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CsbP8 {fn} ⊂

F , %z�8 {fnk
} ⊂ {fn}, �2 fnk

z D |��X�W —— �)7 (Fubini-Study) A5U	_��2no�k? f .z2 [1] �,Y=�O�xsZT�&�6��R)�\N4o�k?4�i=|, 206w:=-.3F 1.1 � F ⊂ H(D;PN (C)) Æ_ #iq D ⊂ C 0 PN (C) 4o�k?, H1, H2,

· · · , Hq Æ P
N (C) � q(> 2N +1) \�n_�0
4�\N. yCnsb4 f , g ∈ F , f p
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(i) C�l4 j = 1, 2, · · · , 2N + 1, f(z) p ∇f(z) z D |R) Hj ;�3 2019 X 10 w 15 v�1, 2020 X 10 w 30 v�1NZ[.
1}o.a'U.Uu, }o 200093. E-mail: xiaojunliu2007@hotmail.com
2v?�N'U�U'UUu, }o 200241. E-mail: xcpang@math.ecnu.edu.cn
3H��N'U�U'UUu, 6?R` 830017. E-mail: 1511337295@qq.com
∗�3�1k��r'U}� (No. 11871216, No. 12061077, No. 11961068) 5��.



172 � U X % A ~ 42 "
(ii) y f(z) ∈

2N+1
⋃

j=1

Hj , | |〈f(z),H0〉|
‖f‖‖H0‖

> δ, �/ H0 = {w0 = 0}.| F z D |�i.,(84Æ, _!z2 [2] �R)�\N H 4=d, _Æ�\h f−1(H) = ∇f−1(H),Hd`\hzE� f−1(H) = ∇f−1(H) 4SF:|l f(z) = ∇f(z), �q8(a$�w:44%: VT�uNS\&ÆzE� f−1(H) = ∇f−1(H)4:|l f(z) = ∇f(z)n<?z�2�, �02 [3] ��\=-4�Pn��j04OL4bK, 5L�QW�|�4%, 206zC�\N4�B9�$_=>�4&Æ:(an<Y&Æ.3F 1.3 � F Æ_ #iq D ⊂ C 0 PN (C) |4o�k?, Hj = {x ∈ PN (C) :

〈x, αj〉 = 0} Æ PN (C) ��n_�0
4�\N, �/ αj = (aj0, · · · , ajN )T d aj0 6= 0,

j = 1, 2, · · · , 2N + 1. yCnsb4 f ∈ F , E�:83\&Æ:

(i) wl f(z) ∈ Hj , SH ∇f ∈ Hj , �/ j = 1, 2, · · · , 2N + 1;

(ii) wl f(z) ∈
2N+1
⋃

j=1

Hj , SH |〈f(z),H0〉|
‖f‖‖H0‖

> δ, �/ 0 < δ < 1 Æ_\��, H
H0 = {w0 = 0}.| F z D |�i.o 1.1 k=- 1.2 4&Æ (i) sR)�\N4=d(2, Csb: z0 ∈ D, yE� f(z0) ∈ Hj , |l ∇f(z0) ∈ Hj s ∇f(z0) = f(z0), �/ j ∈ {1, 2, · · · , 2N + 1}. �
f = (f0, f1, · · · , fN ) Æ f z z0 4Q:q U |4�v�
, yk=- 1.2 4&Æ (ii), 5Ll f0(z0) 6= 0. e- ∇f(z0) = f(z0), �a

∇f(z0) = f0(z0)f(z0),�/
∇f(z) = (f2

0 ,W (f0, f1), · · · ,W (f0, fN ))(z)Æ ∇f(
=d 2.3) z U |4�v�
. �[, CK\ k 6= j, k = 1, 2, · · · , 2N + 1,

|〈∇f(z0), Hk〉|

|f2
0 (z0)|
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|〈∇f(z0), Hk〉|

|f2
0 (z0)|
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|〈f(z0), Hk〉|

|f0(z0)|
6

‖f(z0)‖‖Hk‖

|f0(z0)|
6

1

δ
,HCn k = j,

〈∇f(z0), Hj〉 = 0.e- Hj (j = 1, 2, · · · , 2N + 1) �n_�0
, �a%zQ\ M > 0, �2CnK\
i = 1, 2, · · · , N ,
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W (f0, fi)
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0
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∣

∣
(z0) 6 M.� b/�Cn�l4 i = 1, 2, · · · , N ,

(

fi
f0

)′ zSFE� f(z0) ∈ Hj 4:|_�l�. e!, 5L4�\=- Æz�\N Hj (j = 1, 2, · · · , 2N + 1) 4�B9�Q;4#�f*:n<6YG,&Æ.z5L^��\=-4�P�
, <��_FVq. z�2�, D �
 C �4iq.Cn z0 ∈ Cs r > 0,� ∆(z0, r) = {z : |z−z0| < r} a� ∆′(z0, r) = {z : 0 < |z−z0| < r}.



2 ^ >D# [U� Z�v ��S*�℄O5�j>} 173+0tY�% ∆, H C∗ = C \ {0}. 5L� fn(z) =⇒ f(z) z D |�
P8 {fn} ��
P
N(C) |4X�W —— �)7 (Fubini-Study) A5z D |U	_��2n f . Cn=dz D U4o�h� f(z), f z: z 4gN.��% f ♯(z) = |f∧f ′|

‖f‖2 .z2�5LO\��Cnh�P8 {fn}
∞
1 Sm�-4�8, ��z_\�P�l	℄zj0. e!, -6
MF\:��(+4DM, 5Lu���8 {fnk

} �% {fn}, 
��_n��%m�8, qu�G��_:�{��-�G��.2~4�dw:: z9 2 ��, 5L^�_F=dpVq; z9 3 ��, 5L^�_F���l; #u, z9 4 ��, 5L^�=- 1.3 4�P.

2 5`e:>
2.1 ;Q
DAd*MI�<, 5Lyg_Fhn PN(C) 4=dpVq.

PN (C) = CN+1\{0}/ ∼ Æ N .W�g)�, dCsb4 x = (x0, x1, · · · , xN ), y =

(y0, y1, · · · , yN ) ∈ CN+1\{0}, x ∼ y -d�-%zQ\ λ ∈ C∗, �2 (x0, x1, · · · , xN ) =

λ(y0, y1, · · · , yN). (x0, x1, · · · , xN ) 46
,�% [x0 : x1 : · · · : xN ], | PN (C) = {x = [x0 :

x1 : · · · : xN ] : x = (x0, x1, · · · , xN ) ∈ CN+1\{0}}.� H1, H2, · · · , Hq Æ PN (C) �4�\N, kw:K�^�:

Hℓ = {x ∈ P
N (C) : 〈x, αℓ〉 = aℓ0x0 + aℓ1x1 + · · ·+ aℓNxN = 0},_� αℓ = (aℓ0, aℓ1, · · · , aℓN)T -Q;LC5, �/ ℓ = 1, 2, · · · , q.3_ 2.1 yCsb4+� φ : {0, 1, · · · , N} −→ {1, 2, · · · , q}, C5" αφ(0), · · · ,

αφ(N) �?L7h, |��\N H1, H2, · · · , Hq �n_�0
.

2.2 P,OZ_",� f : D −→ PN (C)Æo�k?, U Æ D 4$��. sbz U UE� P(f(z)) ≡

f(z)4o�h� f : U −→ CN+1 �% f z U |4�v�
,�/ P : CN+1\{0} −→ PN (C)Æ;J4{h�.3_ 2.2 C D �sb$� U , y f = (f0, f1, · · · , fN ) Æ f 4_\�v�
, | f0,

f1, · · · , fN z U |o�dJlb
;:.� H = {x ∈ PN (C) : 〈x, α〉 = 0} Æ_\�\N, � ‖H‖ = ‖α‖ = max
06i6N

|ai|. z�2�, 5L�&�E� ‖H‖ = 1 4��w�\N.��, Co�k? f 4st_\�v�
 f , 5L(=do�p�
〈f(z), H〉 = 〈f(z), α〉 =

N
∑

i=0

aifi(z),
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‖f‖ = ‖f(z)‖ =

{

N
∑

i=0

|fi(z)|
2
}

1

2

.

2.3 /OZ#u, ��2 [2] �hn.k?4=d, 5Llw:=d.3_ 2.3 � f Æ# D h0 PN (C) 4o�k?, f = (f0, f1, · · · , fN ) Æ f z D |4sb_\E� fµ(z) 6≡ 0 (�/ µ ∈ {0, 1, · · · , N}) 4�v�
, |
∇µf(z) = [W (fµ, f0)/d : · · · : W (fµ, fµ−1)/d : f2

µ/d : W (fµ, fµ+1)/d : · · · : W (fµ, fN )/d]�$ f hn9 µ \R54o�.k?, �/ d(z) Æo�p�, �2
f2
µ/d s W (fµ, fi)/d, i = 0, 1, · · · , N ; i 6= µJlb
;:.o 2.1 -�+a
, 5L� ∇0f �% ∇f , 
d=q8l ∇µf 4=dp f 4�v�
4Sm7h.

3 m℄bG����, Zalcman�is- (
 [4–5])s Pang-Zalcmanf- (
 [6–7])z�i -A�a�rI%j. z5L^��\=-4�P�
, 5LO\w:��4hn# Ω ⊆ Cm0 P
N (C) 4o�h�4 Zalcman f-.aF 3.1 (
 [1, 3]) � F Æ_ # Cm �4�kiq Ω h0 PN (C) 4o�h�. Fz Ω |Æ�i-d�-%z�8 {fn} ⊂ F , :8 {zn} ⊂ Ω E� zn → z0 ∈ Ω, ��8

{ρn} E� ρn > 0 s ρn → 0, �2
gn(ξ) := fn(zn + ρnξ)z Cm |U	_��2n# Cm h0 PN(C) 4Q�	o�h� g.z5L�\=-4�Pn��, 5LxO\w:4 Hurwitz f-.aF 3.2 � {fn(z)} Æ=dziq D ⊂ C U4_8o�p�, a ∈ C Æsb_\W�, d� fn(z) z D 4sb_\���|_��2nQ�	4o�p� f(z). y%z:

z0 ∈ D, �2 f(z0) = a, |CnK_\�R&4 n, O� fn(z) = a z D Ul_. !,, %z z0 4Q:q U , �2 f(z)− a z U U_4��p fn(z)− a z U U_4��A( (���).i e- f(z) Q�	d f(z0) = a, �ak f(z)− a 4;:e1L, 5Ll%z δ0 > 0,�2Cnsb4 δ, 0 < δ < δ0 sC�l4 z, 0 < |z − z0| 6 δ, f(z) − a 6= 0. <
m = min

|z−z0|=δ
|f(z) − a| > 0, kf-4&Æ2 fn(z) z {z : |z − z0| = δ} |_��2n
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f(z), f%zQ\��� N , �2CnK\ n > N s�l4 z, |z − z0| = δ,

|fn(z)− f(z)| < m.�[, Cn|� z,

|fn(z)− f(z)| < |f(z)− a|.k Rouché=- (
 [9, p.153]), f(z)− a z U = {z : |z − z0| < δ} U4;:��p
fn(z)− f(z) + f(z)− a = fn(z)− az U U4;:��A( (���). f-2�.o 3.1 =q, kf- 3.2 4�Pn�2, - n → ∞ 	, fn(z)− a z U U4�l;:�z�20 z0.k Nevanlinna -A�hn?L+w49J|�=- (
 [10, p.141]) (2w:�A.aF 3.3 � f : C −→ PN (C) Æo�k?, H1, · · · , Hq Æ PN (C) � q(> 2N +1) \�n_�0
4�\N. yCK\ j = 1, · · · , q, \H f(C) Cz Hj U, \H f(C) Æm Hj ,| f Æ�	.

4 5G 1.3 2jL!yÆq, ÆP	� F z D |Æ�i, SHkf- 3.1(�/, 5Lm m = 1) 2, %z:8 zn ∈ D, ��8 ρn → 0 so�k?8 fn ∈ F , �2
gn(ζ) = fn(zn + ρnζ) ⇒ g(ζ) zC|, (4.1)_� g Æ C |4Q�	o�k?.6[ CK_\ j ∈ {1, 2, · · · , 2N + 1}, \H g Æm�\N Hj , \Hl g(C) ⊂ Hj .6[0iK � g(ζ) = (g0, g1, · · · , gN )(ζ) Æ g 4Q\�v�
. !yÆq, ÆP	�%z: ζ0 ∈ C, �2 〈g, αj〉(ζ0) = 0, ,Æ 〈g, αj〉(ζ) 6≡ 0. nÆ, %z ζ0 4Q�RE4:q

U := U(ζ0), �2 〈g, αj〉(ζ) z U UJl_�;:. !,, K_\ gn z U |�%z�v�

gn(ζ) = (gn0(ζ), · · · , gnN (ζ)) = (fn0(zn + ρnζ), · · · , fnN(zn + ρnζ)),E� {gni}

∞
n=1z U |U	_��20o�p� gi (�/ i = 0, 1, · · · , N). �[,

N
∑

i=0

ajigni(ζ)z U |U	_��20 N
∑

i=0

ajigi(ζ). kU�s-2, %z:8 {ζn}, �20 ζ0, �2Cn�R&4�l n, �l N
∑

i=0

ajigni(ζn) = 0, ℄ Æ�,

N
∑

i=0

ajifni(zn + ρnζn) = 0. (4.2)k=- 1.3 4&Æ (ii), l
|fn0(zn + ρnζn)| > δ‖fn(zn + ρnζn)‖
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|gn0(ζn)| > δ‖gn(ζn)‖.
 n → ∞, *� |g0(ζ0)| > δ‖g(ζ0)‖ > 0. �[, g0(ζ0) 6= 0.�-�E:q U , ÆP	�z U |l g0(ζ) 6= 0 sCn�l�R&4 n, gn0(ζ) 6= 0,|CnK\�[4 n,

(g2n0(ζ),W (gn1, gn0)(ζ), · · · ,W (gnN , gn0)(ζ))Æ ∇gn(ζ) z U |4�v�
.yk (4.2) s&Æ (i) 2,

[

N
∑

i=1

ajiW (fni, fn0) + aj0f
2
n0

]

(zn + ρnζn) = 0,|l
N
∑

i=1

aji
W (fni, fn0)

f2
n0

(zn + ρnζn) = −aj0s
N
∑

i=1

aji

( gni
gn0

)′

(ζn) = ρn

N
∑

i=1

aji
W (fni, fn0)

f2
n0

(zn + ρnζn) = −ρnaj0.< n → ∞, l
[

N
∑

i=1

aji
gi
g0

+ aj0

]′

(ζ0) =

N
∑

i=1

aji

( gi
g0

)′

(ζ0) = 0,�(	� ζ0 Æ
N
∑

i=1

aji
gi
g0

+ aj04��- m(> 2) 4;:.SH, l
[

N
∑

i=1

aji
gi
g0

+ aj0

](m)

(ζ0) 6= 0. (4.3)kf- 3.2 2, Cnsb�R&4 n,
N
∑

i=1

aji
gni
gn0

+ aj0z U(ζ0) Ul m \;: (���). ÆP�_�% ζnℓ. e-
[

N
∑

i=1

aji
gni
gn0

+ aj0

]′

(ζnℓ) = −ρnaj0 6= 0,�a ζnℓ Æ
N
∑

i=1

aji
gni
gn0

(ζ) + aj0
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[

N
∑

i=1

aji
gni
gn0

(ζ) + aj0

]′

+ ρnaj0z U(ζ0) Ul�~ m \Æ(;: ζnℓ, ℓ = 1, 2, · · · ,m d lim
n→∞

ζnℓ = ζ0. e!, ζ0 Æ
[

N
∑

i=1

aji
gi
g0

(ζ) + aj0

]′4�~ m �;:, |
[

N
∑

i=1

aji
gi
g0

+ aj0

](m)

(ζ0) = 0.�p (4.3) GE. BX2�.kf- 3.3, 5Ll g Æ�	, GE.nÆ, F z D |�i. ) � C � V � X
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Abstract In this paper, the authors continue to discuss the normality of holomorphic

curves concerning shared hyperplanes and get the following result: Let F be a family of

holomorphic maps of a domain D ⊂ C to PN(C). Let Hj = {x ∈ PN (C) : 〈x, αj〉 = 0} be

hyperplanes in P
N (C) located in general position, where αj = (aj0, · · · , ajN )T and aj0 6= 0,

j = 1, 2, · · · , 2N + 1. Assume that the following conditions hold for every f ∈ F :

(i) If f(z) ∈ Hj , then ∇f ∈ Hj , j = 1, 2, · · · , 2N + 1;

(ii) If f(z) ∈
2N+1
⋃

j=1

Hj , then
|〈f(z),H0〉|
‖f‖‖H0‖

> δ, where 0 < δ < 1 is a constant and H0 =

{w0 = 0},

Then F is normal on D.
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