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1 � � ��$k$|Ln�.��9���Q�os*#C��o
{

∆(u+ ut) − ut = f(x, u),

u(x, 0) = 0, u = 0 \ (u+ ut)n + (u+ ut) = 0, (x, t) ∈ ∂Ω × [0, T ],
(1.1)7V ∆ � n ��5�fj`� Ω ⊂ R

n ^x*;u_�7�u<2PZ=��;;�4����:=I9�;^Q8*57	y�J�57=5n�q;.��0 [1], Chen U
Gurtin *F�&� [2] �KJ?PC;qV*
N [3−4] ,+�Y(*��S�V�1 9� (1.1) s*#CU}+��o2:"H$$|*�B�C� [5] V� Elcart U Sigillito y&��.�j`

Lau = ∆(u + ut) +

n
∑

i=1

uxi
− au− ut*+F9ÆLb��57=9� (1.1) V)'J.��p~ 1.1 Qj` Pu = L0u− f(x, u), I� L0u = ∆(u+ ut)− ut, f "b�si�

(1) inf
Ω×R

fu > −λ;

(2) 3=N.* x, fu = O(u),E9� Pu = 0 C Hilbert �f W0 V;}+s�
�*[()*^yQ Elcart U Sigillito *qR��$C- 4 p*.� 4.1 V�k
Elcart U Sigillito *si (2) r[�

(2) 3H/ u ∈W0,
∫ +∞

1
ds

1+N(s)+Q(s)N(s) = ∞, I� N(u) = sup ‖[L0 + f ′
u(x, u)]

−1
‖,

Q(u) = sup f ′
u(x, u).�� 2013 - 12 B 7 I`(� 2015 - 6 B 23 I`( AE�
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�[(.�*y ��$[(.�*M&96�w= ElcartU Sigillito*M&��F- 3p[(M&�+��,\�M&*g�96> ElcartU Sigillitoh�I��,\C[(.�*M&S�V:^Y(*e7�
2 � f ! �Q E, F � Banach �f� D � E V�v�_�%.��7�M&
�*[(.��p~ 2.1 [6] Q f : D ⊂ E → F C D O^~�w0* C1 6P�Q x0 ∈ D, ∀x ∈ D,�zmU�o

{

f(γx(t)) = f(x0) + e−t(f(x) − f(x0)), t ∈ R,

γx(0) = x, γx(t) ∈ D
(2.1);}++F.0Cd%�?f Ix = (t−x , t

+
x ), −∞ 6 t−x < 0 < t+x 6 +∞ O*�!s

t → γx(t), �=_W {(x, t) ∈ D × R : t ∈ Ix} ^ D × R O*�_�6P (x, t) → γx(t) *^�!*�=�;�U
t, t+ τ ∈ Ix =⇒ τ ∈ Iγx(t)

,

γγx(t)
(τ) = γx(t+ τ).p� 2.1 [6] C.� 2.1 *dQsi� x0 *
21^S_W

A =
{

X ∈ D : t+x = +∞, lim
t→+∞

γx(t) = x0

}

.p~ 2.2 [7] Q�!6P f : D ⊂ E → F ^~�w0*�E f ^ E ' F O*C~w0*�(si^3k;* x ∈ A, γx(t) 1.0CY_ R O�a γx(t) �.� −∞ &R�
3 � � � �CI+pV��$aÆM&+�Y(*�,\���Ln�.��j

L̀au = ∆(u+ ut) +

n
∑

i=1

uxi
− au− ut, (3.1)7V a(x) ^O= t, x1, · · · , xn, u *;uT� ut ∈ L2([0, T ],W 2

2 (Ω)). Q W0(D) ^.
(‖u‖2,1)

2 =

∫

(u2 + |∇u|
2

+ |D2u|
2

+ u2
t )dxdt�7* Hilbert �f�D = Ω× [0, T ], Ω ^+F�u<2PZ=��;;�4���*

n �??� |D2u|
2 �℄�fÆ�k;5n&*49U�

Lu = ∆(u + ut) +
n

∑

i=1

uxi
− ut, (3.2)
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(3.1) �.��
Lau = Lu− au. (3.3)CO%*dQ� La ^ W0(D) 6K L2(D) *��j`��~ 3.1 Q a0 = inf

Ω
a > −λ, E3=H/ u ∈W0(D), ;

∫

D

(∇u)
2
dxdt 6

∫

D

(Lu)
2
dxdt+ (2 + 4λ)

∫

D

u2dxdt,I� λ ^ L2(D) O"b9!�usi*�5�fj` −∆ *d�lKQ� : (3.1)–(3.3), )
∫

D

uLudxdt−

∫

D

au2dxdt =

∫

D

(∇u)
2
dxdt+

1

2

∫

ΩT

|∇u|
2
dx−

n
∑

j=1

∫

D

uuxj
dxdt

+

∫

D

au2dxdt+
1

2

∫

ΩT

u2dx,7V ΩT = D ∩ {t = T }. 3= ε1 > 0 U ε2 > 0, Z7�! AM-GM �,\�)
1

2ε1

∫

D

(Lu)
2
dxdt+

ε1

2

∫

D

u2dxdt− 2

∫

D

au2dxdt

>

∫

D

(∇u)
2
dxdt−

ε2

2

∫

D

|∇u|
2
dxdt −

1

2ε2

∫

D

u2dxdt,

(

1 −
ε2

2

)

∫

D

(∇u)
2
dxdt 6

1

2ε1

∫

D

(Lu)
2
dxdt+

(ε1

2
+

1

2ε2
− 2a0

)

∫

D

u2dxdt.: a0 = inf
Ω
a > −λ �Q ε1 = 1 = ε2, )

∫

D

(∇u)
2
dxdt 6

∫

D

(Lu)
2
dxdt+ (2 + 4λ)

∫

D

u2dxdt.%�F2�*M&h=� [8] V*�OM&��~ 3.2
∫

D
(ut)

2
dxdt 6

∫

D
(Lu)

2
dxdt+ 3

2

∫

D
u2dxdt.�~ 3.3

∫

D
|D2u|

2
dxdt 6 14

∫

D
(Lu)

2
dxdt+ (21 + 24λ)

∫

D
u2dxdt.�~ 3.4 Q a0 = inf

Ω
a > −λ, E;

‖u‖ 6 C(‖u‖0 + ‖Lu‖0),7V C = max
{

16, 51
2 + 28λ

}

, ‖ ‖0 ^ L2(D) *7� �$�.)'
(‖u‖2,1)

2 =

∫

(u2 + |∇u|2 + |D2u|
2

+ u2
t )dxdt

=

∫

u2dxdt+

∫

(|∇u|
2

+ |D2u|
2
+ u2

t )dxdt.I�2� 3.1–3.3, ;
∫

(|∇u|2 + |D2u|
2
+ u2

t )dxdt 6 16

∫

D

(Lu)2dxdt+
(49

2
+ 24λ

)

∫

D

u2dxdt.
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(‖u‖2,1)

2
6 16

∫

D

(Lu)2dxdt+
(51

2
+ 24λ

)

∫

D

u2dxdt.� max
{

16, 51
2 + 28λ

}

, E;
‖u‖ 6 C(‖u‖0 + ‖Lu‖0).

4 ' � r �%�$kG�9�
L0u = ∆(u+ ut) − ut = f(x, u) (4.1)"b�[si u(x, 0) = 0, u = 0 \ (u+ ut)n + (u + ut) = 0, (x, t) ∈ ST *s*#C}+�*+F�<si�k9� (4.1) ��j`*�\

Fu = Lu− au,E (4.1) ,e=
F (u) = 0, u ∈W0.�$Q ∂Ω ∈ C2 = f O= u �!�;P'Ln�!3&�=^3+< u, ϕ ∈ W0(D),;

F ′(u)(ϕ) = L0ϕ− f ′
u(x, u)ϕ, u, ϕ ∈ W0.%^
�*[(.��p~ 4.1 dQ

(1) inf
G×R

f ′
u(x, u) > −λ;

(2) 3=H/ u ∈W0, ;
∫ +∞

1

ds

1 +N(s) +Q(s)N(s)
= ∞, (4.2)I� N(s) = sup

‖u‖06s

‖[L0 + f ′
u(x, u)]−1‖, Q(s) = sup

G×R

f ′
u(x, u), E9�

F (u) = 0#C}+s u ∈ W0. :si (1) �O� 0 �^ L0φ − f ′
u(x, u)φ = 0 *lKQ�1 3#F u ∈

W0, F
′(u) = L0 − f ′

uI ^ W0(D) ' L2(D) O*�,j`�7V I ^ W0(D) O*Ywj`�"4e& F ^ W0(D) O*~�w0�HA u ∈W0(D),  [L0 − f ′
u(x, u)I]−1ϕ = ψ, :2� 3.4 )

‖ψ‖ 6 C(‖ψ‖0 + ‖L0ψ‖0) = C(‖[L0 − f ′
u(x, u)I]−1ϕ‖ + ‖L0[L0 − f ′

u(x, u)I]−1ϕ‖)

6 C(N(‖u‖)‖ϕ‖ + ‖ϕ‖ + ‖f ′
u(x, u)‖‖[L0 − f ′

u(x, u)I]−1ϕ‖)

6 C(N(‖u‖)‖ϕ‖ + ‖ϕ‖ + sup
G×R

‖f ′
u(x, u)‖N(‖u‖)‖ϕ‖)

6 C(N(‖u‖)‖ϕ‖ + ‖ϕ‖ +Q(‖u‖)N(‖u‖)‖ϕ‖),k.
‖F ′(u)−1‖ = ‖[L0 − f ′

u(x, u)I]−1‖ 6 C(1 +N(‖u‖) +Q(‖u‖)N(‖u‖)).
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{

F (γu(t)) − F (u0) = e−t(F (u) − F (u0)),
γu(0) = u.�D γ′u(t) = −[F ′(γu(t))]−1e−t(F (u) − F (u0)), E

‖γu(t) − γu(0)‖ =
∥

∥

∥

∫ t

0

γ′u(t)dt
∥

∥

∥
6

∫ t

0

‖γ′u(t)‖dt =

∫ t

0

‖[F ′(γu(t))]−1e−t(F (u) − F (u0))‖dt

6 C

∫ t

0

|1 +N(γu(t)) +Q(γu(t))N(γu(t))|e−t‖F (u) − F (u0)‖dt,

‖γu(t)‖ 6 ‖γu(0)‖ + C

∫ t

0

|1 +N(γu(t)) +Q(γu(t))N(γu(t))|e−t‖F (u) − F (u0)‖dt.: Gronwall �,\�)
∫ ‖γu(t)‖

‖γu(0)‖

ds

1 +N(s) +Q(s)N(s)
6 C

∫ t

0

e−t‖F (u) − F (u0)‖dt 6 C‖F (u) − F (u0)‖,= (4.2) ���E ∃M > 0,

‖γu(t)‖ 6 M, t > 0.:.� 2.1, �$T(M& γu(t) �.� −∞ &Ra��� g(−t) = γu(t), t ∈ (b, 0], ∀b < 0. 3 t1, t2 ∈ (b, 0], ;
‖γu(t1) − γu(t2)‖ = ‖g(−t1) − g(−t2)‖ =

∫ −t1

−t2

‖g′(s)‖ds

=

∫ −t1

−t2

‖F ′(γu(t)−1)‖es‖F (u) − F (u0)‖ds

6 C

∫ −t1

−t2

|1 +N(M) +Q(M)N(M)|es‖F (u) − F (u0)‖ds

6 C(1 +N(M) +Q(M)N(M))eb‖F (u) − F (u0)‖|t1 − t2|.k. γu(t) C (−b, 0]O Lipschitz �!�γu(t) �.� −∞&R�a F ^ W0(D) ' L2(D)O*C~w0�(o)M�
� 4.1 dQ f "b
(1) inf

G×R

f ′
u(x, u) > −λ;

(2) 3=N.* x, |f ′
u| = ω(‖u‖), 7V ω �!="b

∫ ∞

c

dt

ω(t)
= ∞, (4.3)�E9� (4.1) C W0 O;}+s� :� [5] V*.� 1, �)

‖[F ′(u)]−1‖ 6 α sup
G

|f ′
u(x, u)| + β, α, β ^L��: (4.3),

∫ ∞

c
dt

α sup |f ′

u|+β
= ∞. M:.� 4.1, 9� (4.1) #C}+s�
� 4.2 (Elcrat and Sigillito) Q Pu = L0u− f(x, u), dQ f "b

(1) inf
G×R

f ′
u(x, u) > −λ;
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(2) 3=N.* x, ‖f ′

u‖ = O(‖u‖),E9� Pu = 0 C W0 O;}+s� :si (2) �O ∫ ∞

a
dt

ω(t) = ∞ ���E(o)M� Elcrat U Sigillito C� [5] V*qR��.� 4.1 *y �$� eHX�B�TDG*/h3
�*mC�j � { �  � �
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An Existence Theorem for the Initial-Boundary Value

Problem of a Third Order Pseudoparabolic Equation
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Abstract In this paper, a new set of sufficient conditions related to the path-lifting problem
and the basin of attraction method is given in discussing the initial-boundary value problem
of a third order pseudoparabolic equation. Some known results on the existence of solutions
of the above equation are generalized.
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