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1 r � p>"Z|?l> [1] w/T�X4\_nlT"�X6Kd	�$\?�_nrQZ(?�u"?�+lG	


















ut = ∆u+ |∇u|r − aepu, (x, t) ∈ Ω × (0, T ),

∂u

∂η
= equ, (x, t) ∈ ∂Ω × (0, T ),

u(x, 0) = u0(x), x ∈ Ω,

(1.1)x. r > 1, p, q, a > 0, Ω  R
N .4s~�$ ∂Ω ?�$��� u0 b;a�n<��F,?�66Kd?N8=�K [2–3]. >�� v := eu, : r = 2 ��N8 (1.1) 1�G



















vt = ∆v − avp+1, (x, t) ∈ Ω × (0, T ),

∂v

∂η
= vq+1, (x, t) ∈ ∂Ω × (0, T ),

v(x, 0) = eu0(x), x ∈ Ω.

(1.2)bN8?�u6� [4−5] �	"?�+lG [6] AN8��}z?w/�.A��v�?
20 oJ�rR>",M�6�6Kd?\_nrQZ(?w/�:#6K�IO"?�+lG?���ql>="�2�K [7–11] q� Chipot-Weissler Z(

ut = ∆u− |∇u|q + up, p, q > 1?w/�{K [10, 12–13] q�O\XE�Z(
ut = ∆u+~b · ∇(uq) + up, p, q > 1, 0 6= ~b ∈ R
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462 ( u p 8 33 6 A �Æ µ = max(r, 2). O�N8 (1.1), K [1] 'fT�u µq > p � µq = p �


















a 6 q, : 1 < r < 2 �,
a < q + 1, : r = 2 �,
a 6 1, : r > 2 �,� (1.1) ?"O4+)��^�?�u
�u µq < p � µq = p �



















a > q, : 1 < r < 2 �,
a > q + 1, : r = 2 �,
a > 1, : r > 2 �,� (1.1) ?"$9�$�5�B�q��u"?�+lG�O 1 I�j



















ut = uxx + |ux|r − aepu, (x, t) ∈ (0, 1) × (0, T ),

−ux(0, t) = equ(0,t), ux(1, t) = 0, t ∈ (0, T ),

u(x, 0) = u0(x), x ∈ (0, 1),

(1.3)><�X!u�_ 1.1 � u GN8 (1.3) ?�u��G T ?"���Z
ν =







2, �u r > 2 � µq = p, a = 1,

µ, x3�u�j. (1.4)

(i) � u′0 6 0, u′′0 + |u′0|r − aepu0 > 0 � (0, 1). � µq > p � µq = p �


















a <
q

2
, : 1 < r < 2 �,

a <
q

2
+ 1, : r = 2 �,

a 6 1, : r > 2 �, (1.5)�2�%' C0 > 0, �>
u(0, t) 6 logC0(T − t)−

1
νq , t ∈ [0, T ). (1.6)

(ii) � u′0 6 0 � (0, 1), �2�%%' c0, �>
u(0, t) > log c0(T − t)−

1
νq , t ∈ [0, T ). (1.7)=�9<��W$�j µq = pX�"'^F (1.5) �B�?�}1 �Jw r = 2,

q
2 + 1 6 a < q + 1 �	 1 < r < 2, q2 6 a 6 q ?�j�5�< (1.3) : r = 2 �A��



















vt = vxx − avp+1, (x, t) ∈ (0, 1) × (0, T ),

−vx(0, t) = vq+1(0, t), vx(1, t) = 0, t ∈ (0, T ),

v(x, 0) = eu0(x), x ∈ (0, 1),

(1.8)x�u-_o��K [6] .�L��K?3|h? O µq = p � 1 < r < 2, q2 6 a 6 q#�jCj?�j�L�u-_�$o�1S:�Z|l>?�A��K?3|!u�X�



4 w C�D &+q 57Le�sR[)#��,mH 463HZ 1.1 � u GN8 (1.3) ?�u��G T ?"� 1 < r < 2, µq = p, �� u′0 6 0,

u′′0 + |u′0|r − aepu0 > 0 � (0, 1). �2�%' C0 > 0, �>O� t ∈ [0, T ), �
u(0, t) 6







logC0(T − t)−
1
q , �u a = q,

logC0(T − t)−
1
2q , �u a < q.

(1.9)G'f�&!a�Od�O�0����=\tW)�021(�K��0��ZU�L�u-_�$o?q���=vX'><�0��x'?��;'� (0, 0) -4��,%X$ [6,15−16]. =%��0��x'?�,�$n�=	Æa? Schaudero&L�1S=!<�g\a�$?�^x'�3 g�?�N8 (1 I�jX=9> �g%EN8) ?"�9bN8�����2�#{?"�;,Q��y? �=%?�0��ZU��!��Od?�j�$Z��0��x'2b;?Z( (� (2.2) C 1g�8) .6Kd4�yn�#�>(��0��x'?�,�$n�n>x Schaudero
x0��^x'2b;?%EN8 (� (2.5)) ��	�2�vf%?�$"���
zQ?�3���h�G>`#Rg�-n?Cj�Odh,T%EN8"?)�-_o (� (2.8)), ��=v��><T�0��x'?X$o (� (2.9)). #{�Od1=��ZeK� Schaudero><�g4�g/X$o?�^x'�3 %EN8?"
SY�Ze�b�^x'?X$o��f3�=n�%EN8"?)�-K)��1SQ�}1 *�� i3M4"?�2�n!Q�S i3j-W?�0��x'?)�o!Q�O.F�0����?#�\tW)�q|�VVjGW,?^S�HH 1.1 h,T 1 < r < 2, µq = p � a 6 q �?�u-_�$o�!| (1.9) {
(1.7), =�T℄ a = q �?o�J3<<��	G#� ν = µ = 2, 1S�X$o? �>�Od!b<�?-_G

log c0(T − t)−
1
rq 6 u(0, t) 6 logC0(T − t)−

1
rq .#�f: 1 < r < 2���u-_q�"' p, q 	 a �Ot��K [1].}�r$< r > 2�j?.F “�Ot ” ℄f�q|*,? �Pa (1.9) ?C 1 g�8 _G<��J=�F,Od�K [1] .?'f>(�u� 8E?����X?���u profile o&L	

logC1x
−

1
q 6 u(x, T ) 6 logC2x

−
1
q , x ∈ (0, ℓ),x. ℓ ∈ (0, 1), C1, C2 > 0. #i!u7Jw�K [1] .�

2 I [ 1.1 G v ^Xe�Odh,HH 1.1 ?'f�HZ 1.1 Eu℄ 	G u′0 6 0, u′′0 + |u′0|r−aepu0 > 0� (0, 1),��)�H(�ux < 0� [0, 1) × (0, T ), �O� τ ∈ (0, T ), � ut > 0 � [0, 1] × [τ, T ). )��B�OdNz2� t1 ∈ [0, T ), �>
‖ux(·, t)‖∞ = |ux(0, t)| = equ(0,t), t ∈ [t1, T ). (2.1)
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Ψt = Ψxx − rΨr−1Ψx − apepuΨ, (x, t) ∈ (0, 1) × (0, T ),

Ψ(0, t) = equ(0,t), Ψ(0, t) = 0, t ∈ (0, T ),

Ψ(x, 0) = −u′0(x) > 0, x ∈ (0, 1),���� u� x = 0-�u�2�: t→ T ��Ψ(0, t) → ∞. �� ut > 0( Ψt(0, t) > 0.� �2� t1 ∈ [0, T ), �>O�? t ∈ [t1, T ), � Ψ(0, t) > max
[0,1]

Ψ(·, 0). 1S�~�)�H( Ψ(0, t) = max
[0,1]×[0,t]

Ψ, 2�� (2.1) &L��HH:^ 1 < r < 2 �?W$�j µq = p, � a 6 q. Z:^ a = q �j�%K [17]?{T�:^x'
Φ = ut − ε|ux| � (0, 1) × (τ, T ) .,x. τ ∈ (0, T ) pHS ε ∈ (0, 1)  7H%'�.�8/(

Φt − Φxx + r|ux|r−1Φx + apepuΦ = 0 � (0, 1) × (τ, T ) ...A� Φx(1, t) = ε(ut(1, t) + apepu(1,t)) > 0, �O t ∈ (τ, T ), �
−Φx(0, t) = (qequ(0,t) − ε)Φ(0, t) + εequ(0,t)(qequ(0,t) + e(r−1)qu(0,t) − ae(p−q)u(0,t) − ε).5�< a = q, �� µ ?H�( p = µq = 2q, Od�

−Φx(0, t) = (qequ(0,t) − ε)Φ(0, t) + εequ(0,t)(e(r−1)qu(0,t) − ε)

> (qequ(0,t) − ε)Φ(0, t).)��B��� ut(·, τ) > 0 � [0, 1], =� ε ;ng��>
Φ(x, τ) = ut(x, τ) − ε|ux(x, τ)| > 0, x ∈ (0, 1).K����H ("�K [18] .C 145~HH 2.1) =(� ut > ε|ux| � [0, 1]× [τ, T ) ��5�B�

ut(0, t) > εequ(0,t), t ∈ [τ, T ).���RM� (t, T ) ��^�>�$o (1.9) ?C 1 g�8��:^ a < q ?�j�h t∗ ∈ (t1, T ), H�
ψλ(y, s) = e(u(λy,λ2s+t∗)−M(t∗)), (y, s) ∈

(

0,
1

λ

)

×
(

− t∗ − t1

λ2
, 0

)

,x.
λ = e−qM(t∗), M(t∗) = u(0, t∗) = max

[0,1]
u(·, t∗).� ψλ(0, 0) = 1, (ψλ)s > 0 � (ψλ)y 6 0. � (2.1) ( |(ψλ)y| 6 ψλ � ψλ(0, s)e

−y 6

ψλ(y, s) 6 1. O� (1.3), ψλ b;






























(ψλ)s = (ψλ)yy −
|(ψλ)y|2
ψλ

+ λ2−r |(ψλ)y|r
(ψλ)r−1

− a(ψλ)
2q+1,

(y, s) ∈
(

0,
1

λ

)

×
(

− t∗ − t1

λ2
, 0

)

,

− (ψλ)y(0, s) = (ψλ)
q+1(0, s), (ψλ)y

( 1

λ
, s

)

= 0, s ∈
(

− t∗ − t1

λ2
, 0

)

.

(2.2)



4 w C�D &+q 57Le�sR[)#��,mH 4655�< (ψλ)s � −(ψλ)y \a�Od�
(ψλ)y
ψλ

( (ψλ)yy
ψλ

− |(ψλ)y|2
(ψλ)2

+ λ2−r |(ψλ)y|r
(ψλ)r

− a(ψλ)
2q

)

6 0,��
(ψλ)y
ψλ

((ψλ)y
ψλ

)

y
− λ2−r |(ψλ)y |r+1

(ψλ)r+1
− a(ψλ)

2q−1(ψλ)y 6 0.O��RM�^�>
( (ψλ)y

ψλ

)2

6 (ψλ)
2q(0, s) +

a

q
((ψλ)

2q − (ψλ)
2q(0, s)) + 2λ2−r

∫ y

0

|(ψλ)y(ζ, s)|r+1

(ψλ(ζ, s))r+1
dζ

6 (ψλ)
2q(0, s) +

a

q
((ψλ)

2q − (ψλ)
2q(0, s)) − 2λ2−r log

(ψλ(y, s)

ψλ(0, s)

)

6 (ψλ)
2q(0, s) +

a

q
((ψλ)

2q − (ψλ)
2q(0, s)) − 2(ψλ)

2ǫq(0, s)λ2−r−2ǫ log
(ψλ(y, s)

ψλ(0, s)

)

,x. ǫ ∈ (0, 1 − r
2 ) GpH%'��.���^=>
∫ 1

ψλ(y,s)

ψλ(0,s)

dξ

ξ
√

1 + a
q
(ξ2q − 1) − 2λ2−r−2ǫ log ξ

6 (ψλ)
ǫq(0, s)y (2.3)� (0, 1

λ
) × (− t∗−t1

λ2 , 0) .�H�x' fλ : [0,∞) → [0,∞) b;
fλ(y) =

∫ 1

e−y

( 1

ξ
√

1 + a
q
(ξ2q − 1)

− 1

ξ
√

1 + a
q
(ξ2q − 1) − 2λ2−r−2ǫ log ξ

)

dξ.�j9,�: λ → 0��fλ(·)� [0,∞)?�'8���,"Q� 0. 5�< ψλ(y,s)
ψλ(0,s) > e−y,� (2.3) �>

∫ 1

ψλ(y,s)

ψλ(0,s)

dξ

ξ
√

1 + a
q
(ξ2q − 1)

6 (ψλ)
ǫq(0, s)y + fλ(y) � (

0,
1

λ

)

×
(

− t∗ − t1

λ2
, 0

).. (2.4):^






h′′ − |h′|2
h

− ah2q+1 = 0, y > 0,

h′(0) = −1, h(0) = 1

(2.5)?%"�N8 (2.5) "?2 2�n	F�n �6?�� [0, R) (0 < R 6 ∞) G" h ?<42����� (2.5) .Z(RM>' h′

h2 , �� (0, y) ��^>
(h′

h

)2

= 1 +
a

q
(h2q − 1) � [0, R) � .!| a < q =(� h � [0, R) �vf8GD��� 

−h
′

h
=

√

1 +
a

q
(h2q − 1) � [0, R) �� (2.6)3.� h =���

∫ 1

h(y)

dξ

ξ
√

1 + a
q
(ξ2q − 1)

= y, y ∈ [0, R) (2.7)
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y→R

h(y) = lim
y→R

h′(y) = 0, 1S� (2.7) ( R = ∞. ������
�� lim
y→R

h(y) = c > 0. �� (2.6) { (2.7) (��^ lim
y→R

h′(y) 2�� R <∞. � �"=��ty��#� R ?<4nQ�� (2.6), Od� lim
y→∞

h′(y)
h(y) = −

√

1 − a
q
, #�fOg? ǫ0 > 0, 2�%%' K0, y0, �>

h(y) 6 K0 exp
{

−
(

√

1 − a

q
− ǫ0

)

y
}

, y > y0.N|�&�A�	 (2.6) (�O� δ > 1, �
lim
y→∞

(h′

h
+

√

1 − a

q

)

yδ = 0.)S�2��g%%' A0, �> h(y) = A0e
−

√
1− a

q
y[1 + o(y1−δ)]. 	.

lim
y→∞

h(y)e
√

1− a
q
y = A0. (2.8)� (2.4) { (2.7), Od>

ψλ(y, s) > ψλ(0, s)h((ψλ)
ǫq(0, s)y + fλ(y)), (y, s) ∈

(

0,
1

λ

)

×
(

− t∗ − t1

λ2
, 0

)

.� t∗*^;+ T ,�>M(t∗) > M(t1)+log 2. � �2� sλ ∈ (− t∗−t1
λ2 , 0),�> ψλ(0, sλ) =

1
2 , 1S

ψλ(y, s) > ψλ(y, sλ) >
1

2
h(2−ǫqy + fλ(y)), (y, s) ∈

(

0,
1

λ

)

× (sλ, 0). (2.9)5�< |(ψλ)y| 6 ψλ 6 1, � Hölder o [19], �
‖ψλ‖

C
1, 1

2 ([0, 1
λ
]×[−

t∗−t1
λ2 ,0])

6 C,x. C � λ Pq�� 
1

2
= ψλ(0, 0) − ψλ(0, sλ) 6 C(−sλ)

1
2 ,�.( sλ 6 s0 Ogg s0 < 0 &L�OdNz�2� c > 0, �>O λ *^g��

∂ψλ

∂s
(0, 0) > c. (2.10)���
��2��sV λj → 0, �> ∂ψλj
∂s

(0, 0) → 0. � (2.9), K� Schauder o [19](�2� α ∈ (0, 1), �>O�$' m > 1, +| λ *^g�1�
‖ψλ‖C2+α,1+α

2 ([0,m]×[s0,0])
6 C(m,α).=v',n{O��v(�=!< {ψλj}?�g8V (ÆÆG��) {�gx' ψ, �>O�?$' m > 1, � ψλj → ψ � C2,1([0,m]× [s0, 0]).�\
�ψ(0, 0) = 1, ψs(0, 0) = 0,

ψs > 0, �� (2.9) ��
ψ(y, s) >

1

2
h(2−ǫqy) > 0, (y, s) ∈ (0,∞) × (s0, 0). (2.11)
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ψs = ψyy −
|ψy|2
ψ

− aψ2q+1, (y, s) ∈ (0,∞) × (s0, 0),

−ψy(0, s) = ψq+1(0, s), s ∈ (s0, 0).O�&Z(q� s E^��K� Hopf 
H�=> ψs ≡ 0, }1 *� ψ  � s Pq?x'�	. (2.5) ?"�
S� (2.11) { (2.8) �f
ψ(y)e

√
1− a

q
y

>
1

2
h(2−ǫqy)e

√
1− a

q
y → ∞, : y → ∞ �,\
Q�� �� (2.10), Od� Mt(t

∗) > ce2qM(t∗). �^b�A��>o (1.9) ?C
2 g�8� B � X � h � k
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Abstract This paper deals with a semilinear parabolic equation with nonlinear inner

absorption, reactive gradient term and boundary flux. The authors consider the asymptotic

behavior of the blow-up solutions in the more difficult critical situation, in order to fill a gap

left by the previous work. For this purpose, some refined rescaling technique is introduced.
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