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−
[

a+ b
(

∫

RN

|∇u|2dx
)m]

∆u =
|u|2

∗(s)−2u

|x|s
+ λh(x), x ∈ R

N ,

u ∈ D1,2(RN ),Uw N > 3, a, λ > 0, b,m > 0, 0 6 s < 2, h ∈ L
2∗

2∗−1 (RN )  L?LQk�. + λ = 0 v, 1YN,�Zw/9&�&�B�h. + λ > 0 v, 1Y
NIDw/S&�k�1$eB. ��4, +
0 < m < 2−s

N−2
v, w/9&�tq$e5Yk�.��� Hardy-Sobolev =�q�, Kirchhoff ?&�, k�, 
ND
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§1 :�6#Ej/N+' Hardy-Sobolev <�p�0 Kirchhoff >%�:



−
[
a+ b

( ∫

RN

|∇u|2dx
)m]

∆u =
|u|2

∗(s)−2u

|x|s
+ λh(x), x ∈ R

N ,

u > 0, u ∈ D1,2(RN ),

(1.1)Tv a, λ > 0, b,m > 0, 0 6 s < 2, N > 3, j� h ∈ L
2∗

2∗−1 (RN ) �K>KPj�. 2∗(s) =
2(N−s)
N−2 � Hardy-Sobolev<�p�. ��3, 2∗ = 2∗(0) = 2N

N−2 � Sobolev <�p�. '	
D1,2(RN ) =

{
u ∈ L2∗(RN ) :

∫
RN |∇u|2dx < ∞

} 0Æ�E�� ‖u‖ =
( ∫

RN |∇u|2dx
) 1

2 , '	 Lp(RN ) 0Æ�E�� |u|p =
( ∫

RN |u|pdx
) 1

p .* s = 0 u, %� (1.1) �s�j/%�:




−
[
a+ b

(∫

RN

|∇u|2dx
)m]

∆u = |u|2
∗−2u+ λh(x), x ∈ R

N ,

u > 0, u ∈ D1,2(RN ).
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324 � I Q " A z 44  * m = 1u, # [1]J�8%� (1.2). * λ = 0u, 0XM+�Y, v.8%� (1.2)j�0#dA℄K#dA�g; * λ > 0 �M8u, 0X�MHC, v.84Xj�0#dA. �p, # [2] �# [1] v λ = 0 0℄)�
,N�0 m > 0, �v.8(_�Xj�0#dA�g.* m = 2, N = 3 u,# [3] 0X�MCv.8%� (1.2) 4Xj�0#dA. * m = 1u, # [4–5] M�dm!
'	l�!
'	vJ�8'��K3A5<� Kirchhoff >%�; # [6] vÆF8'�3A5l<�p�0 Kirchhoff >%�. # [7] �# [1] �
s
p-Kirchhoff >%�.* m = 1, N = 3, a > 0, λ = 0 u, # [8] vZ�8%� (1.1) �0#dA℄K#dA�g, 4
R#v0:- 2.4. �o# [1, 9], �#�# [8] v0:- 2.4 �
s\N�0%�
(1.1).%� (1.1) >V0P6Gj I �:

I(u) =
a

2
‖u‖2 +

b

2m+ 2
‖u‖2m+2 −

1

2∗(s)

∫

RN

(u+)2
∗(s)

|x|s
dx

− λ

∫

RN

h(x)udx, ∀u ∈ D1,2(RN ).2d, I ∈ C1(D1,2(RN ),R) \>fR0 u, v ∈ D1,2(RN ), [
〈I ′(u), v〉 = (a+ b‖u‖2m)

∫

RN

(∇u,∇v)dx−

∫

RN

(u+)2
∗(s)−1

|x|s
vdx− λ

∫

RN

h(x)vdx.z
{m, %� (1.1) 0�℄P6Gj I d'	 D1,2(RN ) p0<�6|NN>V0. �
As �	� Sobolev ��, }

As := inf
u∈D1,2(RN )\{0}

∫
RN |∇u|2dx

( ∫
RN

|u|2∗(s)

|x|s dx
) 2

2∗(s)

. (1.3)

§2 D7���'>%* a = 1, b = 0, λ = 0 u, %� (1.1) �s,j/�70�3A�aH�:

−∆u =
|u|2

∗(s)−2u

|x|s
, x ∈ R

N . (2.1)Z# [10–11] m,

Uε,y(x) =
[ε[(N − s)(N − 2)]

1
2

ε2 + |x− y|2−s

]N−2
2−s

, ∀ε ∈ R
+, ∀y ∈ R

N (2.2)|%� (2.1) 0j�. ��3, b ε = 1, y = 0, Z# [11] [
‖U1,0‖

2 =

∫

RN

U
2∗(s)
1,0

|x|s
dx = A

N−s

2−s
s . (2.3)�1, Z��#05NX�g.�! 2.1 �r a > 0, b,m > 0, λ = 0.

(1)* a = 0u,l m = 2−s
N−2 ,>fR0 η > 0, *\�* b = 1

A

N−s
N−2
s

u, %� (1.1)[j� Uε,y,η = η
N−2

2(2−s)Uε,y;*m 6= 2−s
N−2 u,%� (1.1)[j� Uε,y,η = [bA

m(N−s)
2−s

s ]
N−2

2[2−s−m(N−2)]Uε,y.
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(2) * a > 0 u, l m = 2−s
N−2 , *\�* 0 < b < 1

A

N−s
N−2
s

u, %� (1.1) [j�
Uε,y,η =

[
a

1−bA

N−s
N−2
s

] N−2
2(2−s)Uε,y;

(i) l 0 < m < 2−s
N−2 , #d η0 > η =

[
2−s

bm(N−2)A

m(N−s)
2−s

s

] 2−s

m(N−2)−2+s , y.%� (1.1) [j� Uε,y,η = η
N−2

2(2−s)

0 Uε,y;

(ii) l m > 2−s
N−2 \ m(N−2)−2+s

m(N−2)

[
2−s

bm(N−2)A

m(N−s)
2−s

s

] 2−s

m(N−2)−2+s < a, %� (1.1) (j�;l m > 2−s
N−2 \ m(N−2)−2+s

m(N−2)

[
2−s

bm(N−2)A
m(N−s)

2−s
s

] 2−s

m(N−2)−2+s = a, %� (1.1) [j� Uε,y,η =

η
N−2

2(2−s)Uε,y;

(iii) l m > 2−s
N−2 \ m(N−2)−2+s

m(N−2)

[
2−s

bm(N−2)A

m(N−s)
2−s

s

] 2−s

m(N−2)−2+s > a, #d4X��
0 < η1 < η < η2, y. Uε,y,η = η

N−2
2(2−s)

1 Uε,y l Uε,y,η = η
N−2

2(2−s)

2 Uε,y �%� (1.1) 0j�.= �# [1] 0VB, >fR0 η > 0, B Uε,y,η = η
N−2

2(2−s)Uε,y, Tv Uε,y � (2.2) z
:S. "A[
−∆Uε,y,η = −η

N−2
2(2−s)∆Uε,y = η

N−2
2(2−s)

U
2∗(s)−1
ε,y

|x|s
= η−1U

2∗(s)−1
ε,y,η

|x|s
,}

−η∆Uε,y,η =
U

2∗(s)−1
ε,y,η

|x|s
.[� (2.3) z, %�
.

[
a+ b

(∫

RN

|∇Uε,y,η|
2dx

)m]
= (a+ bη

m(N−2)
2−s ‖Uε,y‖

2m) = a+ bA
m(N−s)

2−s
s η

m(N−2)
2−s .T!, * λ = 0 u, a%� (1.1) 0���s�aj/b\ η H�0j�:

η = a+ bA
m(N−s)

2−s
s η

m(N−2)
2−s . (2.4)/J, [��6 a, 'IM4x℄)*ÆF.

(1) * a = 0 u, (2.4) z%P�s�j/H�:

η = bA
m(N−s)

2−s
s η

m(N−2)
2−s .l m(N−2)

2−s
= 1 u, } m = 2−s

N−2 . iQ�
.*\�* b = 1

A

N−s
N−2
s

uH� (2.4) [j�
(>N[ η > 0). T!, *\�* b = 1

A

N−s
N−2
s

u, H�



−
[
b
(∫

RN

|∇u|2dx
)m]

∆u =
|u|2

∗(s)−2u

|x|s
, x ∈ R

N ,

u ∈ D1,2(RN ),

(2.5)[j� Uε,y,η = η
N−2

2(2−s)Uε,y.l m 6= 2−s
N−2 u, iQ�
. η = [bA

m(N−s)
2−s

s ]
2−s

2−s−m(N−2) �H� (2.4) 0j�. T!,

Uε,y,η = [bA
m(N−s)

2−s

s ]
N−2

2[2−s−m(N−2)]Uε,y �H� (2.5) 0j�.
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(2) * a 6= 0 u, �

h(η) = η − bA
m(N−s)

2−s
s η

m(N−2)
2−s − a,H� (2.4) 2�\ h(η) = 0.l m(N−2)

2−s
= 1 u, } m = 2−s

N−2 . iQ�
.*\�* 0 < b < 1

A

N−s
N−2
s

u, h(η) = 0 [j�, !uj�� η = a

1−bA

N−s
N−2
s

. T!, *\�* 0 < b < 1

A

N−s
N−2
s

u, H�



−
[
a+ b

(∫

RN

|∇u|2dx
)m]

∆u =
|u|2

∗(s)−2u

|x|s
, x ∈ R

N ,

u ∈ D1,2(RN ),

(2.6)[j� Uε,y,η =
[

a

1−bA

N−s
N−2
s

] N−2
2(2−s)Uε,y.l m(N−2)

2−s
6= 1u,} m 6= 2−s

N−2 . �i�
. h′(η) = 1−bA
m(N−s)

2−s
s

m(N−2)
2−s

η
m(N−2)−2+s

2−s ,"A
η =

[ 2− s

bm(N − 2)A
m(N−s)

2−s
s

] 2−s

m(N−2)−2+s� h′(η) = 0 0�N�. * 0 < m < 2−s
N−2 u, η �j� h(η) 0	8o6. Z\ h(0) = −a,aH� h(η) = 0 #d�N0j� η0 > η, T!, #d η0 > η, y. Uε,y,η = η

N−2
2(2−s)

0 Uε,y �H� (2.6) 0j�. * m > 2−s
N−2 u, η �j� h(η) 0	%o6, y%o�

max
η>0

h(η) = h(η) =
m(N − 2)− 2 + s

m(N − 2)

[ 2− s

bm(N − 2)A
m(N−s)

2−s

s

] 2−s

m(N−2)−2+s

− a.al max
η>0

h(η) < 0, fH� h(η) = 0 (�; l maxη>0 h(η) = 0, fH� h(η) = 0 [�Nj� η = η; l maxη>0 h(η) > 0, H� h(η) = 0 [4Xj� η1, η2 \ 0 < η1 < η < η2. T!, * max
η>0

h(η) < 0 u, H� (2.6) (j�; * max
η>0

h(η) = 0 u, H� (2.6) [j� Uε,y,η =

η
N−2

2(2−s)Uε,y; * max
η>0

h(η) > 0 u, #d4X�� 0 < η1 < η < η2, y. Uε,y,η = η
N−2

2(2−s)

1 Uε,yl Uε,y,η = η
N−2

2(2−s)

2 Uε,y �H� (2.6) 0j�.F 2.1 NHJ, :- 2.1 ���o8# [8] v:- 2.4 0�g; ANHJ, :- 2.1 �
8# [1] v:- 1.1 l:- 1.2 0�g.
/*, 'IJ� λ > 0 0℄), v.j/�g.�! 2.2 �r a > 0, b, λ > 0, h ∈ L
2∗

2∗−1 (RN ) �K>KPj�.

(1) * m > 0 u, f#dNX Λ∗ > 0, y.>fR0 0 < λ < Λ∗, %� (1.1) #dNXj0��y8� u∗ \ I(u∗) < 0.

(2) * 0 < m < 2−s
N−2 u, f#dNX Λ > 0(Λ 6 Λ∗), y.>fR0 0 < λ < Λ, %�

(1.1) t#dNXjnD� u∗∗ \ I(u∗∗) > 0.F 2.2 NHJ, :- 2.2���o8# [3] v0�g; ANHJ, :- 2.2�
8# [1]v0:- 1.3 l:- 1.4 0�g.
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N wO,( Hardy-Sobolev =�q�61 Kirchhoff ?&�1k� 327dZ�:-0lKnW, 'I1Z�N:yM0_�mx.&* 2.1 (1) �r a > 0, b, λ > 0, 0 < m < 2−s

N−2 , h ∈ L
2∗

2∗−1 (RN ) �K>KPj�, f#d R∗, ρ,Λ
∗ > 0, y.>fR0 0 < λ < Λ∗, [ I(u)|u∈SR∗

> ρ, Tv SR∗
= {u ∈

D1,2(RN ) : ‖u‖ = R∗} �v<d`6��� R∗ 0`J.

(2) �r a > 0, b,m, λ > 0, h ∈ L
2∗

2∗−1 (RN ) �K>KPj�, f#dNX Λ∗ > 0, y.>fR0 0 < λ < Λ∗, %� (1.1) #dNXj� u∗ \ I(u∗) < 0.= (1) [� Hölder �2zP| (1.3) z, %P�.
∫

RN

h(x)udx 6 |u|2∗ |h| 2∗

2∗−1
6 |h| 2∗

2∗−1
A

− 1
2

0 ‖u‖. (2.7)�N�, %�.
I(u) =

a

2
‖u‖2 +

b

2m+ 2
‖u‖2m+2 −

1

2∗(s)

∫

RN

(u+)2
∗(s)

|x|s
dx− λ

∫

RN

h(x)udx

>
a

2
‖u‖2 +

b

2m+ 2
‖u‖2m+2 −

1

2∗(s)A
2∗(s)

2
s

‖u‖2
∗(s) − λ|h| 2∗

2∗−1
A

− 1
2

0 ‖u‖

> ‖u‖
( b

2m+ 2
‖u‖2m+1 −

1

2∗(s)A
2∗(s)

2
s

‖u‖2
∗(s)−1 − λ|h| 2∗

2∗−1
A

− 1
2

0

)
. (2.8)>fR0 t > 0, B g(t) = b

2m+2 t
2m+1 − 1

2∗(s)A
2∗(s)

2
s

t2
∗(s)−1 − λ|h| 2∗

2∗−1
A

− 1
2

0 , "A[ g′(t) =

b(2m+1)
2m+2 t2m − 2∗(s)−1

2∗(s)A
2∗(s)

2
s

t2
∗(s)−2. B g′(t) = 0, * 0 < m < 2−s

N−2 u, [ 2m < 2∗(s) − 2. iu%P�
.
tmax =

[b(2m+ 1)(N − s)A
N−s
N−2
s

(m+ 1)(N + 2− 2s)

] N−2
2[2−s−m(N−2)]l

g(tmax) =
b[2(m+ 1)− (mN + s)]

(m+ 1)(N + 2− 2s)

[b(2m+ 1)(N − s)A
N−s
N−2
s

(m+ 1)(N + 2− 2s)

] m(N−2)
2−s−m(N−2)

− λ|h| 2∗

2∗−1
A

− 1
2

0 ."A, b R∗ = tmax, Λ∗ = bA
1
2
s [2(m+1)−(mN+s)]

(m+1)(N+2−2s)|h| 2∗

2∗−1

[
b(2m+1)(N−s)A

N−s
N−2
s

(m+1)(N+2−2s)

] m(N−2)
2−s−m(N−2) , f#dNXj� ρ > 0, y.>fR0 0 < λ < Λ∗, [

I(u)|u∈SR∗

> ρ, (2.9)Tv SR∗
= {u ∈ D1,2(RN ) : ‖u‖ = R∗} �v<d`6��� R∗ 0`J.

(2) Z\ h ∈ L
2∗

2∗−1 (RN ) �K>KPj�, 'I%P=L: #d u0 ∈ C∞
0 (RN ), y.

|h
1

2∗−1 − u0|2∗ < 1
2 |h|

1
2∗−1

2∗

2∗−1

. {wp, [� Hölder �2Hz, %.
∫

RN

[h(x)
2∗

2∗−1 − h(x)u0]dx 6

∫

RN

|h(x)
1

2∗−1 − u0||h(x)|dx

6 |h
1

2∗−1 − u0|2∗ |h| 2∗

2∗−1

<
1

2
|h|

2∗

2∗−1

2∗

2∗−1

,
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RN

h(x)u0dx >
1

2
|h|

2∗

2∗−1

2∗

2∗−1

.a
lim
t→0+

I(tu0)

t
= −λ

∫

RN

h(x)u0dx < −
λ

2
|h|

2∗

2∗−1
2∗

2∗−1

< 0. (2.10)[� (2.8)–(2.10) z, #d R,Λ∗ > 0, y.* 0 < λ < Λ∗ u, [
a

2
‖u‖2 +

b

2m+ 2
‖u‖2m+2 −

1

2∗(s)

∫

RN

(u+)2
∗(s)

|x|s
dx > 0, ∀u ∈ BR, (2.11)

a

2
‖u‖2 +

b

2m+ 2
‖u‖2m+2 −

1

2∗(s)

∫

RN

(u+)2
∗(s)

|x|s
dx > ρ, ∀u ∈ SR,

m = inf
u∈BR

I(u) < 0, (2.12)Tv BR = {u ∈ D1,2(RN ) : ‖u‖ 6 R} �v<d`6��� R 0`, SR �>V0`J./J, �lK#dNX u∗ ∈ BR, y. I(u∗) = m, }, u∗ |%� (1.1) 0K>�. Z
(2.12) z, #dNXy8sF; {un} ⊂ BR, y.

lim
n→∞

I(un) = m < 0.2d, {un} d D1,2(RN ) v|[�0. Z\ BR |NX��{, "A#dNX u∗ ∈ BR ⊂

D1,2(RN ) l {un} NX�; (g�� {un}), y.* n → ∞ u, [




un ⇀ u∗, d D1,2(RN ) v,

un → u∗, d L
q
loc(R

N ) (1 6 q < 2∗)v,

un(x) → u∗(x), ~q��d R
N v.

(2.13)[�(u�3:-, %.
lim
n→∞

∫

RN

h(x)undx =

∫

RN

h(x)u∗dx. (2.14)B wn = un − u∗, [� Brézis-Lieb U- (
 [12]), [
‖un‖

2 = ‖wn‖
2 + ‖u∗‖

2 + o(1), (2.15)

‖un‖
2m+2 = (‖wn‖

2 + ‖u∗‖
2)m+1 + o(1) > ‖wn‖

2m+2 + ‖u∗‖
2m+2 + o(1), (2.16)

∫

RN

(u+
n )

2∗(s)

|x|s
dx =

∫

RN

(w+
n )

2∗(s)

|x|s
dx+

∫

RN

(u+
∗ )

2∗(s)

|x|s
dx+ o(1). (2.17)l u∗ = 0, 2d[ wn ∈ BR. �r u∗ 6= 0, [� (2.15) z, >�M%0 n [ wn ∈ BR. Z

(2.11) z, %.
a

2
‖wn‖

2 +
b

2m+ 2
‖wn‖

2m+2 −
1

2∗(s)

∫

RN

(w+
n )

2∗(s)

|x|s
dx > 0. (2.18)
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m = lim
n→∞

[a
2
‖un‖

2 +
b

2m+ 2
‖un‖

2m+2 −
1

2∗(s)

∫

RN

(u+
n )

2∗(s)

|x|s
dx− λ

∫

RN

h(x)undx
]

>
a

2
‖u∗‖

2 +
b

2m+ 2
‖u∗‖

2m+2 −
1

2∗(s)

∫

RN

(u+
∗ )

2∗(s)

|x|s
dx− λ

∫

RN

h(x)u∗dx

+
a

2
‖wn‖

2 +
b

2m+ 2
‖wn‖

2m+2 −
1

2∗(s)

∫

RN

(w+
n )

2∗(s)

|x|s
dx+ o(1)

> I(u∗) + o(1)

> m+ o(1),i�R"� I(u∗) = m < 0. a u∗ |%� (1.1) 0K>�, }>fR0 ϕ ∈ D1,2(RN ), [/z�2:

(a+ b‖u∗‖
2m)

∫

RN

(∇u∗,∇ϕ)dx −

∫

RN

(u+
∗ )

2∗(s)−1

|x|s
ϕdx− λ

∫

RN

h(x)ϕ = 0.��3, dpzvb ϕ = u−
∗ = max{−u∗, 0}, %.

−(a+ b‖u‖2m)‖u−
∗ ‖

2 − λ

∫

RN

h(x)u−
∗ = 0,i�R"� u−

∗ = 0. T!, u∗ > 0 \ u∗ 6≡ 0. �N�, ZXy%o`-, %. u∗ > 0 d R
Nv~q���2. T!, >fR0 0 < λ < Λ∗, %� (1.1) #dNXj0��y8� u∗ \

I(u∗) < 0./J, lK* 0 < m < 2−s
N−2 u, %� (1.1) t#dNXjnD�. >fR0 r > 0, B

Ψ(r) = a+ bA
m(N−s)

2−s
s r2m − r2

∗(s)−2. Z# [9] 0U- 2.1, iQ.,j/�F.&* 2.2 �r a, b > 0, 0 < m < 2−s
N−2 , fH� Ψ(r) = 0 [�N0j� r0, }

a+ bA
m(N−s)

2−s
s r2m − r2

∗(s)−2 = 0. \�2z Ψ(r) 6 0 0�{� {r| r > r0}.
/*, lKGj I d D1,2(RN ) pG��� (PS)c ��.&* 2.3 l a, b, λ > 0, 0 < m < 2−s
N−2 , h ∈ L

2∗

2∗−1 (RN ) �K>KPj�, f>fR0 c < Θ−Dλ
2(m+1)
2m+1 , Gj I d D1,2(RN ) pG��� (PS)c ��, Tv

Θ =
a(2− s)

2(N − s)
A

N−s

2−s
s r20 +

b[2− s−m(N − 2)]

2(m+ 1)(N − s)
A

(N−s)(m+1)
2−s

s r2m+2
0 ,

D =
2m+ 1

2m+ 2

[ (N + 2− 2s)|h| 2∗

2∗−1

2(N − s)A
1
2
0

] 2m+2
2m+1

[ N − s

b[2− s−m(N − 2)]

] 1
2m+1

,

r0 �L� 2.2 v
:S.= r {un} ⊂ D1,2(RN ) �P6Gj I 0 (PS)c F;, }* n → ∞ u, [
I(un) → c, I ′(un) → 0. (2.19)



330 � I Q " A z 44  Z (1.3) zl Hölder �2z, * n �M%u, %.
1 + c+ ‖un‖ > I(un)−

1

2∗(s)
〈I ′(un), un〉

=
a[2∗(s)− 2]

2 · 2∗(s)
‖un‖

2 +
b[2∗(s)− 2m− 2]

2 · 2∗(s)(m + 1)
‖un‖

2m+2

−
λ[2∗(s)− 1]

2∗(s)

∫

RN

h(x)undx

>
a[2∗(s)− 2]

2 · 2∗(s)
‖un‖

2 +
b[2∗(s)− 2m− 2]

2 · 2∗(s)(m + 1)
‖un‖

2m+2

−
λ[2∗(s)− 1]

2∗(s)A
1
2
0

|h| 2∗

2∗−1
‖un‖,i�R"� {un} d D1,2(RN ) v[�. a#d u ∈ D1,2(RN ), y.d {un} �;0RS/y.L� 2.1 v (2.13)–(2.17)z;�2, i/rE� u∗ u� u }%. Z (2.13)–(2.17)zl

(2.19) z, %.
a‖u‖2 + a‖wn‖

2 + b(‖u‖2 + ‖wn‖
2)m+1 −

∫

RN

(u+)2
∗(s)

|x|s
dx

−

∫

RN

(w+
n )

2∗(s)

|x|s
dx− λ

∫

RN

h(x)udx = o(1), (2.20)

c =
a

2
‖u‖2 +

a

2
‖wn‖

2 +
b

2(m+ 1)
(‖u‖2 + ‖wn‖

2)m+1

−
1

2∗(s)

∫

RN

(u+)2
∗(s)

|x|s
dx−

1

2∗(s)

∫

RN

(w+
n )

2∗(s)

|x|s
dx− λ

∫

RN

h(x)udx+ o(1)

= I(u) +
a

2
‖wn‖

2 +
b

2(m+ 1)
[(‖u‖2 + ‖wn‖

2)m+1 − ‖u‖2m+2]

−
1

2∗(s)

∫

RN

(w+
n )

2∗(s)

|x|s
dx+ o(1), (2.21)

a‖u‖2 + b(‖u‖2 + ‖wn‖
2)m‖u‖2 −

∫

RN

(u+)2
∗(s)

|x|s
dx− λ

∫

RN

h(x)udx = o(1). (2.22)[� (2.20) zl (2.22) z, %P�.
a‖wn‖

2 + b(‖u‖2 + ‖wn‖
2)m‖wn‖

2 −

∫

RN

(w+
n )

2∗(s)

|x|s
dx = o(1). (2.23)�J�r lim

n→∞
‖wn‖ = l, f l > 0. l l = 0, fL�.l. l l > 0, �o (1.3) z, [

al2 + bl2m+2 6 al2 + b(‖u‖2 + l2)ml2 6 A
−

2∗(s)
2

s l2
∗(s),}

a+ b[A
− N−s

2(2−s)
s l]2mA

m(N−s)
2−s

s − [A
− N−s

2(2−s)
s l]2

∗(s)−2 6 0.[�L� 2.2 %m, A
− N−s

2(2−s)
s l > r0, }

l > A
N−s

2(2−s)
s r0. (2.24)
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I(u) =
a

2
‖u‖2 +

b

2m+ 2
‖u‖2m+2 −

1

2∗(s)

∫

RN

(u+)2
∗(s)

|x|s
dx− λ

∫

RN

h(x)udx

=
a[2∗(s)− 2]

2 · 2∗(s)
‖u‖2 +

b[2∗(s)− 2m− 2]

2 · 2∗(s)(m+ 1)
‖u‖2m+2 −

b

2∗(s)
(‖u‖2 + ‖wn‖

2)m‖u‖2

−
λ[2∗(s)− 1]

2∗(s)

∫

RN

h(x)udx+ o(1)

>
b[2∗(s)− 2m− 2]

2 · 2∗(s)(m + 1)
‖u‖2m+2 −

λ[2∗(s)− 1]

2∗(s)A
1
2
0

|h| 2∗(s)
2∗(s)−1

‖u‖

−
b

2∗(s)
(‖u‖2 + l2)m‖u‖2

> −Dλ
2(m+1)
2m+1 −

b

2∗(s)
(‖u‖2 + l2)m‖u‖2, (2.25)Tv	pNX�2z|Z Young �2z
.,

D =
2m+ 1

2m+ 2

[ (N + 2− 2s)|h| 2∗

2∗−1

2(N − s)A
1
2
0

] 2m+2
2m+1

[ N − s

b[2− s−m(N − 2)]

] 1
2m+1�j��. ANHJ, [� (2.21), (2.23)–(2.24) z, %.

I(u) = c−
a

2
‖wn‖

2 −
b

2(m+ 1)
[(‖u‖2 + ‖wn‖

2)m+1 − ‖u‖2m+2]

+
1

2∗(s)

∫

RN

(w+
n )

2∗(s)

|x|s
dx+ o(1)

= c−
a[2∗(s)− 2]

2 · 2∗(s)
l2 −

b[2∗(s)− 2m− 2]

2 · 2∗(s)(m+ 1)
(‖u‖2 + l2)m+1

+
b

2(m+ 1)
‖u‖2m+2 −

b

2∗(s)
(‖u‖2 + l2)m‖u‖2 + o(1)

6 c−
a[2∗(s)− 2]

2 · 2∗(s)
l2 −

b[2∗(s)− 2m− 2]

2 · 2∗(s)(m+ 1)
l2m+2 −

b

2∗(s)
(‖u‖2 + l2)m‖u‖2

6 c−
a(2 − s)

2(N − s)
A

N−s
2−s

s r20 −
b[2− s−m(N − 2)]

2(m+ 1)(N − s)
A

(N−s)(m+1)
2−s

s r2m+2
0

−
b

2∗(s)
(‖u‖2 + l2)m‖u‖2

< −Dλ
2(m+1)
2m+1 −

b

2∗(s)
(‖u‖2 + l2)m‖u‖2,i℄ (2.25) zH?. a l = 0, d D1,2(RN ) v[ un → u, }�F�2.F 2.3 +	\L� 2.3 0lK, iQ.,: l a = 0, b, λ > 0, 0 < m < 2−s

N−2 ,

h ∈ L
2∗(s)

2∗(s)−1 (RN ) �K>KPj�, f>fR0 c < Θ−Dλ
2(m+1)
2m+1 , Gj I d D1,2(RN ) pG��� (PS)c ��, Tv Θ = 2−s−m(N−2)

2(m+1)(N−s) b
N−s

2−s−m(N−2)A
(m+1)(N−s)
2−s−m(N−2)
s , D �L� 2.3 
:S. &* 2.4 l a, b, λ > 0, 0 < m < 2−s

N−2 , h ∈ L
2∗

2∗−1 (RN ) �K>KPj�, f#dNX



332 � I Q " A z 44  
Λ∗∗ > 0, y.>fR0 0 < λ < Λ∗∗, [

sup
t>0

I(tU1,0) < Θ−Dλ
2(m+1)
2m+1 ,Tv U1,0 Z (2.2) z
:S, Θ l D ZL� 2.3 
:S.= >fR0 t > 0, :S Φ, Φ̃ M��

Φ(t) , I(tU1,0)

=
at2

2
‖U1,0‖

2 +
bt2m+2

2m+ 2
‖U1,0‖

2m+2 −
t2

∗(s)

2∗(s)

∫

RN

U
2∗(s)
1,0

|x|s
dx

− λt

∫

RN

h(x)U1,0dx,

Φ̃(t) ,
at2

2
‖U1,0‖

2 +
bt2m+2

2m+ 2
‖U1,0‖

2m+2 −
t2

∗(s)

2∗(s)

∫

RN

U
2∗(s)
1,0

|x|s
dx.[� (2.3) z, [̃

Φ(t) =
a

2
A

N−s

2−s
s t2 +

b

2m+ 2
A

(N−s)(m+1)
2−s

s t2m+2 −
A

N−3
2−s
s

2∗(s)
t2

∗(s),

Φ̃′(t) = tA
N−3
2−s
s (a+ bA

m(N−s)
2−s

s t2m − t2
∗(s)−2).ZL� 2.2 %m, Φ̃′(r0) = 0 \

max
t>0

Φ̃(t) = Φ̃(r0) =
a(2 − s)

2(N − s)
A

N−s

2−s
s r20 +

b[2− s−m(N − 2)]

2(m+ 1)(N − s)
A

(N−s)(m+1)
2−s

s r2m+2
0 = Θ,i/0X8 Φ̃′(r0) = 0 788 Φ̃ v0<�5. Gb λ∗ > 0, y. Θ−Dλ

2(m+1)
2m+1

∗ > 0. "A,#d t̂ ∈ (0, r0), y.>fR0 λ ∈ (0, λ∗), ;[
max
06t6t̂

Φ(t) 6 max
06t6t̂

Φ̃(t) < Θ−Dλ
2(m+1)
2m+1

∗ < Θ−Dλ
2(m+1)
2m+1 .�N�, %PGb Λ∗∗ ∈ (0, λ∗], y.>fR0 λ ∈ (0,Λ∗∗), ;[

t̂λ

∫

RN

h(x)U1,0dx > Dλ
2(m+1)
2m+1 .a>fR0 λ ∈ (0,Λ∗∗), ;[ sup

t>t̂

I(tU1,0) 6 sup
t>t̂

Φ̃(t)− t̂λ
∫
RN h(x)U1,0dx < Θ−Dλ

2(m+1)
2m+1 .T!, >fR0 λ ∈ (0,Λ∗∗), ;[ sup

t>0
I(tU1,0) < Θ−Dλ

2(m+1)
2m+1 .F 2.4 [�� 2.3, l a = 0, �L� 2.4 v0 Θ u�

Θ =
2− s−m(N − 2)

2(m+ 1)(N − s)
b

N−s

2−s−m(N−2)A
(m+1)(N−s)
2−s−m(N−2)
s ,�Fgd�2.	p, Z�:- 2.2 0lK.�! 2.2 �=$ [�L� 2.1, rElK: * 0 < m < 2−s

N−2 u, %� (1.1) t#dNXj�. B Λ = min{Λ∗,Λ∗,Λ∗∗}. ZL� 2.1, iQ.m: >fR0 0 < λ < Λ ;[P6G
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N wO,( Hardy-Sobolev =�q�61 Kirchhoff ?&�1k� 333j I d D1,2(RN ) p�[nD~n�`. Z\ 2m+ 2 < 2∗(s), [ lim

t→+∞
I(tU1,0) = −∞. a#d�M%0 t0 > 0, y. I(t0U1,0) < 0. :S

Γ := {γ ∈ C([0, 1], D1,2(RN ) | γ(0) = 0, γ(1) = t0U1,0},

c = inf
γ∈Γ

max
t∈[0,1]

I(γ(t)).>fR0 0 < λ < Λ, fL� 2.3 lL� 2.4 !�2. �N�, #d {un} ⊂ D1,2(RN ), y.
I(un) → c > 0, I ′(un) → 0,f {un} d D1,2(RN ) v#d�3�;, �Jg�� {un}, \ un → u∗∗. ZnD:-%.,

lim
n→∞

I(un) = I(u∗∗) = c > 0 \ I ′(u∗∗) = 0. } u∗∗ |%� (1.1) 0K>�. +	\L� 2.1v
.0j� u∗ %l., u∗∗ |%� (1.1) 0j�.A4 U;sV��>�#��0�dR
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Abstract In this article, the following class of Kirchhoff-type problems with Hardy-Sobolev

critical exponent is considered



−
[
a+ b

( ∫

RN

|∇u|2dx
)m]

∆u =
|u|2

∗(s)−2u

|x|s
+ λh(x), x ∈ R

N ,

u ∈ D1,2(RN ),

where N > 3, a, λ > 0, b,m > 0, 0 6 s < 2, h ∈ L
2∗

2∗−1 (RN ) is nonzero and nonnegative.

When λ = 0, some existence results are obtained by some analysis techniques. When λ > 0,

by using the variational method, the existence of positive solutions is obtained. Particularly,

when 0 < m < 2−s
N−2 , at least two positive solutions are obtained.

Keywords Hardy-Sobolev critical exponent, Kirchhoff-Type problem, Posi-

tive solution, Variational method
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