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a+ b

∫

R3

|∇u|2dx
)

∆u+ λV (x)u = µf(x)|u|q−2u+ |u|p−2u, x ∈ R
3,

u ∈ H1(R3),�l a, b > 0 =&I� λ, µ > 0 ="I� 1 < q < 2, 4 < p < 6 � V =+rfk
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







−
(

a+ b

∫

R3

|∇u|2dx
)

∆u+ λV (x)u = µf(x)|u|q−2u+ |u|p−2u, x ∈ R
3,

u ∈ H1(R3),
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264 I ! � I A � 43 F*q:��QG0W< λ Oi�&� λ .g<��	fL�J Ω l>VBQG7�Q
λV *iS�:��qX (1.1) �/{d-G�p}�=}�

utt −
(

a+ b

∫

Ω

|∇u|2dx
)

∆u = f(x, u), (1.2)md-< Kirchhoff Ln [5] kW1�Q<?O D’Alembert’s �Rd-GRS�Kph�'��Y[RG8��qX (1.2) kG!H=4$GvZ13� u �8l-� f �8da� b �806Ua� a ��'G�L�j=}�*
vZ &L$ARR}�3$AhYXd-��}GH $A��&n [6–7], NÆ�RG Kirchhoff qX5
h�[ WGt1�VWM/8n [8–9] kh7 Kirchhoff G*
N	$A�L Lions[10] Y KirchhoffqX (1.2) W1/�
�gwP*aÆ�QLH $A+BBhITI[G}t�>�T��[ Wha?$A/{G Kirchhoff �qX�










−
(

a+ b

∫

RN

|∇u|2dx
)

∆u+ V (x)u = f(x, u), x ∈ R
N ,

u ∈ H1(RN ),

(1.3)�k N > 3. Y?e��	i7j9�j9G�Q��[ We%}t}?l: V Gsm(/�45=
[}?d- (1.3)9L℄7��R7�[7G6��_&�!,n [11–15].Y?�`e��	�̂ &(=�A[G$AKphqX (1.3). sxe1Ln [16]k�Liao� Ke KphqX (1.3) L Ω k V (x) = 0, f(x, u) = f(x)|u|p−1u+ g(x)|u|q−1u G�Q��k Ω < R
3 kG~�=9B�= 0 < q < 1, 3 < p < 5. Px$AhqX (1.3) L�`	yH�HG�:{7G[n��Ln [17] k�Y? f(x, u) = f(x)|u|q−2u + g(x)|u|p−2u, �k 1 < q < 2, 4 < p < 6 � N = 3. Px(/ f(x) � g(x) s~{zGZ-�

(F ∗) f ∈ C(R3) ∩ Lq∗(R3), �k q∗ = p
p−q

.

(G) g ∈ C(R3) ∩ L∞(R3) � g(x) > 0, Y? �w*q x ∈ R
3 U+`�Px_|hqX (1.3) g,=fq℄7�NÆ� Meng I Ln [18] k$AhqX (1.3)L f(x, u) = µf(x)|u|q−2u+ g(x)|u|p−2u 3 Kirchhoff�qXKP�d-℄7G[n��v[}?qX (1.3) G�`e��	7G9L�6�M/Ln [19–22] kVB�5d��[ WKp>=S�:�Gd-











−
(

a+ b

∫

RN

|∇u|2dx
)

∆u+ λV (x)u = f(x, u), x ∈ R
N ,

u ∈ H1(RN ).

(1.4)PxL V � f Gsm(/{$AhqX (1.4), ��EBh*
9L��[n�6��_&�!,n [23–28] ��kGn��>T� Sun � Wu Ln [25] kL*7
S�:�Z- (V1)–(V3) 7:B Kirchhoff �qX�e��	 f(x, u) Y? u Lt�G3</> k- �� (k = 1, 3, 4) G�Px:�Qe��	 f(x, u) _|hqX (1.4) G�R7G9L��5d��Urhe�`7G�9L���k��8~/Æ� Xie � Ma Ln [26] k_|hL (AR) Z-� N = 3 3G�P�Z-{qX (1.4) ℄7G9L���k��ÆT� DuI Ln [23] k\��gd_$AhqX (1.4) A N = 3 �e��	 f(x, u) Lt�G3
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 \ { u�� T4W �>T�;�		af��
H Kirchhoff �rYH\o^8 265<( 4 ��3�R7G9L��L V GXMZ-{�\�14X!��!H�};h5Z�6��A f(x, u) := f(u) ��i |u|p−2u, �k 2 < p < 4, � b ~z�� λ ~z<�
Zhang� Du[28] $AhqX (1.4) 3℄7G9L��5d�Px�SAh |x| → ∞ 3℄7GJ+q/�A b → 0 � λ → ∞ 37G/>�i�B+Fw�GÆ^�sx`D�}? V (x) <S�l:3�e��	i7j9�j9G Kirchhoff qX� V (x) <%Hl:�<�P�<S�l:G�Q{>=�`e��	G Kirchhoff qX�Y℄.?=
[$A6��*q
z�GqXC<�<isxM/EB>=S�:���`e��	G Kirchhoff d-G℄7G9L���k��L)FsxGr'6�a��sx(/ f s~{zGZ-�

(F ) f ∈ L
p

p−q (R3) ∩ C(R3) <*qekej�H�sx�L)F�nGr'6���" 1.1 (/ 1 < q < 2, 4 < p < 6, �H f , V s~ (F ) � (V1)–(V3). m
µ0 =

(p− 2)S
q
2
p

(p− q)|f | p

p−q

[ (2− q)S
p
2
p

p− q

]

2−q
p−2

,�k Sp GQ3L{zt1�Q9L Λ > 0, 5EY?O=G λ > Λ �!1G 0 < µ < µ0,qX (1.1) g,=fq℄7����R7D? N+
λ .5d�_|A λ → ∞ 3℄7G/>�i�~vsx=/{G6���" 1.2 m u∗

λ � u∗∗
λ <QZ 1.1 kEBG7�QA λ → ∞ 3� u∗

λ → u∗
0 �

u∗∗
λ → u∗∗

0 L E k+`��k u∗
0, u

∗∗
0 ∈ H1

0 (Ω) <{id-G7�










−
(

a+ b

∫

Ω

|∇u|2dx
)

∆u = µf(x)|u|q−2u+ |u|p−2u, x ∈ Ω,

u = 0, x ∈ ∂Ω.

(1.5)5d�{zG6r+`� (i) 9L*qeNH� Ωf ⊂ Ω, 5E f > 0 L Ωf + �33+`�Q u∗
0 <qX (1.5) G*q℄7� (ii) u∗∗

0 <qX (1.5) G*q℄7� (iii) u∗
0 6= u∗∗

0 .�nG6y&{�LL 2 5sx0`h*
0�6���LL 3 5t1hQZ 1.1G_|�LL 4 5k�sxe+hYQZ 1.2 G_|�
§2 � � E (LY*5k�sx0`d- (1.1) G�g6y�t1*
DÆ�G6��m

E =
{

u ∈ H1(R3) :

∫

R3

V (x)u2dx < ∞
}=/{G���bH

(u, v) =

∫

R3

(a∇u · ∇v + V (x)uv)dx, ‖u‖ = (u, u)
1
2 .



266 I ! � I A � 43 FY? λ > 0, ^3(�'{zG���bH
(u, v)λ =

∫

R3

(a∇u · ∇v + λV (x)uv)dx, ‖u‖λ = (u, u)
1
2

λ .
��Y? λ > 1, = ‖u‖ 6 ‖u‖λ.L Ls(R3) k�Q3bH
|u|ss =

∫

R3

|u|sdx, �k 0 < s 6 ∞.m Eλ = (E, ‖u‖λ). uE (V1), (V2) /� Poincaré�I7M`��' E →֒ H1(R3) <b�G (, [29]). : Sp �8�' E →֒ Lp(R3) G�% Sobolev %H�Q<{7t1�
Sp = inf

E\{0}

‖u‖2

(
∫

R3 |u|pdx)
2
p

> 0.QY?w*q p ∈ [2, 6) � λ > 1, =
|u|p 6 S

− 1
2

p ‖u‖ 6 S
− 1

2
p ‖u‖λ, ∀u ∈ Eλ. (2.1)Q3�g
� Iλ : Eλ → R

Iλ(u) =
1

2

∫

R3

(a|∇u|2 + λV (x)u2)dx +
b

4

(

∫

R3

|∇u|2dx
)2

−
µ

q

∫

R3

f(x)|u|qdx

−
1

p

∫

R3

|u|pdx, u ∈ Eλ, (2.2)Q\��v�Ur�M/JB
� Iλ Lwq u ∈ Eλ +<Q3e�G�� Iλ ∈ C1(Eλ,R).5d�Y?w*q ϕ ∈ Eλ, =
〈I ′

λ(u), ϕ〉 = a

∫

R3

∇u · ∇ϕdx+

∫

R3

λV (x)uϕdx + b

∫

R3

|∇u|2dx

∫

R3

∇u · ∇ϕdx

− µ

∫

R3

f(x)|u|q−2uϕdx−

∫

R3

|u|p−2uϕdx. (2.3)\%K�qX (1.1) G)7Y7?
� Iλ Gj9N�pOq`� Iλ L Eλ +�<{d=9G�L{zG Nehari n�+Kp
��
Nλ = {u ∈ Eλ \ {0} : 〈I ′

λ(u), u〉 = 0}.45Y? u ∈ Nλ, =
‖u‖2λ + b|∇u|42 = µ

∫

R3

f(x)|u|qdx+

∫

R3

|u|pdx. (2.4)t1B Nλ 
�d- (1.1) Gw*qe�`7�
Nehari n� Nλ � t > 0 3G Ku(t) : t → Iλ(tu) �7G�HG�iy��}�m9-�*i~j9-�Q<� Drábek � Pohozaev Ln [30] kW1�Ln [31–32] k(=�hUr�( u ∈ Eλ, Q=
Ku(t) = Iλ(tu) =

1

2
t2‖u‖2λ +

bt4

4
|∇u|42 −

µtq

q

∫

R3

f(x)|u|qdx−
tp

p

∫

R3

|u|pdx.

K ′
u(t) = t‖u‖2λ + bt3|∇u|42 − µtq−1

∫

R3

f(x)|u|qdx− tp−1

∫

R3

|u|pdx.

K ′′
u(t) = ‖u‖2λ + 3bt2|∇u|42 − µ(q − 1)tq−2

∫

R3

f(x)|u|qdx− (p− 1)tp−2

∫

R3

|u|pdx.
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 \ { u�� T4W �>T�;�		af��
H Kirchhoff �rYH\o^8 267Y℄M/JBY? u ∈ Eλ\{0}� t > 0, K ′
u(t) = 0A�<A tu ∈ Nλ,QKu(t)G℄j9NY7? Neharin�+GN�V�K�K ′

u(1) = 0A�<A u ∈ Nλ. 4iKu(t) ∈ C2(R+,R),|M
 Nλ g+* g�
N+

λ = {u ∈ Nλ : K ′′
u(1) > 0},

N 0
λ = {u ∈ Nλ : K ′′

u(1) = 0},

N−
λ = {u ∈ Nλ : K ′′

u(1) < 0}.Y?w*q u ∈ Nλ, =
K ′′

u(1) = ‖u‖2λ + 3b|∇u|42 − µ(q − 1)

∫

R3

f(x)|u|qdx− (p− 1)

∫

R3

|u|pdx

= K ′′
u(1)− (q − 1)〈I ′

λ(u), u〉

= (2− q)‖u‖2λ + b(4− q)|∇u|42 − (p− q)

∫

R3

|u|pdx (2.5)

= K ′′
u(1)− (p− 1)〈I ′

λ(u), u〉

= (2− p)‖u‖2λ + b(4− p)|∇u|42 + µ(p− q)

∫

R3

f(x)|u|qdx. (2.6)<" 2.1 Y?w*q λ > 1, �g
� Iλ <�iG��L Nλ +<{d=9G�C uE Hölder �I7� (2.1), M/
X1
∫

R3

f(x)|u|qdx 6

(

∫

R3

|f(x)|
p

p−q dx
)

p−q
p
(

∫

R3

|u|pdx
)

q
p

6 |f | p

p−q
S
− q

2
p ‖u‖qλ. (2.7)Y? u ∈ Nλ, 6� (2.7), =

Iλ(u) = Iλ(u)−
1

4
〈I ′

λ(u), u〉

=
1

4
‖u‖2λ − µ

(1

q
−

1

4

)

∫

R3

f(x)|u|qdx+
(1

4
−

1

p

)

∫

R3

|u|pdx

>
1

4
‖u‖2λ − µ

(1

q
−

1

4

)

|f | p
p−q

S
− q

2
p ‖u‖qλ.<? 1 < q < 2, 4 < p < 6, 
��M/_4 Iλ <�iG�L Nλ +<{d=9G�<" 2.2 ( u0 < Iλ L Nλ +G*qD ���y� u0 /∈ N 0

λ , Q I ′
λ(u0) = 0 L

E−1
λ ++`�C Y℄G_|�j+�n [31] kG_|���^�ihd�VW�sxt1�z_|�( u0 < Iλ L Nλ +GD ���y�Q u0 <{i�;�qXG7�

Iλ Ls~ Jλ(u) = 0 3G��d��k Jλ(u) = K ′
u(1) = ‖u‖2λ+ b|∇u|42−µ

∫

R3 f(x)|u|
qdx−

∫

R3 |u|
pdx. t1B J ′

λ(u) 6= 0, Nλ<*qD Mgn��45\�SpV#,y_Q�9L γ ∈ R, 5E I ′
λ(u0) = γJ ′

λ(u0),Q=
〈I ′

λ(u0), u0〉 = γ〈J ′
λ(u0), u0〉. (2.8)



268 I ! � I A � 43 F<? u0 ∈ Nλ, sx
X1 ‖u0‖2λ + b|∇u0|42 − µ
∫

R3 f(x)|u0|qdx−
∫

R3 |u0|pdx = 0. ~v
〈J ′

λ(u0), u0〉 = 2‖u0‖
2
λ + 4b|∇u0|

4
2 − µq

∫

R3

f(x)|u0|
qdx− p

∫

R3

|u0|
pdx

= ‖u0‖
2
λ + 3b|∇u0|

4
2 − µ(q − 1)

∫

R3

f(x)|u0|
qdx− (p− 1)

∫

R3

|u0|
pdx.4℄�( u0 /∈ N 0

λ , sx= 〈J ′
λ(u0), u0〉 6= 0, Q< (2.8) M/
X1 γ = 0. Y&�sxe+h_|�<" 2.3 (/ (F ) � (V1)–(V3) +`�( µ ∈ (0, µ0) � λ > 1, Q N 0

λ = ∅.C (/6r�+`�Q9L µ∗ ∈ (0, µ0) � λ∗ > 1, 5E N 0
λ 6= ∅. 45�g,9L*q u0 ∈ N 0

λ 6= ∅ s~ K ′′
u0
(1) = 0. uE (2.5) /� Hölder �I7� Sobolev �I7�ME

(2 − q)‖u0‖
2
λ∗ + b(4− q)|∇u0|

4
2 = (p− q)

∫

R3

|u0|
pdx

6 (p− q)S
− p

2
p ‖u0‖

p
λ∗ , (2.9)Y1kw

(2 − q)‖u0‖
2
λ∗ 6 (p− q)S

− p
2

p ‖u0‖
p
λ∗ ,|=

‖u0‖λ∗ >

( (2− q)S
p
2
p

p− q

)
1

p−2

. (2.10)^&K�^: (2.6) /� Hölder �I7� Sobolev �I7�=
(p− 2)‖u0‖

2
λ∗ + b(p− 4)|∇u0|

4
2 = µ∗(p− q)

∫

R3

f(x)|u0|
qdx

6 µ∗(p− q)|f | p
p−q

S
− q

2
p ‖u0‖

q
λ∗ , (2.11)Y1kw

(p− 2)‖u0‖
2
λ∗ 6 µ∗(p− q)|f | p

p−q
S
− q

2
p ‖u0‖

q
λ∗ ,45

‖u0‖λ∗ 6

(µ∗(p− q)|f | p
p−q

(p− 2)S
q
2
p

)
1

2−q

. (2.12)< (2.10) � (2.12) ME
µ∗

>
(p− 2)S

q
2
p

(p− q)|f | p
p−q

( (2− q)S
p
2
p

p− q

)

2−q
p−2

= µ0,Y�(/tZ�_|6G�uE (F ), Y? u ∈ Eλ \ {0}, M/`D ∫

R3 f(x)|u|
qdx > 0 � ∫

R3 |u|
pdx > 0.<" 2.4 (/ (F )� (V1)–(V3)+`�( λ > 1� 0 < µ < µ0,Q9L*q tb,max > 0
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H Kirchhoff �rYH\o^8 269/�h*G t+ � t−, s~ 0 < t+ < tb,max < t−, 5E t+u ∈ N+
λ , t−u ∈ N−

λ �=
Iλ(t

+u) = inf
06t6tb,max

Iλ(tu), Iλ(t
−u) = sup

t>tb,max

Iλ(tu).C tQ*q u ∈ Eλ \ {0}, s~ ∫

R3 |u|
pdx > 0.m mb : R

+ → R:

mb(t) = t2−q‖u‖2λ + bt4−q|∇u|42 − tp−q

∫

R3

|u|pdx.Q
K ′

u(t) = tq−1
(

mb(t)− µ

∫

R3

f(x)|u|qdx
)

. (2.13)��� tu ∈ Nλ A�<A mb(t) = µ
∫

R3 f(x)|u|
qdx, tu ∈ N+

λ (� N−
λ ) A�<A m′

b(t) > 0

(� < 0). sxM/JB mb(t) > 0 Y? t > 0 .g�<+`G��A t → ∞ 3�=
mb(t) → −∞. 5d�

m′
b(t) = t1−q

(

(2− q)‖u‖2λ + b(4− q)t2|∇u|42 − (p− q)tp−2

∫

R3

|u|pdx
)

.4i ∫

R3 |u|
pdx > 0, ~v9Lh*G tb,max > 0, 5E m′

b(tb,max) = 0. ��� mb(t) L
t ∈ (0, tb,max)+<#pMRG�L t ∈ (tb,max,∞)+<#pM+G�45�mb(t)L tb,max3;B��<d�5d

t0,max =
( (2− q)‖u‖2λ
(p− q)

∫

R3 |u|pdx

)
1

p−2

.<5M/}61
m0(t0,max) =

( (2− q)‖u‖2λ
(p− q)

∫

R3 |u|pdx

)

2−q
p−2

‖u‖2λ −
( (2− q)‖u‖2λ
(p− q)

∫

R3 |u|pdx

)

p−q
p−2

∫

R3

|u|pdx

= ‖u‖qλ

( ‖u‖pλ
∫

R3 |u|pdx

)

2−q
p−2

(2− q

p− q

)

2−q
p−2

·
p− 2

p− q

> ‖u‖qλ

( ‖u‖pλ

S
− p

2
p ‖u‖pλ

)

2−q
p−2

(2− q

p− q

)

2−q
p−2

·
p− 2

p− q

= ‖u‖qλ

[ (2− q)S
p
2
p

p− q

]

2−q
p−2 p− 2

p− q
> 0.45��zEB

mb(tb,max) > mb(t0,max) > m0(t0,max) > 0.< 0 < µ < µ0 ME�
µ

∫

R3

f(x)|u|qdx 6 µ
(

∫

R3

|f(x)|
p

p−q dx
)

p−q
p
(

∫

R3

|u|pdx
)

q
p

6 µ|f | p
p−q

S
− q

2
p ‖u‖qλ

< ‖u‖qλ

[ (2− q)S
p
2
p

p− q

]

2−q
p−2

·
p− 2

p− q

6 m0(t0,max) < mb(tb,max). (2.14)
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R3 f(x)|u|
qdx > 0, 6� (2.13) � (2.14), sx`D9Lh*G t+ � t−, s~

0 < t+ < tb,max < t−, 5E K ′
u(t

+) = 0, K ′
u(t

−) = 0, (� t+u, t−u ∈ Nλ.uE K ′′
u(t) = tq−1m′

b(t) � m′
b(t

+) > 0 > m′
b(t

−), ME t+u ∈ N+
λ , t−u ∈ N−

λ /�
Iλ(t

+u) = inf
06t6tb,max

Iλ(tu), Iλ(t
−u) = sup

t>tb,max

Iλ(tu).uE5Z 2.4, sx^� N+
λ � N−

λ <eNG�6�5Z 2.1, Q3
c+λ = inf

u∈N+

λ

Iλ(u), c−λ = inf
u∈N−

λ

Iλ(u).<" 2.5 &� λ > 1 � 0 < µ < µ0, ~v= c+λ < 0.C Y? u ∈ N+
λ , K ′′

u(1) > 0. 8 (2.6) ME
µ(p− q)

∫

R3

f(x)|u|qdx > (p− 2)‖u‖2λ + b(p− 4)|∇u|42.~v
Iλ(u) = Iλ(u)−

1

p
〈I ′

λ(u), u〉

=
(1

2
−

1

p

)

‖u‖2λ +
(1

4
−

1

p

)

b|∇u|42 − µ
(1

q
−

1

p

)

∫

R3

f(x)|u|qdx

<
p− 2

2p
‖u‖2λ +

p− 4

4p
b|∇u|42 −

1

pq
[(p− 2)‖u‖2λ + (p− 4)b|∇u|42]

=
(p− 2)(q − 2)

2pq
‖u‖2λ +

(p− 4)(q − 4)

4pq
b|∇u|42 < 0.45 c+λ < 0.<" 2.6 ( 0 < µ < µ0, Q N−

λ L Eλ +<�G�C m {un} ⊂ N−
λ , 5EL Eλ += un → u. 3{Tsx�'_|G< u ∈ N−

λ . sx`D 〈I ′
λ(un), un〉 = 0, �A n → ∞ 3�=
〈I ′

λ(un), un〉 − 〈I ′
λ(u), u〉 = 〈I ′

λ(un)− I ′
λ(u), u〉+ 〈I ′

λ(un), un − u〉 → 0,Y&CM/EB 〈I ′
λ(u), u〉 = 0, Y�| u ∈ Nλ.Y? u ∈ N−

λ , uE (2.5) �XM? (2.10) G_|�C=
‖u‖λ >

( (2− q)S
p
2
p

p− q

)
1

p−2

. (2.15)~vM/`D N−
λ <GY 0 NG�< (2.5) ME K ′′

un
(1) → K ′′

u(1). t1B K ′′
un

(1) < 0, |= K ′′
u(1) 6 0. uE5Z 2.3,Y? 0 < µ < µ0, M/
X1 K ′′

u(1) < 0. 45 u ∈ N−
λ .L 2.1 uE5Z 2.4, sx`D
� Iλ L Nλ +G{�9={zG���<V\�

cλ = inf
u∈Nλ

Iλ(u) = inf
Eλ\{0}

max
t>0

Iλ(tu).
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0 (Ω), 
%0`DY℄9L*q�,U? λ G%H C0 > 0, 5E

cλ = inf
Eλ\{0}

max
t>0

Iλ(tu) 6 max
t>0

Iλ(te0) 6 C0. (2.16)

§3 � # 1.1 Æ D &!Kn [17, 33–34], ��=/{G6��ihd�VW�Y℄1�z�F�<" 3.1 ( 0 < µ < µ0, QY?w*q u ∈ N+
λ , U9L ε > 0 �*qMg�H

φ+ : Bε(0) → R
+ : (0,+∞), 5E

φ+(0) = 1, φ+(w)(u − w) ∈ N+
λ , ∀w ∈ Bε(0)/�

〈(φ+)′(0), w〉 =
L(u,w)

K ′′
u(1)

,�k
L(u,w) = 2〈u,w〉λ + 4b

∫

R3

|∇u|2dx

∫

R3

∇u · ∇wdx

− µq

∫

R3

f(x)|u|q−2uwdx− p

∫

R3

|u|p−2uwdx.5d�Y?!1 C1, C2 > 0, 9L C > 0, 5E&� C1 6 ‖u‖λ 6 C2, Q |〈(φ+)′(0), w〉| 6

C‖w‖λ.C \� F (t, w) = K ′
u−w(t) Q3*q C1 9- F : R+ × Eλ → R, (�

F (t, w) = t‖u− w‖2λ + bt3
(

∫

R3

|∇(u − w)|2dx
)2

− µtq−1

∫

R3

f(x) |u− w|q dx − tp−1

∫

R3

|u− w|pdx,
%0J1 F <MgG�4i u ∈ N+
λ , Q F (1, 0) = 0 � Ft(1, 0) = K ′′

u(1) > 0. LN (1,0)37:6�HQZ�M/EB9L ε > 0 �*qMg�H φ+ : Bε(0) → R
+ : (0,+∞), 5E

φ+(0) = 1, F (φ+(w), w) = 0, ∀w ∈ Bε(0),YI)? φ+(w)(u−w) ∈ Nλ, ∀w ∈ Bε(0). 94+�4i u ∈ N+
λ ��� N−

λ ∪N 0
λ <�G�M/
X1 dist(u,N−

λ ∪N 0
λ) > 0. t1B φ+(w)(u−w) }? w <b�G��P.g�G ε = ε(u) > 0, 5E

‖φ+(w)(u − w) − u‖ <
1

2
dist(u,N−

λ ∪ N 0
λ), ∀w ∈ Bε(0).45

‖φ+(w)(u − w)−N−
λ ∪ N 0

λ‖ > dist(u,N−
λ ∪N 0

λ )− dist(φ+(w)(u − w), u)

>
1

2
dist(u,N−

λ ∪ N 0
λ) > 0,~vY?O=G w ∈ Bε(0) U= φ+(w)(u − w) ∈ N+

λ .
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〈(φ±)′(0), w〉 = −

〈Fw(1, 0), w〉

Ft(1, 0)
,�k L(u,w) = −〈Fw(1, 0), w〉 � K ′′

u(1) = Ft(1, 0). 45sx�'_| 〈(φ±)′(0), w〉 =
L(u,w)

K ′′
u(1)

.3{T_|Y?O=G C1, C2 > 0, &� C1 6 ‖u‖λ 6 C2, u ∈ N+
λ , Q9L δ > 0, 5E K ′′

u(1) > δ > 0.sx1\�a___|Y*6r�&�9L*q�i {un} ⊂ N+
λ ,s~ C1 6 ‖un‖λ 6

C2, 5EY?.g�G δn, = K ′′
un

(1) < δn /�A n → ∞ 3�= δn → 0.< (2.5) ME
(2− q)‖un‖

2
λ + b(4− q)

(

∫

R3

|∇un|
2dx

)2

= (p− q)

∫

R3

|un|
pdx+ o(δn),�kA n → ∞ 3� o(δn) → 0.uE 1 < q < 2, 4 < p < 6, C1 6 ‖un‖λ 6 C2 � (2.9), =

(2− q)‖un‖
2
λ 6 (p− q)S

− p
2

p ‖un‖
p
λ + o(δn),45=

‖un‖λ >

((2 − q)S
p
2
p

p− q

)
1

p−2

+ o(δn). (3.1)< (2.6) ME
(p− 2)‖un‖

2
λ + b(p− 4)

(

∫

R3

|∇un|
2dx

)2

= µ(p− q)

∫

R3

f(x)|un|
qdx+ o(δn).8 (2.11) M`

(p− 2)‖un‖
2
λ 6 µ(p− q)|f | p

p−q
S
− q

2
p ‖un‖

q
λ + o(δn),Y1kw

‖un‖λ 6

(µ(p− q)|f | p
p−q

(p− 2)S
q
2
p

)
1

2−q

+ o(δn). (3.2)A n → ∞ 36� (3.1) � (3.2) M/
1tZ�4℄�( C1 6 ‖u‖λ 6 C2, Q9L C > 0,5E |〈(φ+)′(0), w〉| 6 C‖w‖λ.^&K�Y?w*q u ∈ N−
λ , M/yO*qMg�H φ−, EBXM?5Z 3.1 G6r�7:�n [17, 34] kXMGUr�6�5Z 2.1, 5Z 2.5, 5Z 3.1 � Ekeland �gEZ [35], sx={zG6r�<" 3.2 (/ (F ) � (V1)–(V3) +`���= 1 < q < 2, 4 < p < 6. ( 0 < µ < µ0,Q9L����i {un} ⊂ N+

λ � {vn} ⊂ N−
λ , 5E

Iλ(un) = c+λ + o(1), I ′
λ(un) = o(1) L E−1

λ +`.

Iλ(vn) = c−λ + o(1), I ′
λ(vn) = o(1) L E−1

λ +`.
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H Kirchhoff �rYH\o^8 273C {z_|����i {un} ⊂ N+
λ < Eλ +G*q (PS)c+

λ
�i�7:5Z 2.1�L N+

λ ∪ N 0
λ +G Ekeland �gEZ�9L*q����i {un} ⊂ N+

λ ∪N 0
λ , 5E

inf
u∈N+

λ
∪N 0

λ

Iλ(u) 6 Iλ(un) < inf
u∈N+

λ
∪N 0

λ

Iλ(u) +
1

n
, (3.3)

Iλ(v) > Iλ(un)−
1

n
‖v − un‖, ∀v ∈ N+

λ ∪ N 0
λ . (3.4)<? N 0

λ = ∅, |= inf
u∈N+

λ
∪N 0

λ

Iλ(u) = inf
u∈N+

λ

Iλ(u) = c+λ . 45M/(/ {un} ⊂ N+
λ ,

Iλ(un) → c+λ < 0.ihe+_|�f�'_| I ′
λ(un) → 0. <5Z 3.1, 4i 0 < µ < µ0, |MVB

εn > 0 �*qMg�H φ+
n : Bεn(0) → R

+, 5E
φ+
n (w)(un − w) ∈ N+

λ , ∀w ∈ Bεn(0).uE φ+
n (w) Gb��� φ+

n (0) = 1, �2*���sxM/(/ εn ~z��5EY?
‖w‖λ < εn, = 1

2 6 φ+
n (w) 6

3
2 . < φ+

n (w)(un − w) ∈ N+
λ � (3.4) �z
X1

Iλ(φ
+
n (w)(un − w)) − Iλ(un) > −

1

n
‖φ+

n (w)(un − w)− un‖,K^:kdQZ�ME
〈I ′

λ(un), φ
+
n (w)(un − w)− un〉+ o(φ+

n (w)(un − w)− un) > −
1

n
‖φ+

n (w)(un − w)− un‖.45
φ+
n (w)〈I

′
λ(un), w〉 + (1− φ+

n (w))〈I
′
λ(un), un〉

6
1

n
‖(φ+

n (w) − 1)un − φ+
n (w)w‖ + o(φ+

n (w)(un − w) − un).\��P εn � 1
2 6 φ+

n (w) 6
3
2 , M/
X1Y℄9L C3 > 0, 5E

|〈I ′
λ(un), w〉| 6

1

n
‖〈(φ+)′(0), w〉un‖+

C3

n
‖w‖λ + o(|〈(φ+)′(0), w〉|(‖un‖λ + ‖w‖λ)).Y? {un} ⊂ N+

λ , sx_| inf
n∈N

‖un‖λ > C1 > 0, �k C1 <*q%H�iQ�Iλ(un)��? 0, Y� Iλ(un) → c+λ < 0 tZ�5d�^:5Z 2.1 M/EB {un} L Eλ +<=9G�45�9L C1, C2 > 0, 5E
0 < C1 6 ‖un‖λ 6 C2. (3.5)uE5Z 3.1, Q=

|〈I ′
λ(un), w〉| 6

C

n
‖w‖λ +

C

n
‖w‖λ + o(‖w‖λ),

‖I ′
λ(un)‖ = sup

w∈Eλ\{0}

|〈I ′
λ(un), w〉|

‖w‖λ
6

C

n
+ o(1).~v�A n → ∞ 3�= ‖I ′

λ(un)‖ → 0. Y& {un} ⊂ N+
λ < Eλ +G*q (PS)c+

λ
�i�^&K�sxM/L Eλ +yO (PS)c−

λ
�i�Y℄�KuF�{zsx}61 Iλ L Nλ +s~ (PS)c+

λ
Z-� (PS)c−

λ
Z-(M/:^&Gd_EB�



274 I ! � I A � 43 F<" 3.3 (/ (F ) � (V1)–(V3) +`�( 4 < p < 6 � λ > 1, Q9L Λ > 0, 5EY?O=G λ > Λ, Iλ s~ (PS)c+
λ
- Z-�C m {un} ⊂ N+

λ i Iλ G*q (PS)
c
+

λ
�i�Y?.g<G n, =

c+λ + o(1) = Iλ(un)−
1

p
〈I ′

λ(un), un〉

=
(1

2
−

1

p

)

‖un‖
2
λ +

(1

4
−

1

p

)

b|∇un|
4
2 − µ

(1

q
−

1

p

)

∫

R3

f(x)|un|
qdx

>

(1

2
−

1

p

)

‖un‖
2
λ − µ

(1

q
−

1

p

)

|f | p
p−q

S
− q

2
p ‖un‖

q
λ.A n → ∞ 3�+���< (2.16) M`�9L*q%H M > 0 (�,U? λ), 5E

lim sup
n→∞

‖un‖λ 6 M . 45� {un} L Eλ +<=9G�Y3M/�*qy�i�(/9L {un} /� u ∈ Eλ, 5EL Eλ k, A un ⇀ u,

∫

R3

|∇un|
2dx → A2,

∫

R3

|∇u|2dx 6 A2, A ∈ R.~v� I ′
λ(un) → 0 �|

(a+ bA2)

∫

R3

∇u · ∇vdx+

∫

R3

λV (x)uvdx

− µ

∫

R3

f(x)|u|q−2uvdx−

∫

R3

|u|p−2uvdx = 0. (3.6)L (3.6) k� v = u , ME
(a+ bA2)

∫

R3

|∇u|2dx+

∫

R3

λV (x)u2dx − µ

∫

R3

f(x)|u|qdx−

∫

R3

|u|pdx = 0. (3.7)�Lsx_|L Eλ += un → u. *�K�m vn = un − u, M/_|EB
∫

R3

f(x)|vn|
qdx → 0. (3.8)94+�4i vn ⇀ 0 L Eλ k+`��� Eλ →֒ Lp(R3), < f ∈ L

p
p−q (R3) M/
1 (3.8).uE un G=9�ME

‖u‖λ 6 lim inf
n→∞

‖un‖λ 6 M/�
‖vn‖λ = ‖un − u‖λ 6 ‖un‖λ + ‖u‖λ,|=

lim sup
n→∞

‖vn‖λ 6 lim sup
n→∞

‖un‖λ +M 6 2M. (3.9)< (V2) M`
∫

R3

v2ndx =

∫

{V >b}

v2ndx+

∫

{V <b}

v2ndx 6
1

λb
‖vn‖

2
λ + o(1).
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∫

R3

|vn|
pdx 6

(

∫

R3

|vn|
2dx

)

6−p
4
(

∫

R3

|vn|
6dx

)

p−2

4

6

(‖vn‖2λ
λb

)

6−p
4

d0

((

∫

R3

|∇vn|
2dx

)3) p−2

4

+ o(1)

6 (λb)
p−6

4 d0‖vn‖
p
λ + o(1), (3.10)�k%H d0 > 0 <�,U? λ G�< (3.7) � (3.8) M`

o(1) = 〈I ′
λ(un), un〉

= ‖un‖
2
λ + b|∇un|

4
2 − µ

∫

R3

f(x)|un|
qdx− |un|

p
p − ‖u‖2λ − bA2|∇u|22

+ µ

∫

R3

f(x)|u|qdx+ |u|pp

= ‖vn‖
2
λ − |vn|

p
p + bA4 − bA2|∇u|22 + o(1)

> ‖vn‖
2
λ − |vn|

p−2
p · |vn|

2
p + o(1).A n → ∞ 3�+���6� (2.1), (3.9) � (3.10), ME

0 > lim sup
n→∞

(‖vn‖
2
λ − |vn|

p−2
p · |vn|

2
p)

> lim sup
n→∞

[‖vn‖
2
λ − S

2−p
2

p ‖vn‖
p−2
λ · (λb)

p−6

2p d
2
p

0 ‖vn‖
2
λ]

> lim sup
n→∞

[1− S
2−p
2

p · (λb)
p−6

2p d
2
p

0 ‖vn‖
p−2
λ ]‖vn‖

2
λ,9L Λ > 0, 5E 1 − S

2−p
2

p · (λb)
p−6

2p d
2
p

0 ‖vn‖
p−2
λ > 0 Y?O=G λ > Λ U+`�QM/(/Y℄9L*qy�i ("�: {vn} �8), 5E lim

n→∞
‖vn‖λ = aλ. |=

0 > a2λ · lim sup
n→∞

[1− S
2−p
2

p · (λb)
p−6

2p d
2
p

0 ‖vn‖
p−2
λ ]

= a2λ · [1− lim inf
n→∞

(S
2−p
2

p · (λb)
p−6

2p d
2
p

0 ‖vn‖
p−2
λ )]

> a2λ · [1− S
2−p
2

p · (λb)
p−6

2p d
2
p

0 (2M)p−2].45�9L Λ > 0, 5EY?O=G λ > Λ, U= vn → 0 L Eλ k+`�YCe+h_|��" 1.1 �C% A}�Kp���qX
c+λ = inf

u∈N+

λ

Iλ(u).uE5Z 3.2, &� 0 < µ < µ0, Q9L����i {un} ⊂ N+
λ , 5E Iλ(un) → c+λ ��=

I ′
λ(un) → 0 L E−1

λ ++`�uE5Z 3.2 G_|M`�9L C1, C2 > 0, 5E
0 < C1 6 ‖un‖λ 6 C2. (3.11)<5Z 3.3, Y℄9L {un} G*q�?dGy�i�"��8i {un}, L Eλ ks~

un → u∗. 8 (3.11) kM` 0 < C1 6 ‖u∗‖λ 6 C2. Y&sxCe+h u∗ 6= 0 G_|�3{T_| u∗ ∈ N+
λ . 4$+�uE (2.5) ME K ′′

un
(1) → K ′′

u∗

(1). < K ′′
un
(1) > 0, sx=
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K ′′

u∗

(1) > 0. <5Z 2.3 M` K ′′
u∗

(1) > 0. 45
u∗ ∈ N+

λ , Iλ(u∗) = lim
n→∞

Iλ(un) = inf
u∈N+

λ

Iλ(u).V�K� u∗ <\�5Z 2.2 EBGd- (1.1) G*qe�`7�sx�2
Ln [17, 36]kWB ∫

R3 |∇|u||2 dx =
∫

R3 |∇u|2dx, 4℄ Iλ(u∗) = Iλ(|u∗|) � |u∗| ∈ N+
λ , ~v |u∗| < IλL N+

λ +GD ��d�45� |u∗| <\�5Z 2.2 EBGd- (1.1) G*qe�`7�sxM/
3(/ u∗ > 0 Y? R
3 kG �w*q x U+`�5d�uE)7G��<dEZ [37] M/
X1 u∗ > 0 L R

3 k+`�45� u∗ <d- (1.1) G*q℄7��7�sxKp���qX c−λ = inf
u∈N−

λ

Iλ(u). uE5Z 3.2, &� 0 < µ < µ0, Q9L����i {vn} ⊂ N−
λ , 5E Iλ(vn) → c−λ /� I ′

λ(vn) → 0 L E−1
λ k+`�< (2.15)�5Z 2.1 ME�9L C1, C2 > 0, 5E 0 < C1 6 ‖vn‖λ 6 C2. ~v�"�+zG_|�^G�-�sx(M/VB*q℄7 u∗∗ ∈ N−

λ .|+OF�&� 0 < µ < µ0 � λ > Λ, Qd- (1.1) g,=fq℄7 u∗ ∈ N+
λ� u∗∗ ∈ N−

λ .m
S := {u ∈ Eλ \ {0} : I ′

λ(u) = 0}.��� S �<*qN��3{T_| Iλ L S +<{d=9G�94+�Y?w*q u ∈ S, < (2.1), Hölder�I7� Young �I7�=
Iλ(u) = Iλ(u)−

1

p
〈I ′

λ(u), u〉

=
(1

2
−

1

p

)

‖u‖2λ +
(1

4
−

1

p

)

b|∇u|42 − µ
(1

q
−

1

p

)

∫

R3

f(x)|u|qdx

>

(1

2
−

1

p

)

‖u‖2λ − µ
(1

q
−

1

p

)

|f | p
p−q

S
− q

2
p ‖u‖qλ

>

(1

2
−

1

p

)

‖u‖2λ −
(1

2
−

1

p

)

‖u‖2λ −Q0

= −Q0,�k Q0 <*q�G? p, q, Sp � |f | p
p−q
G℄%H�45� Iλ(u) L S +<{d=9G�8℄M/Q3

m := inf
u∈S

Iλ(u),� m > −∞. �� m 6 c+λ < 0 � m 6 c−λ .m {un} ⊂ S i Iλ(u) G*q����i�(�
I ′
λ(un) = 0, Iλ(un) → m.uE5Z 2.1 
%0EB {un} L Eλ +<=9G�^:5Z 3.3 �zGUr��2*����*qy�i"��8i {un}, 5E un → u∗, �k u∗ ∈ Eλ \ {0}. 45 I ′

λ(u∗) = 0� Iλ(u∗) = m, (C<L� u∗ <qX (1.1) G*q�R7��LT_| u∗ ∈ N+
λ . �a
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λ (N 0

λ = ∅ Y? µ ∈ (0, µ0) +`). uE5Z 2.4, 9Lh*G t+ � t−, s~ 0 < t+ < tb,max < t− = 1, 5E t+u∗ ∈ N+
λ , t−u∗ ∈ N−

λ /�
Iλ(t

+u∗) < Iλ(t
−u∗) = Iλ(u∗) = m,Y$1htZ�45 Iλ(u∗) = m = c+λ � u∗ ∈ N+

λ . ��� u∗ <qX (1.1) G*qe�`ej�R7�uE��<dEZ [37] EB u∗ > 0 L R
3 k+`�_��

§4 � Æ � G 8LY*5�sx$AqX (1.1) G7G�k��t1QZ 1.2 G_|�\�QZ 1.1M`�&� (F )� (V1)–(V3)+`�Q9L Λ > 0,5EY?O=G λ > Λ�!1G 0 < µ < µ0, qX (1.1) g,=fq℄7 u∗
λ ∈ N+

λ � u∗∗
λ ∈ N−

λ . 4i u∗
λ � u∗∗

λG_|<XMG�Y℄ft1 u∗
λ G_|��" 1.2 �C% m λn → ∞ � u∗

n := u∗
λn

∈ N+
λn
<QZ 1.1 EBGqX (1.1) G7�85Z 2.1 � (2.16) k
X1

C0 > c+λn
= Iλn

(u∗
n)

=
(1

2
−

1

p

)

‖u∗
n‖

2
λn

+
(1

4
−

1

p

)

b|∇u∗
n|

4
2 − µ

(1

q
−

1

p

)

∫

R3

f(x)|u∗
n|

qdx

>

(1

2
−

1

p

)

‖u∗
n‖

2
λn

− µ
(1

q
−

1

p

)

|f | p
p−q

S
− q

2
p ‖u∗

n‖
q
λn

, (4.1)Q {u∗
n} L Eλn

+<=9G��9L*q%H M0 > 0, 5E
sup
n>1

‖u∗
n‖λn

6 M0, (4.2)�k%H M0 �,U? λn. ~v��*qy�i�M/(/9L*q u∗
0 ∈ E, 5E



















u∗
n ⇀ u∗

0 L E k)?d,

u∗
n → u∗

0 L Ls
loc(R

3) k�?d, 2 6 s < 6,

u∗
n(x) → u∗

0(x) L R
3 k �33?d.

(4.3),E_b5Z� (4.2), ME
∫

R3

V (x)(u∗
0)

2dx 6 lim inf
n→∞

∫

R3

V (x)(u∗
n)

2dx 6 lim inf
n→∞

‖u∗
n‖

2
λn

λn

= 0, (4.4)45 u∗
0 = 0 L R

3 \ V −1(0) + �33+`�5d�< (V3) ME u∗
0 ∈ H1

0 (Ω).3{T�sx1_|Y? 2 < s < 6, U= u∗
n → u∗

0 L Ls(R3) k+`�iQ�\�
Lions 5Z [38], 9L σ > 0, r > 0 � yn ∈ R

3, 5E
∫

Br(yn)

|u∗
n − u∗

0|
2dx > σ. (4.5)5d�< (4.3)� (4.5)M`�A n → ∞3�= |yn| → ∞+`�| |Br(yn)∩{V (x) < b}| → 0.~v�8 Hölder �I7M/
X1

∫

Br(yn)∩{V (x)<b}

|u∗
n − u∗

0|
2dx → 0. (4.6)



278 I ! � I A � 43 F45A n → ∞ 3�=
‖u∗

n‖
2
λn

> λnb

∫

Br(yn)∩{V (x)>b}

|u∗
n − u∗

0|
2dx

= λnb
(

∫

Br(yn)

|u∗
n − u∗

0|
2dx−

∫

Br(yn)∩{V (x)<b}

|u∗
n − u∗

0|
2dx

)

→ ∞, (4.7)Y� (4.2) tZ��L�sx_| u∗
n → u∗

0 L E k+`�4i 〈I ′
λn

(u∗
n), u

∗
n〉 = 〈I ′

λn
(u∗

n), u
∗
0〉 = 0, Q=

‖u∗
n‖

2
λn

+ b

(
∫

R3

|∇u∗
n|

2dx

)2

= µ

∫

R3

f |u∗
n|

qdx+

∫

R3

|u∗
n|

pdx. (4.8)

〈u∗
n, u

∗
0〉λn

+ b

∫

R3

|∇u∗
n|

2dx

∫

R3

∇u∗
n · ∇u∗

0dx

= µ

∫

R3

f |u∗
n|

q−2u∗
nu

∗
0dx+

∫

R3

|u∗
n|

p−2u∗
nu

∗
0dx. (4.9)uE Hölder �I7/�A 2 < s < 6 3� u∗

n → u∗
0 L Ls(R3) k+`�M`

∣

∣

∣

∫

R3

f |u∗
n|

q−2u∗
n(u

∗
n − u∗

0)dx
∣

∣

∣
6 |f | p

p−q
‖u∗

n‖
q−1
Lp(R3)‖u

∗
n − u∗

0‖Lp(R3) → 0. (4.10)

∣

∣

∣

∫

R3

|u∗
n|

p−2u∗
n(u

∗
n − u∗

0)dx
∣

∣

∣
6 ‖u∗

n‖
p−1
Lp(R3)‖u

∗
n − u∗

0‖Lp(R3) → 0. (4.11)(/ ‖u∗
n‖

2
λn

→ k1,
∫

R3 |∇u∗
n|

2dx → k2. t1B
∫

R3

|∇u∗
0|

2dx 6 lim inf
n→∞

∫

R3

|∇u∗
n|

2dx = k2. (4.12)45�8 (4.8)–(4.12) 
X1
k1 + bk22 = ‖u∗

0‖
2 + bk2

∫

R3

|∇u∗
0|

2dx

6 ‖u∗
0‖

2 + bk22 .| k1 6 ‖u∗
0‖

2. l*dz�^:bHG)�b���=
‖u∗

0‖
2
6 lim inf

n→∞
‖u∗

n‖
2
6 lim inf

n→∞
‖u∗

n‖
2
λn

= k1, (4.13)8℄ ‖u∗
n‖ → ‖u∗

0‖, �� u∗
n → u∗

0 L E k+`�4i 〈I ′
λn

(u∗
n), φ〉 = 0, |Y?!
G

φ ∈ C∞
0 (Ω), =

∫

Ω

a∇u∗
0 · ∇φdx + b

(

∫

Ω

|∇u∗
0|

2dx
)

∫

Ω

∇u∗
0 · ∇φdx

= µ

∫

Ω

f |u∗
0|

q−2u∗
0φdx+

∫

Ω

|u∗
0|

p−2u∗
0φdx.45 u∗

0 <qX (1.5) G*q)7�XMK�^&M/EB u∗∗
0 (<qX (1.5) G*q)7��Æ�sx1_|6r (i)–(iii).
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0 (Ωf ), s~ ∫

Ωf
f(x)|u|qdx > 0, 5E{i�H

Ku(t) = Iλn
(tu) =

1

2
t2‖u‖2λn

+
bt4

4
|∇u|42 −

µtq

q

∫

Ωf

f(x)|u|qdx−
tp

p

∫

Ωf

|u|pdx=�,U? n G t+0 > 0 � k0 < 0, 5EY?O=G n > 0, = t+0 u ∈ N+
λn
/�

inf
06t6t

−

0

Ku(t) = Ku(t
+
0 ) = k0 < 0.Y�| Iλn

(u∗
n) = c+λn

6 k0.4i u∗
n → u∗

0 L E k+`� E →֒ Lp(R3), 4 < p < 6, \� (F ) � Hölder �I7M`�A n → ∞ 3�=
∫

R3

f(x)|u∗
n|

qdx →

∫

R3

f(x)|u∗
0|

qdx.45
1

2

∫

R3

a|∇u∗
0|

2dx+
b

4
|∇u∗

0|
4
2 −

µ

q

∫

R3

f(x)|u∗
0|

qdx−
1

p

∫

R3

|u∗
0|

pdx

6 k0 < 0,Y�| u∗
0 6= 0.uE (2.1), � u∗∗

n ∈ N−
λn
� E →֒ Lp(R3), =

‖u∗∗
n ‖2 6 ‖u∗∗

n ‖2λn
=

∫

R3

(a|∇u∗∗
n |2 + λnV (u∗∗

n )2)dx

<
p− q

2− q

∫

R3

|u∗∗
n |pdx

6
p− q

2− q
S
−p

2
p ‖u∗∗

n ‖p.45� u∗∗
0 6= 0. 5d�℄&LQZ 1.1 k_|G~&� u∗

0, u
∗∗
0 <qX (1.5) Gfq�^G℄7�QZ 1.2 G_|g56G�
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Abstract In this paper, the authors research the following Kirchhoff type problem involving

concave-convex nonlinearities










−
(

a+ b

∫

R3

|∇u|2dx
)

∆u+ λV (x)u = µf(x)|u|q−2u+ |u|p−2u, x ∈ R
3,

u ∈ H1(R3),

where a, b > 0 are constants, λ, µ > 0 are parameters, 1 < q < 2, 4 < p < 6 and V

is a nonnegative continuous potential. Under some suitable assumptions on f(x) and V ,

the existence and concentration of positive solutions to this problem are obtained by using

Nehari manifold and Ekeland variational principle.

Keywords Kirchhoff type problems, Concave-Convex nonlinearities, Steep po-

tential well, Nehari manifold
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