hence,

=hy (—~/—1 DHNZEN, Leb s=e,1—e;, § €D, %%, and ¢ € C, then h(x)es=pe, and
crh (x) es=p'e;, It follows from oh(x)= h(x) that u'=w, thus, h(x) =h; (,u,) =h(w)
by (u) € H", - | - |

4

Let a=¢;— —e 1 €I1°, $€ D and r=2611, 7=2¢; and lot K, <{a(t), w_a(th), t,
' € A", moreover, lot hg(u) =h:(u), L (") =k, (), where u, p'c ™ .and let H,.
R, p, w' €™}, We denote by G. the set H.K,, Obwously, Gy is a
subgroup of G, -Clearly, an element g of G belorigs to G, if and only if ¢ can be
expressed in the form: g=~A(x) 2. (@) nata(b), Where s, b€ ¥ and h(x) € H,,

Definition 4.1 For each a=e¢;—e;;1&11°, be@ if bEA and b= 0 then let
Ya (b) =NL if b 6% * then let yo (0) =R (a™ D) 26 (@) no, (b) where a € K™ aowl samsﬁes

=b+d7", |

Obviously, if @, b€ H#™ and a™'= b+5"1, then the following relation 9” holds:

P, 1) a=1—ab)b; a= (1—ab)b; ‘

-~ 2) g and @ b are determined by & uniquely;
8) ab=(b+bHb=1+5" 1= b+b")b=abd; ,
4) abt=1—-ab)bb = 1A—ab)bdbt=adby ab=ab"l; .

Proof The assertions of 2, 8, 4 are obvious. We shall verify 1) Obvmusly, Ebz
b+b+5"1—bb2-b=b+b"", Hence (6b+1) (b+b7") — (bb+1)b=>b+b"", Therefore,
it follows from b+5"1#=0 that 86 +1+#0 and we have 1—ab= (Eb—{—l)“l-—ab‘l
Hence (1—ad)b=a and (1—ab)b=a, , ‘
Lemma 4.2 For each a€II° and b€ X, o*ya(b) ya(b) and g/a(b) €G,..

Proof If 5=0, then oya(d) =oNi=Ni=y.(0), If %0 and ¢™'= +5 1 then
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c=b(1—ab) =a+0 by 1) of &, Hence we have
- 0Ya(B) ~BA @) 20 (~ @) 2a(—B) |
=hE(@ ) 2o (— @) 100 (— 02 g (B Mo, (— 5"1)
=hg(@7*0) ha(—8)w_a(€) 2a(—D7")
=h3(@720) ha(—8) 26 (67 o (— 0™ et (™) @a (—074)
= B (@1D) o (028) 4 (@) o (@~ —B1)
=h(@7*D) ha (072D) 24 (@) nawa (D) ,
From £, we have a% = a b, Henoce, hi(a™0)h,(a~10)=hs(a™0) h,(a™*b) =hi(a™b)
=hi(a~*5). Therefore, oyu(b) =y (8). From 3.8, we have ha(~/ —1) € H,, Hence
Ni=he(v =1 n.€G, If 5+£0, then y,(b) €G, obviously.

Corollary 4.3 Ifg € G, then g can be expressed in the form g= h(x) %4 (@) g (D),
where h(x) €H, zmd a, bEA" Moreover, if og=g, then ¢g=hi(%)y.(b), where
h(ry €HY ©

proof: Let oh{a)=h (v) and ¢=b(1—ab), If b+*0 and c¢+*0, then by the
argument used in the proof .of 4.2, we have :

og=N @) ha(¢710) 2o (¢) N (¢ —D71), L

Tt follows from og=g and 8.4.4 of [7] that c=a and ¢"*=a*=0+b"", Therefore,
g can be expressed in the form g=h;(@)ya(b), where &; () € H, and ohy(2) =hi(@).
From 3.8, we have h;(¢) € H', We shall now prove that if %0, then ¢+0, Suppose
the contrary, then og=4' (@) hy(—b)2.(—b) # g We have a contrdication. If =0 and
a0, then og=k.(&) n.e. (@) # g, this contradicts: the fact that cg=g, Therefore, if

\1)—-70, dhetiigshi () Na=1n (2) 44 (0), where s (¢) € H* and b=0, -
aLiemha 4.4 1la) Teta, BEII° and a# B, then y,(8)ys(d' ) yB(b’)ya(b), :

10) 4 (b2) Ya(ba) =hi (1) ya(b), where by, by, bE A and by (2) € HY

2) Ya(8) F=ha()§a(D'), where b, b' €A and by (x) € H's

©8) FEegt mENY,then ny.(d)n™ L= by () ys(b'), where b, b'EJ/ BEII® and
m(x) €HY, |

proof 1a) The assertion of la)is obvlous 1b) Let ¢=94(01)%a (62), then g€ G,
and og=g. Henoe it follows from4.3 that the assertion of 1b) is established. 2) Let
g=vs(0) 7%, then ¢€G, and og=g, Hence the assertion of 2) is established by 4.8. 8)
Let w be the image of n.under the natural homomorphism and we= 48, where
BEII°, then nGmn =G, Let g=ny,(d)n ™", then g€ Gsand cg=g, It follows from

4.8 that the assertion of 8) is established. ‘

Definition 4.5 Y. {I, y&(bi)yﬁa<bﬂ) Z/ek(bk), BiEI®, i#j, Bi# By biEX,
1<ié, j<k}, B*=UHY* . S '

Lemma 4.6 1) Let A(y) EHl then h(x)ya(b)h(x) L=ty () ya(d"), where b,
b and by (x) EHY, 2)Let rEDT and aE11°, then ya(b)Xl(t) =y ya(b) fwhere t

#' €A and uc U, : : R
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Proof 1) 0bv10usly, §=h (%) Ya (b)h(z) “t=h(x) W {x)g', :where g EGa, and A (x)
=nh(x) gt € H, Clearly, oh/ (%) =h'(x) and cg=g, hence og'=g'. From 4.3 we
have ¢' =Ry (x)ya(d"), where %i(y) € H?, Therefore, B() ya (BYR(%) T =P1 (x2) Ya (D) ,
~ where & (x) =R A ()M (x) EH*. 2) Let r&®*and a€ H°, it follows from 5.2.2
" of[7] and 1.2 that :v,,(c)a;,(t) u'zz(c), where ¢, te o and o €U* Lo (), rEDT,
texy, Itred’ and 1€, then ngw,()ng'=ms(7s, ), Where s= War € ®*, hence
g=1a(0) X} () =uya (D), where weUrcU:; Obvlously, org g and 0Ya (b) =q4,(b),
thus ou=u, Therefore, u€U™,

Theorem 4.7 B'isa subgroup of G,

Proof 1) Let b=uhy € B!, where uEU1 hE H1 and yEY1 then b=y h tu~
It follows from 4.4, 4.7 and 8.7 that b1= hiy'h"l = bl wt = Ru'y" —u”h”y ,
where «', "' €U, hy, b, h'=hh' € H' and y', y' €Y Thus, 6~ ‘e B!, 2) Lot by=
ushyyy and bg——’wghgyg, where' Uy, g cu?, h1 hs € HY and y1, Ya EY “fhen '

: 6162—u1h1?/1u2h2y2~u1h1u2(ljih2‘_l/2"Urlhﬂzhz%?/s = Uyl }hhzfl,/ Ub/!l; N
where u, uz, %= wuy €U, h=ht € H* and 13, y= iy €Y, Hence bibg—uhy—
be B, Tt follows from 1) and 2) that B1 isa subgroup of G L e

For each w € W?, let Jy. ﬂ,{éE il iqse,@_*}é,ﬁd @;: {r E'@_*{wre@’”_-}'. ‘It,is‘ casy to
verify the following lemma o | -

Lemma 5.1 For each rrEII * fhen J5 W {rr fr*} and @y, {r, %, T fr} _

If relr?, then elther r="2¢ OT ¢—6.+1 e, Where ’069 g—®+2 @<Z 1,

1) Let r=2¢, then r*=e_1+e, r*=r, and r=2¢.4. Clearly, the Structure
constants N,,, =1 and N, =2na, where 1= :tl and 1y=+1, From 4.1.2 of (7], we
have .

Lo MmNy Moy = N ca= N = =
Obviously, nee, =n1726:= €z, hence 7717;2—1 .

- 2) Let r=ena—e;, 1€, i<l—1, j=%+2, then =1 —ip1, T =e—¢jand T
—¢;—e;y., Olearly, let a=e— €iv1, B=¢€;—¢;j+1, then the structure constants Ng, ,=
€1, Ng,=E&zand Ng',-t—-'§3, Where§ +1, 4=1, 2, 3, From 4.1. 2 of [7], we have

" New=N_py=Npa=—bs Npp=N_p B~NB =&

Ny, 7= N _5, —n—N~a s=fa N g =N_p;=Np == —5152/53
Obviously, noe,*—§§3e,* and nee, = §1§3er Henoe §65=1 and §1§3 1, Therefore,' € =
1, . ’ - A
Lemma 5.2 ILet rCII* and ¢, W€, then z=N;X1(#)X% (u)(Nl)“1
€B'N1B or z=1, _

Proof 1) Let r= 26;, then = can be expressed in the form, z=X1 ,(t)X L) =
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B, Do ;G o_n(u), f, uEH, u=—u, First, we discuss the cass of £ 0, Since 7, is
an. ordering field, hence d=t¢—mmau?t=t-+uut 40, Let d'=uf"d, itis easy to

verify the following formula: #*+nmu 2d~* =d™% 7*d*=¢"'d " and d' = —d’, Using

the formula mentioned above. We have '
=8 (W 2; F) e (=t Ym0 Y 2_, ()
= (F) 2o () 20 (— 1205 ) 2y Crramat®E ) 2 (8) B (~F ) 7 (t'l)
=7 (572 20 (— gt ™) _ s () @ (E— e %) Bz (— T2 1, (2
= r (87 00 (—naut ™) 2, (™) by (—d™2) hp (=5 e, (72 @0 (10208~ 7 (1)
= () @, (0 @ (~ 1968 ™) B0 (—ymad’) 07 (—mamatsl 1d'>h (=d™)h(=171)
Niw, (1) 2; (1) g (nat u) :
=2, (AN T (—d) 2o (—nout 2 (nimeut 2dD A (—d™) b (—E72)
- Nl (@™ () v, (naut ™)
=X1(d)XL(= d')N 2 _a(n, ut 2@ 2, (d) A (—d)hs ( —t), (fngut‘l)
=X1(d™) XLh(—d") Niw; (8) 0 (paut ™) 2,4 (3ma20) 2, (— mmad®t ) 2, (d) by (— d)
hi(—1) wg(now t71)
=X1({@)XL(—d)Niz; () vy (W) 2_a (yut ) w, (nmgu”t 1)
@, (@) hy (—d) hr (=) o (r0ut ™) , ‘
= X1(d) XL (—d)NLXL () XL (@) by (—d) s (—F)
2a (™ d) ho ( — ™ d) naa (s~ *d) @6 (maut ™)
= X X (~d) NEXL(E) X5 () by (—d) By (=)
b (=18 d) @ (1ud ™) naa (nau~t)
= X3(d™) Xh(=d) NIXH() Xk ) B (=) g (™).

Thus, if t% 0, then % €B'NiB', If ¢t=0, u+0, then we have z=g.(u"?)
P (— w™t) nr*m,* (u D = XL(u Y NLXL (') k() NL € BLNLBY, where u' €., %'=—u' and
H(x) €HL If£=0, u=0, then o=1, | S

2) Let r=ey1—ej, €9, i<l—1, j=4i+2, then # can be expressed in the form
=X, (1) X0 () =27 () 0 () s (W) 55 (), ¢, €A, We first disouss the case
of 0, Smce A is an ordering field d= t+£§1wut 1—t+wut“1aé 0, Let d'=ut"*d™,

‘we have : : :

T=0_+ (W) 2; (t ‘1) h ( T e E) o, () & ()
= (F) e (W) w5 Cut ) B (= D g, () 27 EH) @50 (1)
=7 (7)o (§ut ™) he (— 5 72 () 0 (1) @0 (W) 6 (— Eut ™) 1, (E€, unit~2)
=7 (5 2, (Eut ™) b (= 1) 2, (@) hp (— V) ez, (d Dy (u) w:(t7Y)
o wp(Esut ) . (— Eut ), '

Using the formula d~*=%"1—¢& uut—2d~2 and it = t“id‘1 by a Similar argu-

ment as that used in the preceding proof, We obtain
o=X1(d) XL@)NIXLE) X L@ Q) ya (E1u) ys (Eau) € BlN 1B,
awhere h(x) =h% (Cu)hi (Ed) € HY, s;=2¢:,1, Sa=26;,1, 1f£=0, u+0, then
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(u“l) h1 (—u Y NLXL@™) € B'N;B, If =0, u=0, then o=1,

Corollary 5.8 Ifbes™, then b+b1%0, and y.(B) €U, V.

Lemma 5.4 I f r€II, then B*U BLN1B! is a subgroup of G,

Proof 1) Obvlously, (NY)t=h.N7, where A, ¢ H*, From 4. 8 we have (Bl) 1
B! Therefore, (B*N;BY) = (BY)L(NH)~(B*) *=B'N; 1B,

2) We shall prove that NLB'N:SB'U BINIB, a) Ifr EII * 113 follows from 5 1
that if bEBl then b=X1(# "y X1 (u')uhy, where hEHl yEYl ¢, u €24 and u,EU
satistying Niu, (N7 1y-1cyt From5.2,4.7and 3. '7,we have o= N%N1 b, N 1oLl b 'h;.‘l,
where by, b, € B, u,=Nu, (N~ cUL, W =Nh(N)*E€H and y'=N; y(NHTEY?,
Hence o= biN by, Where ngBi Thus # € BINIB', b) If frEH ° it follows from 3. 3
and 4.7 that if bd=uhyEB', where u€UY, he H* and y€Y1 then z= Nle1

wh'y'h;t, where o/ €U, e H! and ¢y €Y*, Hence a:EBl '

Lemma 5.5 Let r&II and n€ N, then B'nB'B'N; 1BchlnN 1Btyj B'nB*,

Proof Let w be the image of n under the natural. homomorphism, if r€®* and
wr €D*, then wr*€W*, 1) Let rrEH °, from 5.4 we: have N:iB'N; 1 B thus
BB BN'B'C BN, 2) LetrE1I%, a) If wr €@ and ba, bs, b€ BY, it follows
from 3.8 and 4.4 ‘ﬁhat ba=X1(t) X+ (w) u by, ‘Where hEHY yEY? t, uE%’ and
u, €U* satlsfymg Ny, (NH-*€U*, Obviously, if #C€ BLB'B'N1B, then '

w=bm X1 () Xt (u) n“inN L(NYtu, N (N 1) th ! (N NyN 11)3 _
—-biuran h’yb3—-b nIN1bs, '
where o', = (N7?) *u.N; € UL, b= (%) - NIEH, o= (D) "y (N7 -1g¥*and b},
by € B, Thus »€ B'nNLB* by 4.8, Therefore BWwB'BIN'B*C BWNiB, '

b) If wred, let ny=nN! and w; is the image of my under the natural
homomorphism, then wyr € @* obviously. Froma) we have B'n  B'B*N1B*C B'n,N; B,
On the other hand, we have Bln,N1B*C B'ny B*B'N. 1Bt Therefore, B'n,B'B*N;B'=
B'n,N:B*, From 5.4, we have :

B1 B'B!NiB'=B'mNy IB'N;B'= Blfm BlBlN 1BlN 1B1CBln1B1 (B1 U BN 1Bl)
= Bin,B*U B'n BlBlN 1B1 - BinN1B'U B'nB, -

Definition 5.6 G'= | B'n,B, nwéN G1 is called ‘“’O’; (% )

wew?

‘ Theorem 5.7 Gtisa subgroup of G‘ N . . '
Proof 1) Obviously, (nw) = hngt, where hEH i_ Thus from 4.9, ‘We» have
(B'n. Bl)—l (Bl)"l(n )—1(31)—1(—_—31 ‘—1Blcg1 . o
, 2) Let ny, and nw, © N§, where wy,’ w, €W, From 3.4, we have ny,=hN#N is »

Ni,, where h€ H*and r, €I, 1<i<t, Therefore, from 5.5, we have L

Bing,B By B = B'ng B*B*N3,B*B*N1.B BN B
: — (B'ng N!B*U B'n,, BY) BN}, B BN}, B | _
— B'ng, N:,B*B'N},B*--B'N7,B"U Binw B'B'N; B BiN wB.
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By an argument along the lines of the pfeceding discussion and 3.6, we have
B'ny, BB, B1C w%JV Bln,B'=@G",

It follows from 1) and 2) mentioned above that G* is a subgroup of @,

Theorem 5.8 Lot o= bin,bs € GH, fwhere b1, boEB' and n, EN 3, then z can be
ewpressed uniquely in the following fcrm ,

(L), w=uh hyhy - hka:,l (@1) @, (@2) *+ 2y, (@) Wiy, (BY) w5, (BL) - :v,;,‘ (bk)u where u,
w'eU', h€HY, GH @, b, EX*, 1<i<k and the followmg relations hold (v,
Bi E e , I<i<h), v .
@) Let w* be the image of nys under the natwral homomorph@sm then w*= fwlfwwz,
where w; €W1 {w,, aEI1°), 4=1, 2 and uleU;,,*, w ,B,ECD 1<k, b) h; and a; dre
determined by b; and w*, 1<i<<h,

proof Let o= bmwszG“ where bl, b, € B! and nwe NG, then & can be expressed
in the form o= uhnwu Y, where A€ HY, u, '€ U1 Satlsfymg W €U, and y=gp, (by)
Yo, (b2) Y, (bk), b;EJ ¥, 1<4<<k, From 4.8, we have z= ulmwyul, where ) €U1 If
'w,81 =y EII°, then we have

o=uhh, (a3, Ty, (“1) nwnﬁx%, (bi) Y6, (D) *+ya, (bk> )y
If 'w,81— —v1, v €II°, then we hayve
w=uhhy, (a7'0) &_,, (a1) ”wnelfva, (51) Ya, (52) “Ys. (bk) uy
-uhh’yl (a1'd) Dy, (051 YDy (—ar )”y{"/w"b&wei( a1) ws, (51) i’/m(bz) *Ya, (bx) vy
‘ —uhh’, (a7'd) by (—ar )“’7. (a1) ny;”"w”%wm( b= )ye. (bs) “Ya, (bw) uy,
Therefore, can be expressad in the following. form
& = uhhy@,, (@) Minenaws, (01) Y5, (bz) -y, (bra) uy,

where ny =ng,, if wBy=vy;€II°, then ny=1I, b\ =0b, and hy=FH, (a5 51); if wBi=—1y,
71 € 11°, then n =n,,, b = —b7* and Ay = 4!, (a7'5) hyi(—ai") . By an argument along the
linesof the precedmg discussion. It is easy to show that & can be expressed in - formula
(II) and w"=wiww}, where w} EW3, =1, 2. In the followmg, we show that u} €U,

First, we prove o EU‘ _
Let r&€J (), then ¢=i m;s;%z ey, v;;here sE€EJ (W), a}EII°, m;=0, n;=0 and
/ P
there is at least one coefficient m; 0, 1<¢<n, Obviously, ws; €@, henoce (w s;)'<0,
Thus (wr)’=2n1m,: (ws;)'<0, | Therefore, wr€®~, hence u €U, Moréovér, if
r€J (W), then w'r=wr+3 m|B+3 m! i, Wwhere m}, m,é’ are integers_ Obviously,
(w*r)' = (wr)' <0, thus u, €U,
Corollary 5.9 Let &=0byn,b,EG, where bi, bq 631 and n, EN§ and let x=

Ughny,up be the canowical ewpression of @ mentioned in 8.4 .4 of [7 1, then wy=w*, where w"*
as defined in 5.8, belongs to W3,
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6

Lemma 6. 1 Let r, s€®i and r#s, vraés, then theré emsts h(x) ="h (1) sat@sfymg .
() = 41 and 7 (r) #x(s), where r=min{3, 8}, 8€P", ,wef* .
Proof Let Hi= {e,, e}, Where e;=woe;, we disouss Separately the followmg three
cases;, ’ , :

1) r= e,:\:e,, s—ekieh, 1<z<7<l 1<b<h<l, : .

If 7' =¢', then we take d=e;Fe;, = N =1. If '+, then there is either case a)
or case b) as follows a) r#7, and ¢ (or ¢;) ¢ By U B;, then take &=2e (or. 8=2¢;), =
—1. b) ex(or e,) & B U Hj, then take 8= e (or 8=2¢r), W=2,

2) r=eke;, s=2¢ Or s=e;ke;, 1= 2, 1< <i<t, 1<h<l. o

There is either case a) or case b) as follows a) H;# E; and e;(or ¢;) & Ey, then take
o= 2¢;(or 8=2¢;), p=—1b)exsf H; U B; or r'=s', then take d=2e, M= \/— '

8) r=2¢, $=26;, 1<k, <], then take 6 =2¢;, u=2, cLo

Corollavy 6.2 Let T, sE @1, and r#s, r+s, then there ew@sts h(x) E H* such that
2(r) #1(s). ‘

Lemma 6.8 ILet w€W\W5, then there exists h(x) € H* such that mh (x) #h(x)n
where n € N* and n corresponds to w under the natural homomorph@sm ‘ .

Proof For each wEW"\Wg, let o' e the restriction of w onto I', Juhen w#1',
Therefore, there exists r&®* such that nwr € ®*, n==x1 and (wr) o', If(wr) =

—¢', then take h(x) =h;(2), where s= min{r, 7+. If (wr)'#—7', it follows from 6.2
that there exisfs & (x) € H* such that y(nwr)=+1 and y (nor).# x (r)’, Thus we have
5 (wr) # x(w). Therefore, the Jemma, is established immediately. . , ..
_ Lemma 6.4 Let a=ei—ei1, 1€D, 1=t b, T= 2641, then n1~Na,, +1;
?2n9=N o= +2 and y.(b) X3 (t) X1(2772bt)X (t(65 1))ya(b), awhere b, tEf* and
- _
~ Proof Obviously, ‘7717]2—1 ) (Qab 1) 2b5 (bJrZ; 1)'5 65 1 and 2a~ 152 (ab
= 1) =252 —2(b-+b"1)b?=2b% — 2652 95 — —25. Using . the formula. mentioned
above, we have S C S
() X (8) = R B) 2 @) TG, |
= B (a18) % (@) Tabys (8) 0 (D) 27 (— 2072675)
=h(a~ 1b) 00 (@) Dy (— 8) @ (—219B1) Mo (d) .
-h},(aﬁlg) @y (— 272b1) @ (a) 0+ (20yma0b) B (— 1) 22 (— — 21002t M4 (b)
=, (—2mebt) x+ (ta 0 (2ab 1)) % (2nata=20%(ad —1) a) Y (0)

| — X1 (—2mebt) X7 (6 (00 —1))a(0) . -

In the following, we assume that R*is a normal subgroup of G which Sa’msﬁes |B*| > .
1,1.e., R+ {I}. |
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Lemma 6.5 |R'NB|>1,

Proof Tt follows from R being a normal subgroup of G and |R|>1 that there
exists an element & of R' which can be expressed in the form: s=ny,b+%*1, where n,E N}
and b€ B', From 8.4.4 of [7], we know that 2 can be expressed in the canonical
form o =whin, 2y, where uy €U, b€ H, 1, €N and o, €U w. I w EWTE, it follows
from 6.3 that there exists h(x) €H® such that nyh(y) #A(y)ne,. Lebt A’ ()=
75 P (1) sy B () = () “In! and lot o' =a~1h () wh (x) %, then &' =b=1%’ () bh(y) ~

E€R'NB', In the following, we shall show that 2’1, If o' = 1, then ulhlnw Uy =
Uh ) bl (1) 7o th, where  uy=h(x)wsh(x) €U, wy=h () uh(x)*€U;,. From
8.4.4 of [7], we have hih(x)h”(x) “t=hy, henoe k(x) =A" (1) =nuh (AL Therefore,
we have a contradiction. If w, € W},, then w € W5 by 5.9, Therefore, ny,=h, (x) N} 2,

N}, where B¢EII° 1<i<<k and hy(x) € H, Thus w=y'b=10'€ B', where ¢y’ €V, Thls
‘proves the lemma. -

Lemma 6.6 There ewists b=uhy€ R'(\B', where bEB:, h€ H L y€Y' and
uCU, us1,

Proof From 6. b, there exists b= =uhy € R'N'B', where u€U*, h€ H!, b+1 and
y€Y?' If u#1, the lemma is obviously true. In the following, we suppose w=1, then
hy#1, If y=1, then h(y) #1. In fact, there exists r € @} such that 5 (r) =1, Suppose
the contrary, then there exists a € II° such that x (@) #1, For each a €II°, there exists
$ € ®P" such that s+-a=r€d}, Obviously, y(r) =y ®)x (@) =y (a) 1, Thus we have a
contradiction. It follows from x(r) #1, r €&} that X1(1)A( 1) X (—1) =uw'h(y) €RY,
70, where w'=X7(((1—x(r))#1, If y+1, then y can be expressed in the form
Y=Y5,(52) Y5, (Ya) +9a (bs), where B,EI°, b,€ X, 1<i<<k. If b,=0 for all 1<i<k
and Bi=e¢;—e1, €9, then b'=hl(v'—1) bhi(v=1)"%~1=h(—1) € R, where r=
2¢;,1 €D;- From. the preceding discussion we know that there is an element u'h' =

w'hi(—1) of R, where w'€U* and u'#1, If bi#0, 1<é<h, then there exists an
element §'=u'hy € R', where w' CU* and u'+#1, by 6.4,

Lemma 6.7 |R'NUY|>1, L

Proof From 6.6, there exists b=uhy € R, where u€U1 u%1l, h€ H', and y€Y*,
Let ri=J1(w) and Ay (x) =h (2), then for all a €T °, we have x(a)=1, Therefore,
&' =hy(2)b by (x) 0 = ER‘nUl and o' = X7}, (ty(~1+44))u}, where #, € 7™ and ry <
r, r€J (W), Wy €U, Thuso'#1 "~ :

For each r € @7, let UL, {X1(t), t€ A},

- Lemma 6.8 _ There ewists r € &} such that |R*NUL|>1,

Proof From 6.7, there exists u € R*NU?, ‘where u+1,

Let ro=max {J;(u), uERNU 1}, and w, be the element of R'NU* satisfying
J1(uo) =70, Suppose J (u); {rs, 1o, -, 75}, If p=1, then the lemma is established
immediately, suppose p#1, it follows from 6.3 that there exists an element hy (5) € H?
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such that 2(ry) =7, n==x1 and x(ry) #x(rs). Let o' =ugthy () tohs (x) ™1 O0r @' =
wohy () tohy () ™2 'accordmg as n=1 or 1= -1, Obviously, #'€R' and &' can be
expressed in the following form o'=X 1 (fa(x <’)"2> x(re))u), where ' € U4, satlsfymg
ro<r, r€J (W), ta€E X, From y(rg) + 2 (ry), we have @ '-1, Obvlonsly, Fo=11<Ta=
~J1(@"), Therefore, we have a contradiction, hence p=1,

Lemma 6.8 For each s€ Pj, U;c R, o o

Proof From 6. 8, there ex1sts r€®] such that X () 631 tex™, Thus
XL () =NiXi(t) (VD YER, Therefore, () XL, (—8)hk(#) = X1, (—# 1) CR.,
henoe N1(2) = X1(5) X1, (—#%) X1(¢) € R, Thus = Ni(4t) =h @) V2 (5)hH(2) L€ BL,
“hence hl(4) =Ni(4t) N:(t)"*€R'. It follows from 1.7 that there ex1sts an element
of &% which belongs to @ type of &7, such that (ryr:) %0, Therefore for 9=1, 2, 3
X1t (—u)R:(4) X1 (u)ht(4)~*= X1, (uu) € R, where p=38 or w=18, wEA*, For an
arbitrary element ¢ of ¢, let u=c/u, then X3 (c)€R', Thus. for each @ type of
&, we have UL, C R, where r; €@} and r; belongs to @ type of &7, It follows from 1.7
that if s€ @ and s belongs to @ type of =7, then there exists an element w of W* such
that wr;=s, Therefore, n,Uin,' =U;C R, |

Corollary 6.10 U'CR! and V'C R,

Theorem 6.11 G is simple and G* = <U1 VY. :

Proof ‘It follows from 6.11 and 3.3 that H, NiCU*, VHCR!, From 5.3 and
6.11, we have Y*C (U, VI>CRE, It follows from 5.6 that G*=(U*, H?, LYo
U3, V1>CR1 thus G*=R*, Therefore, G* is simple and G1 R'= (U, V1>

Remarks

1. Let Ky be the field which satisfies the following properties a) b) o). a)a/—1
¢Ko, (V—1)?=—1; b) ch K>3, ¢) if a, bEK,, then a?+5*+—1, and let K=
Ko (v =1). If we ohange the ordermg field o for the field Ko and change Jf for

'K, then the all results remain true.
2. Let A= (aij) (B="(by))be 21 <21 matrix, Where @i (by), 1<9, j<2I satlsfymg
“the relations: if 1<<4<<l, then s .i=1, @ i=—1; if |4—35|#1], then ay;=0 (if ¢ is
odd and 1<<6<<2l, then by=1, bi1bsa= —1; if 474, then by=0).Let PSpy (A). {T'=
(tt,-),b ty €, 1<, §<2I [T'ATzA} and let PSpy ()Y, {T € PSpau(¢) |T' BT = B}.
Let PSpy ()% be the commmutator subgroup of PSpy ()Y, then *C,(X") = PSpa(H)s
and PSpy (4)*/ P;S’pm ()= {I, I'}, where I is the identity 1 matrix, I'=B,

8. Let 2, be the real number field and le$ % e the group of linear transforma-
tions leaving simultaneously mvarlant the skew-symmetrical bilinear form By q —
14181+ Bol 2 — By oWy oo+ @0y —wo) and the indefinite Hermitian form: X141 — TaTa
oee b Boy_1Tay 1 — To@a, Lot ¥, be the connected complemeut of % which contains the

v identity 1 element of ¥, then °C,(¥) =G, (€ =Ro(~/—1))and the Lie algebra of %, is
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the real form of C, with 8= —1([4]. p.292),
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