
HP A �
2018, 39(1):53–62

DOI: 10.16205/j.cnki.cama.2018.0006

C2(4, k) O!8L�.+>∗℄SX1 WYZ1 [UU2 VT\3;E x 2 6 h 6 3, l > 0, k > 0 �{, Ch(l, k) � h-�1��* ��3�o.  G ∈ Ch(l, k)-^�-F G 3jYS_M�℄zr�℄ X,  G − X 3E_T���ve |V (G)|−k

l
_8. x

e = u1v1 m e′ = u2v2 � G 33��. p e 6= e′, G(e, e′) �� G 	3� e = u1v1 m
e′ = u2v2 T�a; u1vev1 m u2ve′v2 �x1/3 (W	, ve, ve′ ��p V (G) 	33_�38). p e = e′, G(e, e′) �� G 	3� e = u1v1 a; u1vev1 �x1/3 , P�� G(e). pFjY3 e, e′ ∈ E(G), G(e, e′) �e�� (ve, ve′ )-~, s� G �[��#~3. �w}J6, p 
G ∈ C2(4, k) ^ |V (G)| > 5k, sNA G �[��#~ , NA%p e, e′ ∈ E(G), �1 G(e, e′) #V���S_e6 + F 	3 . - k = 4 }, F �$d=6.(,� [��#~ , #v: , �u 
MR (2000) Q<'0 05CP?&'0 O157.5AC�M5 AAI�) 1000-8314(2018)01-0053-10

1 H�D�)I�d5-v�, (<Z2Vkl	j� [1]. w G �R^�. ,F` κ′(G) � G 2�0�B. Egz� i > 1, 9 Di(G) = {v ∈ V (G) | dG(v) = i} l di(G) = |Di(G)|.o X ⊆ E(G), r G/X �� G ��g X 2D��22^C7�n, nt v0.2�. w G/∅ = G. o H � G 2��, r G/E(H) ��' G/H . o H � G 20���, ℄
G/H �27 vH ��� H 0.2, M�� H ' vH 2k:, �� PIG(vH).w O(G) �� G ��dXB7��2�n. o G �0�2℄ O(G) = ∅, r� G �Q(�. o G d~�Q(��, r� G �Q(�. �Q(�ihGKG7�2I�d�Q�G\2d/. oEg G �2iX�iR�^72�� R, G ?dR^~�0��� H~0 O(H) = R, r� G �"u9�. a�<Z, o G �"u9�, r G O��Q(�℄
κ′(G) > 2. o [2] �, Catlin |I5EgiX� G, G 2DR^7?oR^&R2�&"u9���. � G 2�t��� G ��d2QTO2"u9����q0.2�, ��
G′. mfR^��K^�2�t, r�x^���t2. 3e, o G ��t2, r G 2iX��O��t2.	* 2015 P 7 m 23 k�/, 2017 P 1 m 17 k�/DY[.
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54 HP 39 � A �Eg G 2iX2^7 u l v, (u, v)-}�2� G 2R�#7 u .7 v 2}. o u = v,r (u, v)-}� G 2R^Q(��. Eg G 2iX2�� e l e′, (e, e′)-}�2� G 2R�#� e �N.� e′ ��2}. oR� (e, e′)-}�i5 G 2�d27, r�X (e, e′)-}�~�2. oEg� G 2iX2�� e1 l e2, G ?dR�~�2 (e1, e2)-}, r� G �~�"}�.w e = u1v1 l e′ = u2v2 �� G 22��. o e 6= e′, r G(e, e′) ��� G �2�
e = u1v1 l e′ = u2v2 SÆ`: u1vev1 l u2ve′v2 �w0.2� (V�, ve, ve′ ��o V (G)�22^?27). o e = e′, G(e, e′) ��� G �2� e = u1v1 `: u1vev1 �w0.2�, O�� G(e). oEgiX2 e, e′ ∈ E(G), G(e, e′) ?d~� (ve, ve′)-}, r� G �Z~�"}�. [' e l e′ "O8�, �UZ~�"}��R*��2�Q(�. a�<Z,Z~�"}�O�~�"}�. Luo 4ho [3](O"� [4] 2<, 8) �|I5, iX2
4-�0��?�Z~�"}�. [", EZ~�"}�2I�_X��g�0�B;g 42�. [' Wagner � W8 �~�"}�+��Z~�"}� [5], �UE�0�B��g
3 2�)Æ, Z~�"}�l~�"}���4
2.Z~�"}�dpI_`. Shao o [6] �ÆI5Z~�"}�ohGKG0�7�2I��2_`. EgiX2 e, e′ ∈ E(G), � G∗(e, e′) �o� G(e, e′) ���R^?27
z l2�?� zve,zve′ 0.2�. [", G(e, e′) d~� (ve, ve′)-},℄�, G∗(e, e′) ��Q(�. Pulleyblank o [7] �|I5, SD 3-�0���U��Q(�� NP- #b+�.[", SD 3-�0���U�Z~�"}��ubSD��U��Q(�RL'N.['SDR^��U��Q(�� NP-#b+�, �UI�M=O#b$rV�2�Q(�2�*�Q��M2. Catlin l Li �q��xPH2I� [8]. w 2 6 h 6 3,l >

0,k > 0 �z�, Ch(l, k) � h-�0��)���2�n. � G ∈ Ch(l, k) ,℄�,Eg G2iXR^L�\yq�\ X , G −X 2D^S~?�ud |V (G)|−k

l
^;7. dgX�*, TdR/72I�<)N, x=<)2N�D6!>�EX�*yn2I� (� [8–14]).�)MI� C2(4, k) �2Z~�"}�. '5|I,F2�<, 2`�R=<ZlVk.
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= 1 #F 1.1 N = :3#F 1.1 w s1, s2, s3, t,m, l �QWz�℄ t,m, l > 1. w M ∼= K1,3 ℄ V (M) =

{a, a1, a2, a3}, V� a '�A7. � K1,3(s1, s2, s3) �o M �t� si ^U {ai, ai+1} '87270.2�, V� i ≡ 1, 2, 3(mod 3). � K2,t(u, u
′) � K2,t, V�2^�882 t B7SÆ�' u, u′. � K ′

2,t(u, u
′, u′′) �o K2,t(u, u

′) �t�R^?27 u′′ lR�?2�
u′u′′ 0.2�. [", o K ′

2,t(u, u
′, u′′) �,7 u′′ 2B� 1, 7 u2B� t. � K ′′

2,t(u, u
′, u′′)�o K2,t(u, u

′)�t�R^?27 u′′,�℄��i K2,t �2R^ 2B7800.2�. [", o K ′′
2,t(u, u

′, u′′) �, 7 u′′ 2B� 1, 7 ul u′ 2B?� t. � S(m, l)�� K2,m(u, u′)l K ′
2,l(w,w

′, w′′) 27 u l w, w′′ l u′ SÆ�n0.2�. � J(m, l) �� K2,m+1 �R��22^C7l K ′
2,l(w,w

′, w′′) �22^7 w,w′′ SÆ�n0.2�. � J ′(m, l) �



1 U h�B =gs %## %�F C2(4, k) 	3[��#~ 55� K2,m+2 �22^ 2 B7l K ′
2,l(w,w

′, w′′) �27 w,w′′ SÆ�n0.2�. ,F�
K ′

2,t(u, u
′, u′′)l K ′′

2,t(u, u
′, u′′) �>' K ′

2,t l K ′′
2,t. � 1`�5<Z 1.1��2R=�..w B > 0 �z�, S1(B) ��t� G ��2�n. � G >�U1�Æ: |V (G)| 6 B,

|D2(G) ∪ D3(G)| 6 6 ℄$o u, v ∈ V (G) ~0 G Cd~� (u, v)-}. "", o |D2(G) ∪

D3(G)| = 5, r |{u, v} ∩D2(G)| > 1; o |D2(G) ∪D3(G)| = 6, r |{u, v} ∩D2(G)| = 2. w
S(B) = {G : $o e, e′ ∈ E(G), ~0 (G(e, e′))′ ∈ S1(B)}. w L1, L2, · · · , L5 '� 2 �2�, 9
F = {K2,2, K2,3, K2,4, K2,5}∪{S(1, 1), S(3, 1), S(2, 2), K1,3(1, 1, 0)}∪{C6, L1, L2, · · · , L5}.�)2M�<m1.
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u u
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= 2 = L1, L2, L3, L4, L5#1 1.1 w G ∈ C2(4, k) ��)�, ℄V�� n > 5k. M�, M� G �Z~�"}�, M� G ∈ S(B), V� B = max{7, 6 + k}.#1 1.2 w G ∈ C2(4, 4) ��)�, ℄V�� n > 20. M�, M� G �Z~�"}�, M�$o e, e′ ∈ E(G), ~0 G(e, e′) 2�t�g F .

2 H�2` F (G) �~0 G>�t��qd2^���2~�
|EMt�2�u2��.1H2\,��5"u9�l�t�2R=C�.G1 2.1 w G �R^0��,G′ � G 2�t�. M�1H2�<�/.

(i) () [2]) #b� Kn (n = 1 y n > 3) l C2 ?�"u9�.

(ii) () [2] �2<, 3 l 8) w H �� G 2"u9���r G �"u9�,℄�, G/H �"u9�. �Æ6, G �"u9�,℄�, G′ = K1.

(iii) () [15] �2\, 2.3) o� G ��t2, r F (G) = 2|V (G)| − |E(G)| − 2.

(iv) () [15] �2<, 1.3) o F (G) 6 2, r G′ ∈ {K1,K2} ∪ {K2,t | t > 1}. V�,

F (K1) = 0, F (K2) = 1 l F (K2,t) = 2.G1 2.2 [5] w e, e′ ∈ E(G), H �� G(e, e′) 2"u9��, vH � G(e, e′)/H �b
H ��0.27. 9

v′e =

{

ve, ove /∈ V (H),

vH , ove ∈ V (H)
l v′e′ =

{

ve′ , ove′ /∈ V (H),

vH , ove′ ∈ V (H).o G(e, e′)/H dR�~� (v′e, v
′
e′ )-}, r G(e, e′) R<dR�~� (ve, ve′)-}.G1 2.3 [11,℄- 2.2] o� G �"u9�, M�EgiX22^7 u, v ∈ V (G), G ?dR�~� (u, v)-}.



56 HP 39 � A �o� G �uidR��, r� G �QTO2. o X �� G 2�\�, ℄ G−X �ud2^QTO2S~, r� X ' G 2{��\�. o G Cd��;g k 2{��\�,r� G '{� k-�0�2.G1 2.4 [16,=- 3.1(iii)] w G �{� 4-�0��℄ G >� δ(G) > 2 l |D2(G) ∪

D3(G)| 6 5. o |D2(G)| > 2, M�Eg D2(G) 2iX2^��27 u, v, G dR�~�
(u, v)-}.w H = {K1, K2, K2,t, K

′
2,t, K

′′
2,t, K1,3(s1, s2, s3), S(m, l), J(m, l), J ′(m, l), P (10)},V� s1, s2, s3, t,m, l�QWz�℄ t,m, l > 1, P (10)� Petersen�. 9 F0 = {K1,3(2, 1, 0),

K1,3(3, 1, 0), K1,3(2, 1, 1), K1,3(2, 2, 1)}∪{S(2, 1), S(4, 1), S(3, 2), S(3, 3)}∪{J(2, 2), J(3, 2),

J(3, 3)}∪{J ′(2, 1), J ′(2, 2), J ′(2, 3)}, F1 = {S(1, 1), S(3, 1), S(2, 2), K1,3(1, 1, 0)}.G1 2.5 [17] w G �0��t�. o |V (G)| 6 11, F (G) 6 3, r G ∈ H.G1 2.6 w G � 2-�0��t�℄ |V (G)| 6 10, F (G) = 3. o
d2(G) > 4 ℄ d2(G) + d3(G) 6 6, (2.1)r G ∈ F0 ∪ F1.J w G �>�\, 2.6 	w2�. b\, 2.5, G ∈ H. b F (G) = 3 l\, 2.1(iv),

G 6∈ {K1,K2,K2,t | t > 1}. [' κ′(G) > 2, �U G 6∈ {K ′
2,t,K

′′
2,t | t > 1}. [' d2(G) > 4,�U G 6= P (10). [", G ∈ {K1,3(s1, s2, s3), S(m, l), J(m, l), J ′(m, l)}. 1H,FS 4 
`&�<.9/ 1 G ∈ {K1,3(s1, s2, s3) | s1 > s2 > s3 > 0}.�X κ′(G) > 2. o s3 = 0, r s1 > s2 > 1. o s3 = 0 ℄ s2 > 2, r d2(G) + d3(G) > 6,i (2.1) ?H. o s3 = 0 ℄ s2 = 1, b (2.1)� s1 6 3. [", G ∈ {K1,3(1, 1, 0),K1,3(2, 1, 0),

K1,3(3, 1, 0)}.o s3 = 1 ℄ s2 = 1, b (2.1) � s1 = 2. [", G = K1,3(2, 1, 1). o s3 = 1, s2 > 2, b
(2.1) � s2 = s1 = 2. [", G = K1,3(2, 2, 1). o s3 > 2, r d2(G) + d3(G) > 6, i (2.1) ?H. [", o G ∈ {K1,3(s1, s2, s3) | s1 > s2 > s3 > 0}, r

G ∈ {K1,3(1, 1, 0), K1,3(2, 1, 0), K1,3(3, 1, 0), K1,3(2, 1, 1), K1,3(2, 2, 1)}.9/ 2 G ∈ {S(m, l) | m > l > 1}.b (2.1), o l = 1, r 1 6 m 6 4; o l = 2, r 2 6 m 6 3; o l > 3, r l = m = 3. [",ox
`&1,

G ∈ {S(1, 1), S(2, 1), S(3, 1), S(4, 1), S(2, 2), S(3, 2), S(3, 3)}.9/ 3 G ∈ {J(m, l) | m > l > 1}.b (2.1), o l = 1, r 1 6 m 6 3; o l = 2, r 2 6 m 6 3; o l > 3, r l = m = 3. [",ox
`&1,

G ∈ {J(1, 1), J(2, 1), J(3, 1), J(2, 2), J(3, 2), J(3, 3)}.�X J(1, 1) ∼= K1,3(1, 1, 0), J(2, 1) ∼= K1,3(2, 1, 0), J(3, 1) ∼= K1,3(3, 1, 0).9/ 4 G ∈ {J ′(m, l) | m, l > 1}.o m = 1 y m > 3, r d2(G) + d3(G) > 6, i (2.1) ?H. [", m = 2. b (2.1) �
1 6 l 6 3. [", G ∈ {J ′(2, 1), J ′(2, 2), J ′(2, 3)}. |
.



1 U h�B =gs %## %�F C2(4, k) 	3[��#~ 57G1 2.7 w G � 2-�0�2�t�℄ |V (G)| 6 10,

V (G) = D2(G) ∪D4(G)l d2(G) = 6. (2.2)w F2 = {C6, L1, L2, L3, L4, L5}. o$o D2(G) �22^�8827 u, v(u 6= v), ~0
G Cd~� (u, v)-}, r G ∈ F2.J w G �>�\, 2.7 	w2�. 1H,FS2
`&|I.9/ 1 D2(G) ��A/�.w x, y ∈ D2(G), xy ∈ E(G). w x′, y′ ∈ V (G), xx′, yy′ ∈ E(G). [' G ��t2, b\, 2.1(i), G �i�� K3. [", x′ 6= y′. w G1 = G[{x, y}] = K2, G2 �� G − {xx′, yy′} 22^S~. b (2.2) � dG2

(x′) l dG2
(y′) ?�X�. ['0��2XB72^�R<�R�, �U G2 �R^0��. b\, 2.1(iii), F (G1) = F (K2) = 1℄ F (G1) + F (G2) = 2|V (G)| − |E(G)| − 2 = F (G) = 4. [", G2 �R^�t�℄>�

F (G2) = 3 l |V (G2)| 6 8.R9/ 1.1 dG(x
′) = dG(y

′) = 2.ox
�`&1, V (G2) = D1(G2) ∪ D2(G2) ∪ D4(G2), d1(G2) = 2, d2(G2) = 2,

d4(G2) 6 4. b\, 2.5, G2 = K ′
2,1. [", G = C6. lW|I, $o2^�8827

u, v ∈ D2(C6) (u 6= v), ~0 C6 Cd~� (u, v)-}.R9/ 1.2 dG(x
′) = 2, dG(y

′) = 4.ox
�`&1, V (G2) =
4
⋃

i=1

Di(G2), d1(G2) = 1, d2(G2) = 3, d3(G2) = 1 ℄
d4(G2) 6 3. b\, 2.5, G2 ∈ {K1,3(1, 0, 0), K1,3(3, 0, 0), K

′
2,3, K

′′
2,4}.R9/ 1.3 dG(x

′) = dG(y
′) = 4.ox
�`&1,

V (G2) =

4
⋃

i=2

Di(G2), d2(G2) = 4, d3(G2) = 2 ℄ d4(G2) 6 2. (2.3)b\, 2.5, G2 ∈ {K1,3(s1, s2, s3), S(m, l), J(m, l), J ′(m, l)}, V� s1, s2, s3, m l l ?�QWz�℄ s1 > s2 > s3 > 0, m, l > 1. b\, 2.6 2|I, G2 ∈ F0 ∪F1. b (2.3), lWK|
G2 ∈ {K1,3(1, 1, 0), K1,3(2, 1, 0), K1,3(2, 1, 1), S(2, 1), S(2, 2), J(2, 2), J

′(2, 1)}.Eg`& 1.2 l 1.3, G �� G2 27 x′ l y′ `R��' 3 2:0�0.2�. lW|I, $o2^�8827 u, v ∈ D2(G) (u 6= v), ~0 G Cd~� (u, v)-}. �K|"�
G ∈ F2.9/ 2 D2(G) �A/�.ox
`&1, G2 = G −D2(G) ��t�℄ |V (G2)| 6 4. b\, 2.1(iii), F (G2) =

F (G) = 4. b\, 2.1(i), G l G2 ?��i�� K3 2�)�. [", b\, 2.1(iii), �K|"� G2 ∈ {3K1, K1 ∪K1,2, 2K2}.w D2(G) = {v1, v2, · · · , v6}. b (2.2), EiX2 v ∈ V (G2), dG(v) = 4. w H1,H2,H3l H4 �m� 3 ��2�. 1H,FS 3 
�`&|I.R9/ 2.1 G2 = 3K1.w V (G2) = {v7, v8, v9}, NG(v7) = {v1, v2, v3, v4}. [' G ��)�, �U |NG(v7) ∩

NG(v8)| = 2. �{R�C, ,Fw NG(v8) = {v1, v2, v5, v6}. M� NG(v9) = {v3, v4, v5, v6}.[", G = H1.R9/ 2.2 G2 = K1 ∪K1,2.



58 HP 39 � A �w V (G2) = {v7, v8, v9, v10}, dG2
(v7) = 0, dG2

(v8) = dG2
(v10) = 1, dG2

(v9) = 2. 	w
NG(v8) ∩ D2(G) = {v1, v2, v3}. [' G �i�� K3, w NG(v9) ∩ D2(G) = {v4, v5}. o
v6 6∈ NG(v10), M� G ���)�, i G �R^�t�?H. [" v6 ∈ NG(v10). �{R�C, w NG(v10) ∩D2(G) = {v2, v3, v6}, r NG(v7) = {v1, v4, v5, v6}. [", G = H2.R9/ 2.3 G2 = 2K2.w V (G2) = {v7, v8, v9, v10} ℄EiX2 7 6 i 6 10, dG2

(vi) = 1. w v7v8, v9v10 ∈

E(G2), NG(v7) ∩ D2(G) = {v1, v2, v3}. [' G �i�� K3, �U NG(v8) ∩ D2(G) =

{v4, v5, v6}. bE�C, |NG(v7) ∩NG(v9)| = 3 y 2. o |NG(v7) ∩NG(v9)| = 3, r G = H3.o |NG(v7) ∩NG(v9)| = 2, r G = H4.�K|"�, EgiX2^�8827 u, v ∈ D2(G) (u 6= v), G ?d~� (u, v)-}.a�	w, G 6= Hi (1 6 i 6 4). |
.

1v

2v 3v
4v

5v

6v

7v

8v
9v

1H

6v
10v 7v

8v

9v 10v

4H

1v 2v 3v

4v
5v 6v

7v
8v

9v 10v

3H
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1v
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2v

3v

2H= 3 = H1,H2,H3, H4G1 2.8 w� G �R^ 2-�0�2�t�, r G R<dR^{��\�.J w G �>�\, 2.8 	w2�. b\, 2.1(i), G ��i�� K3 2�)�℄
κ′(G) > 2. w u ∈ V (G), r$o G �2q^��2;7 v, w, x ~0 uv, uw, xv ∈ E(G).W� wuvx � G �2i P4 �2��. [", E(G)− {uw, vx} � G 2R^{��\�.|
.

3 $2 1.1 * 1.2 "K7ox�S�, o G ∈ C2(4, k) ��)�℄�� n > 5k, rEgiX2 e, e′ ∈ E(G), ,F��` G′ �� G(e, e′) 2�t�℄9 n′ = |V (G′)|. 	w v′e l v′e′ m\, 2.2 ��<Z. o ve(y ve′) �o G(e, e′) 2"u9���, r v′e = ve(y v′e′ = ve′). o e 6= e′, v′e = ve℄ v′e′ = ve′ ,r v′e l v′e′ ��882 2B7℄ v′e 6= v′e′ . 9 c = |(D2(G
′)∪D3(G

′))−{ve, ve′}|℄ (D2(G
′) ∪D3(G

′))− {ve, ve′} = {v1, v2, · · · , vc}. w H [vi] = V (PIG(e,e′)(vi)) ℄ H(vi) =

H [vi]− {ve, ve′}. '5�t, oxR�S�,F� di = di(G
′) = |Di(G

′)|.G1 3.1 w G ∈ C2(4, k) ��)�℄V�� n > 5k. M�, 1H2�<�/:

(i) G′ ��i K3 2�)�, ℄ κ′(G′) > 2;

(ii) c 6 4 l |H(vi)| >
n−k
4 , V� 1 6 i 6 c.

(iii) d2 + d3 6 6. o d2 + d3 = 6, |{ve, ve′} ∩D2(G
′)| = 2. o d2 + d3 = 5, |{ve, ve′} ∩

D2(G
′)| > 1.J b G ∈ C2(4, k) l\, 2.1(i), (i) �/. b dG(e,e′)(ve) = dG(e,e′)(ve′ ) = 2, o (ii)�/, r (iii) �/. 4o|I (ii) �/. EiX2 1 6 i 6 c, w Xi = {xy ∈ E(G′) |x ∈

H [vi], y ∈ V (G′) −H [vi]}. GaiX2 xy ∈ Xi >� x ∈ H [vi] l y ∈ V (G′) −H [vi]. �X dG(e,e′)(ve) = dG(e,e′)(ve′ ) = 2. o x ∈ {ve, ve′}, r κ′(PIG(e,e′)(vi)) = 1, i PIG(e,e′)(vi)



1 U h�B =gs %## %�F C2(4, k) 	3[��#~ 59�R^"u9�?H. [", x 6∈ {ve, ve′}. EiX2 xy ∈ Xi, o y ∈ {ve, ve′}, Ga
y′ ∈ V (G′) ~0 yy′ ∈ E(G′), �` xy′ (� xy. M�, ,F# Xi 0. G 2 2-�\y 3-�\. [' G ∈ C2(4, k), �U |H(vi)| >

n−k
4 . o c > 5, b n > 5k, r

n >

c
∑

i=1

|H(vi)| >
5(n− k)

4
= n+

n− 5k

4
> n+

5k − 5k

4
= n,?H. [", c 6 4. |
.#1 1.1  J6 w G ∈ C2(4, k) ��)�℄V�� n > 5k. 	w G ��Z~�"}�. M�$o e, e′ ∈ E(G) ~0 G(e, e′) Cd~�2 (ve, ve′)-}. b\, 2.2,

G′Cd~�2(v′e, v
′
e′)-}. (3.1)�Xo ve(y ve′)�o G(e, e′)2"u9���, M� v′e = ve(y v′e′ = ve′ ). b\, 3.1(iii),�EM|I n′ 6 B, V� B = max{7, 6 + k}.4% 1 w F3 = {K2,2,K2,3,K2,4,K2,5}. o F (G′) 6 2, r G′ ∈ F3 ⊆ S1(7).o F (G′) 6 2, b\, 2.1(iv), G′ ∈ {K1,K2} ∪ {K2,t | t > 1}. o G′ = K1, b\,

2.1(ii), G(e, e′) �"u9�. M�b\, 2.3, G(e, e′) dR�~�2 (v′e, v
′
e′ )-}, i (3.1)?H. [", G′ 6= K1. b\, 3.1(i), κ′(G′) > 2. [", G′ 6∈ {K2,K2,1}. fb\, 3.1(iii),

G′ ∈ {K2,t | 2 6 t 6 6}. o G′ = K2,6,b\, 3.1(iii), |{ve, ve′}∩D2(G
′)| = 2. lW|I, G′dR�~�2 (ve, ve′ )-}, i (3.1) ?H. [", G′ 6= K2,6, G

′ ∈ F3. lWK| F3 ⊆ S1(7).<D 1 |
.4% 2 o F (G′) > 3, r d2 + d3 6 6, d2 > 4 ℄EiX2 i = 1 y i > 7, di = 0, J℄
(d2, d3, d5, d6) ∈ {(4, 2, 0, 0), (5, 0, 0, 0), (5, 1, 1, 0), (6, 0, 0, 0), (6, 0, 2, 0), (6, 0, 0, 1)}.b\, 2.1(iii), F (G′) = 2|V (G′)| − |E(G′)| − 2. [' κ′(G′) > 2, �U d1 = 0,

|V (G′)| =
∑

i>2

di ℄ 2|E(G′)| =
∑

i>2

idi. b F (G′) > 3,

2F (G′) = 4|V (G′)| − 2|E(G′)| − 4 = 4
∑

i>2

di −
∑

i>2

idi − 4 > 6,U�
2d2 + d3 > 10 +

∑

i>5

(i− 4)di.["
2d2 + d3 > 10 ℄ ∑

i>5

(i− 4)di 6 2d2 + d3 − 10. (3.2)b\, 3.1(iii) l (3.2), d2+ d3 6 6, d2 > 4℄EiX2 i > 7, di = 0, J℄ (d2, d3, d5, d6) ∈

{(4, 2, 0, 0), (5, 0, 0, 0), (5, 1, 1, 0), (6, 0, 0, 0), (6, 0, 2, 0), (6, 0, 0, 1)}. <D 2 |
.b<D 2, \, 2.1(iii) l 3.1(iii), /$0.1H2<D.4% 3 o F (G′) > 3, r G′ R<�gU1�
*B�R:*B A: V (G′) = D2(G
′) ∪D4(G

′), d2 = 5, F (G′) = 3 ℄ |{ve, ve′} ∩D2(G
′)| = 2;*B B: V (G′) = D2(G

′) ∪D4(G
′), d2 = 5, F (G′) = 3 ℄ |{ve, ve′} ∩D2(G

′)| = 1;*B C: V (G′) = D2(G
′) ∪D4(G

′), d2 = 6, F (G′) = 4 ℄ |{ve, ve′} ∩D2(G
′)| = 2;*B D: V (G′) =

6
⋃

i=2

Di(G
′), d2 > 4, d2+d3 = 6, F (G′) = 3℄ |{ve, ve′}∩D2(G

′)| = 2.4% 4 o G′ �g*B A, r G′ = S(1, 1).



60 HP 39 � A �	w G′ >�<D 4 2�Æ, r
V (G′) = D2(G

′) ∪D4(G
′), |D2(G

′)| = 5℄|{ve, ve′} ∩D2(G
′)| = 2. (3.3)[' G′ Cd~�2 (ve, ve′)-}, b\, 2.4, G′ ��{� 4-�0��. [' G′ �R^ 2-�0�2�t�, b\, 2.8, G′ dR^{� 2-�\y 3-�\. b (3.3), G′ �Q(�, #J

G′ Cd{� 3-�\. [", G′ ��u$oR^{� 2-�\.w X � G′ 2{� 2-�\. w G1 l G2 � G′ −X 22^0�S~. w k ∈ {1, 2}. b
(3.3), Gk � G′ 20��t��℄>� |E(Gk)| > 1. a�\, 2.1(iii),

F (G1) + F (G2) =

2
∑

i=1

(2|V (Gi)| − |E(Gi)| − 2)

= 2(|V (G1)|+ |V (G2)|)− (|E(G1) + |E(G2)|+ 2)− 2

= 2|V (G′)| − |E(G′)| − 2

= F (G′)

= 3.	w F (G1) 6 F (G2). M�, F (G1) = 0 y 1. a�\, 2.1(iv), G1 ∈ {K1,K2}. ['
|E(G1)| > 1, �U G1 = K2. [", F (G1) = 1, F (G2) = 2. b\, 2.1(iv), G2 = K2,t, V�
t > 1.w V (G1) = {x, y} ℄ xy, xx′, yy′ ∈ E(G). [' G′ �i�� K3, �U x′ 6= y′.[", G2 Yd2^XB7, ℄XB72B� 1 y 3. [", G2 ∈ {K2,1,K2,3}, #J G′ ∈

{S(1, 1), S(3, 1)}. �K|"�,$o2^�8827 u, v ∈ D2(S(1, 1)) (u 6= v)~0 S(1, 1)Cd~�2 (u, v)-}, ℄EiX2^�882;7 u, v ∈ D2(S(3, 1)) (u 6= v), S(3, 1) dR�~�2 (u, v)-}. [", G′ = S(1, 1). <D 4 |
.4% 5 o G′ �g*B B,C y D, r n′ = |V (G′)| 6 6 + k.w c = |(D2(G
′)∪D3(G

′))−{ve, ve′}|, c′ = d4 + d5 + d6. o G′ �g*B B,C y D, r
c = 4. b\, 3.1(ii),

n >

4
∑

i=1

|H(vi)|+ c′ >
4(n− k)

4
+ c′ = n− k + c′.[", c′ 6 k. M�, n′ 6

6
∑

i=2

di = 6 + c′ 6 6 + k. <D 5 |
.a�<D 1,3,4 l 5, 1H2<D�/.4% 6 M� G′ ∈ {K2,2,K2,3,K2,4,K2,5, S(1, 1)}, M� G′ �g*B B,C y D ℄
n′ 6 6 + k.o G′ ∈ {K2,2, K2,3,K2,4, K2,5, S(1, 1)}, r n′ 6 7. [", n′ 6 B = max{7, 6 + k}. <, 1.1 |
.#1 1.2  J6 w G>�<, 1.22	w. b<, 1.1l k = 4,o G ��Z~�"}�, r$o e, e′ ∈ E(G) ~0,M� G′ ∈ {K2,2,K2,3,K2,4,K2,5, S(1, 1)} = F3∪{S(1, 1)},M� G′ �g*B B,C y D ℄ n′ 6 6 + k = 10. J℄,o G′ �g*B B, r$o u ∈ D2(G

′) l v ∈ V (G′) ~0 G′ Cd~�2 (u, v)-}; o
G′ �g*B C y D, r$o2^�8827 u, v ∈ D2(G

′) (u 6= v) ~0 G′ Cd~�2
(u, v)-}. (∗)



1 U h�B =gs %## %�F C2(4, k) 	3[��#~ 61o G′ �g*B C, b\, 2.7, G′ ∈ F2 = {C6, L1, L2, · · · , L5}. o G′ �g*B B y
D, b\, 2.6, G′ ∈ F0 ∪ F1. a� (∗), �K|� G′ ∈ F1. [", G′ ∈ F = F1 ∪ F2 ∪ F3.|
. ��-���B
[1] Bondy J A, Murty U S R. Graph Theory [M]. New York: Springer, 2008.

[2] Catlin P A. A reduction methods to find spanning eulerian subgraphs [J]. J Graph

Theory, 1988, 12:29–44.

[3] Luo W, Chen Z-H, Chen W-G. Spanning trails containing given edges [J]. Discrete

Math, 2006, 306:87–98.

[4] Catlin P A, Lai H-J. Spanning trails joining two given edges [M]. Y. Alavi et al (Eds.),

Graph Theory, Combinatorics, and Applications, Vol. 1, Kalamazoo, MI. 1988, New

York: Wiley, 1991:207–222.

[5] Wang K. Spanning trailable graphs and hamiltonian-connected line graphs [D]. West

Virginia: West Virginia University, 2015.

[6] Shao Y. Claw-free graphs and line graphs [D]. West Virginia: West Virginia University,

2005.

[7] Pulleyblank W R. A note on graphs spanned by eulerian graphs [J]. J. Graph Theory,

1979, 3:309–310.

[8] Catlin P A, Li X W. Supereulerian graphs of minimum degree at least 4 [J]. Adv Math

(China), 1999, 28:65–69.

[9] Broersma H J, Xiong L. A note on minimum degree conditions for supereulerian graphs

[J]. Discrete Appl Math, 2002, 120:35–43.

[10] Lai H-J, Liang Y. Supereulerian graphs in the graph family C2(6, k) [J]. Discrete Appl

Math, 2011, 159:467–477.

[11] Li D X, Lai H-J, Zhan M Q. Eulerian subgraphs and Hamilton-connected line graphs

[J]. Discrete Appl Math, 2005, 145:422–428.

[12] Li X, Li D, Lai H-J. On 3-edge-connected supereulerian graphs in graph family C(l, k)

[J]. Discrete Math, 2010, 310:2455–2459.

[13] Li X, Wang C, Fan Q, et al. Spanning Eulerian subgraphs of 2-edge-connected graphs

[J]. Graphs and Combin, 2013, 29:275–280.

[14] Niu Z, Xiong L. Supereulerianity of k-edge-connected graphs with a restriction on small

bonds [J]. Discrete Appl Math, 2010, 158:37–43.

[15] Catlin P A, Han Z, Lai H-J. Graphs without spanning closed trails [J]. Discrete Math,

1996, 160:81–91.

[16] Xu J Q, Chen Z-H, Lai H-J, Zhang M. Spanning trails in essentially 4-edge-connected

graphs [J]. Discrete Appl Math, 2014, 162:306–313.

[17] Chen Z-H, Lai H-J. Supereulerian graphs and the Petersen graph II [J]. Ars Combina-

toria, 1998, 48:271–282.



62 HP 39 � A �
Strongly Spanning Trailable Graphs in

Graph Family C2(4, k)

YU Aimei1 MA Rensen1 WANG Keke2 KONG Jiangxu3

1Department of Mathematics, Beijing Jiaotong University, Beijing 100044, Chi-

na. E-mail: yuaimeimath@163.com; 14121548@bjtu.edu.cn
2Department of Mathematics, Embry-Riddle Aeronautical University, Precott,

Arizona 86301, USA. E-mail: wangkk87@gmail.com
3School of Sciences, China Jiliang University, Hangzhou 310018, China.

E-mail: kongjiangxu@163.com

Abstract For integers h, l and k with 2 6 h 6 3, l > 0 and k > 0, let Ch(l, k) denote the

family of h-edge-connected simple graphs such that G ∈ Ch(l, k) if and only if for every edge

cut X ⊆ E(G) with size 2 or 3, each component of G − X has at least |V (G)|−k

l
vertices.

Suppose that e = u1v1 and e′ = u2v2 are two edges of G. If e 6= e′, then G(e, e′) is the

graph obtained from G by replacing e = u1v1 with a path u1vev1 and by replacing e′ = u2v2
with a path u2ve′v2, where ve, ve′ are two new vertices being not in V (G). If e = e′, then

G(e, e′), also denoted by G(e), is obtained from G by replacing e = u1v1 with a path u1vev1.

A graph G is strongly spanning trailable if for any e, e′ ∈ E(G), G(e, e′) has a spanning

(ve, ve′)-trail. The authors prove that if G ∈ C2(4, k) and |V (G)| > 5k, either G is strongly

spanning trailable, or there exist e, e′ ∈ E(G) such that G(e, e′) is contractible to a member

in a finite family F . When k = 4, F is determined.
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