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§2 
 2 Æ e
< +M: 3 9KQ�j(KQD���-BJ:� 	�:Bm��{<D��#:�-��< [8–10]. 'P#��Z��B +M: 39KQ'� 2-pV��S��B� 2.1 
 M1 q M2 ��_BJ:��0� 3 9KQ� S1 ⊂ ∂M1 q S2 ⊂ ∂M2��_.f:0tw5BJ:��(qV� h : S1 → S2 7f_MJ.f���/Æ

M/x ∼ h(x), x ∈ S1�f_BJ:�� 3 9KQ (�9 M1 q M2 !7BJ(KQ),  �7 M1 q M2 ^ S1q S2(,m h :)f_|s��0 M1∪hM2,  h7�sq���� S1 q S2 �M1∪hM2�:e.I�0 S, �,�d� M1 ∪h M2 �0 M1 ∪S M2.B� 2.2 
 F �f_>,:-BJ�qV� J � F �f-z�H�:
��2�qG�, F × [0, 1] %J�^ J × 1 �:S*qGS�5 F × [0, 1] �� 2- ����� 9KQ:S_ 2- pV��S�r 3- ��)��  9KQ C 7f_Y�&�  �:	M 2- ��7 C :Bm 2- ���� C :��S���� F × 0 = ∂+C,  ∂+C 7 C:
���� ∂−C = ∂C − ∂+C,  ∂−C 7 C :X���Ev� C :
���>,:�IX��;Æ>,��l C = F × I,  C 7f_hLY�&��l ∂−C = ∅, � C $�f_3^7 g(F ) :�&�
M �f_�� 39KQ�F �
m�yM �:f_-BJ��qV�η(F ) ∼= F×I� F � M �:f_
�F|�� M \F = M − η(F ),  �7^ F n( M  9:KQ�B� 2.3 
 D �Y�& C �:f-z�H�:
�}g-��l� C ^ D n( 9KQ7 ∂−C× [0, 1]q�[ÆOp (-`7/), � D 7 C :f_4u}gB0��l D � C  t:4u}gB0�S��.��� D 7 C :f_�K4u}gB0�
 C �f_Y�&�s5 F × I :f��Bm 2- ��q�[ 3- �� (-`7/) I9�� C :S_Bm 2- ���sf_p}g�	Mp}g-,m F × I ℄37 C �:f_4u}gB0 D. s*-9Y�&:f_<
:FeX��
 S 7f_>,-BJ�qV (�Æ>,). 5 S × [0, 1] qfMÆOp (0- ���-`7/) ���[ 1- ����9	M 1- ��:EVP� S × 0 � 0- ��:����o 9:KQ C �>,:��
C 7f_Y�&�sY�&:Bm�-�Y�& C tjCT��

(1) C ��-�:�
(2) 
 ∆ 7 C :f_�K4u}gB0�� ∂−C = ∅, � C \∆ �f_ÆOp��

∂−C 6= ∅, � C \∆ = ∂−C × [0, 1].

(3) 
 C �f_PhL:Y�&�� ∂+C � C ��-Y�:�� ∂−C 6= ∅, � ∂−C� C ���-Y�:�
(4) �
 D 7 C :f_
�}g��-� C :f_4u}gB0 ∆, �9 D ∈ ∆,o C \D ��_Y�&�f_Y�& (s&y D �WS8 C).
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q 1 `5SU|f>a℄B� 2.4 
 M �f_��>,KQ� F � M �:f_
m�:qV��l F ,
M �nCf_.fy F × [0, 1] :(KQ�� F � M ����hS:��l F � M���-Y�:�oP��hS�� F 7f_
�qV�Fy�& H �:
�qV F , +M F z H :f_4u}gB0:H�-9�C�O�_j 2.1 
 F ��& Hn(n > 1) �f_���-Y�:
�qV�� F :S_S�D�f_
�}g��ltA���-Y�:F��3^7 2 :�& H2 �-�xl.3^:0��-Y�qV�<(�< [9].B� 2.5 
 C �f_Y�&� A � C �f_
m�:�-Y�:h}�� A :f_��S�P� ∂+C ��Hf_��S�P� ∂−C ��� A �f_4�h}�CV�4�h}:f_T� (� [10])._j 2.2 
 A �Y�& C :f_4�h}��-� C :f_4u}gB0 D, �9 A

⋂
∪D∈DD = ∅.CVo�a��-Y�qV:Bm�B� 2.6 
M �f_ 39KQ�F ⊂ ∂M �f_�-Y�:qV��-� M �:f_
�}g ∆, �9 ∂∆∩F � F �f_
m�:
�y β, ∂∆∩ (∂M − F )� ∂M − F�f_
m�:
�y γ, ∂β = ∂γ, β ∪ γ = ∂∆, � F �a��-Y�:� ∆ 7 F:f_a��Y�}g (�1 1). � F ��a��-Y�:�� F �Pa��-Y�:�sBm��-9�C�O�_j 2.3 
 Hn �f_3^7 n :�&� n > 1, F ⊂ ∂Hn �f_0�:�-Y�qV��Fy Hn :S_
�}g D, CE�f!=�

(1) |∂D ∩ ∂F | > 3, ��
(2) ∂D z ∂F :���_S�H����
(3) ∂D z ∂F :f_S�.JH�y�? (�1 2),� F �Pa��-Y�:�
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q 2 ∂D 	 ∂F >�GD
p{zR�XA_j 2.4 
 M1 q M2 D�0� 3 9KQ�M = M1 ∪F M2, j� F = ∂M1 ∩ ∂M27��0�qV�

(1) F � M ���-Y�:"SÆb*�� F � M1 q M2 �D��-Y�:�
(2) F � M �����-Y�:"SÆb*�� F � M1 q M2 �D�Pa��-Y�:�� (1)"l6 F � M �:f_Y�}gÆv	n� M1 �M2 ���� (1) !=�
(2) sBm 2.6 -�� F � M ����-Y�:<
y F � M1 � M2 ��a��-Y�:����O!=�CV:B9.�s Haken[11] 96�BW 2.1 
 Sg 73^7 g :>,-BJ�qV� M = Sg × I, g > 1, F � M�f_>,:�-Y�q���-Y�:qV�� F ��f_
�4�h}��.vy

Sg × 0.rB9 2.1 �^ÆZ�C�O�_j 2.5 
 C �f_Y�&� F � C �f_>,:�-Y�q���-Y�:qV�� F ��f_
�}g���f_4�h}��hSy ∂−C :f_S��B� 2.7 
 M �f_>,��-BJ: 3 9KQ� (∂1M,∂2M) 7 ∂M :f_S{��-� M �f_>,-BJ�qV F , �9 F � M nS!�_Y�& V q W , Q, ∂−V = ∂1M , ∂−W = ∂2M , V ∩W = F = ∂+V = ∂+W ,� V ∪F W � (M ; ∂1M,∂2M): (��2=�M :) f_ Heegaard S�� F 7 M :f_ Heeggard qV� g(F ) 7S� V ∪F W :3^��  ��S_��>,-BJ 3 9KQD-� Heegaard S��B� 2.8 
 V ∪F W � 3 9KQ M :f_ Heegaard S���l-�
�}g
D ⊂ M , �9 |∂D ∩ F | = 1, � V ∪F W � ∂- -�:�W�� V ∪F W �P ∂- -�:�

Casson q Gordon �< [12] �ÆZCCV:B9�BW 2.2 
 V ∪F W � 3 9KQ M :f_ Heegaard S�� ∂M �-Y�:��
V ∪F W � ∂- -�:�
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§3 Z I ~ h m � = 6 b ^ d N u � I ~ h m � o QCV:B9 3.1 b%�_�&^0�qV|s7Y�&:*��BW 3.1 
 H1 q H2 D��&� C = H1 ∪A H2, j� A = ∂H1 ∩ ∂H2 7��>,0�qV� A � H1 q H2 �D��-Y�:qPa��-Y�:�� C �f_tP/X��:Y�&:"SÆb*�� A �f_h}�o-� C :f_��S� F , A :f_��S� α ⊂ F � F S8!�_qV F1 q F2, Hi �5 Fi × I �(��[ 1- �� 9:�&� �: 1- ��:EV'P� Fi × 1 �� i = 1, 2, A = α× I.� ÆbT�s�
� A � H1 q H2 �D��-Y�:qPa��-Y�:0�qV�g A ��}g�s\% 2.4, A � C ���-Y�:q���-Y�:�Ev� A� C ��S8:�!� C S7 H1 q H2. s�
� C �f_Y�&� ∂−C Æ�>,:�W�� H1 q H2 ���tf_�tP/X��:Y�&�z�
RG�s\% 2.5-��A �� C �f_
�}g��� C �hSy ∂−C :f_S�:qV��� C �f_S8:
�4�h}�
A ��}g�d���qV�g A �`� C �:f_S8:
�4�h}�x ∂−C�>,:�
 ∂−C = F , α = A ∩ F , α � F S8!�_qV F1 q F2.s\% 2.2, -� C :f_4u}gB0 D, �9 A z ⋃

D∈D D ���^ D n( C96 F × I, I A d� F × I �:f_S8:
�4�h}�C -*0�5 F × I ���[ 1-�� {h1
i , 1 6 i 6 k} I9�	M 1- ��z F × I :�ko� D : tn2��O�
DP� F × 1 ��Ev�� F × I �� A .vy α× I. �O
 H1 �s5 F1 × I ��

1- �� {h1
i , 1 6 i 6 j} I9 (j 6 k), I H2 �s5 F2 × I �� 1- �� {h1

i , j + 1 6 i 6 k}I9��1 3  ��ÆbT9Æ�"STEv�

q 3 F1 × I
⋃
1- 19	 F2 × I

⋃
1- 19CV�B9 3.1 :f_��2O�s[ 3.1 
 H1 q H2 D��&� C = H1 ∪A H2, j� A = ∂H1 ∩ ∂H2 7��>,0�qV� A � H1 q H2 �D��-Y�:qPa��-Y�:�x
 F �f_>,-BJ�qV�� C ∼= F × I 4o 4 A �f_h}�-� C :f_��S� F , A
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 ) A � 43 %:f_��S� α ⊂ F � F S8!�_qV F1 q F2, Hi = Fi × I, i = 1, 2, A = α× I.� 3.1 �tAB9 3.1 �2O 3.1 � A � H1 q H2 �D�Pa��-Y�:*����W A � H1 ∪A H2 ����-Y�:�� F �Æ�4�h}�
 F �f_3^7 2 :-BJ�qV� α � F �f*S8:
��2�qG�S8 F !�_f+(1}V F1 q F2. � M = F × I, A0 = α× I. A0 � M �f_
�4�h}�s F×1�f_0( B1 = I×I,�9 I×∂I ⊂ α×1,�1 4/1 ��I A1 = A0∪B1,�� M �� A1 .vhCfC��9 A1 � M �
m�:qV�� A1 �f_�+(1:pV� A1 :�_��S� α1 q α2 � F × 1 ��hS:� A1 � M ����-Y�:� ∆1 � A1 :f_��Y�}g��1 4 v1 ��Æ	�� A1 � M n!f_3^7 2 :�&qf_3^7 3 :�&�
q 4 a℄ B1 L A1

A1 � M ���-Y�:�W��
 D � A1 � M �:f_Y�}g�"l6 ∂D� A1 �f*
��2�qG�I A1 �f_�+(1:pV�g ∂D hSy A1 :f_��S��3 ∂M � M ���-Y�:� A1 :f_��S�� ∂M ��hL:�Ev� α, α1, α2 � ∂M �D�PhL:�RG�
 C �f_Y�&� D � C �:f_
�}g�� C \D 7f_Y�&��_Y�& (s&y D � C ��PS8:~�S8:). � D � C ��S8:� D � C S!�_Y�& C1 q C2, C = C1 ∪D C2, j� D ⊂ ∂+Ci, i = 1, 2. M��� Di �Y�& Ci:
���:f_}g� i = 1, 2, � C = C1 ∪D1=D2
C2 �f_Y�&�BW 3.2 
 C1 q C2 D�Y�&�C = C1 ∪A C2, j� A = ∂C1 ∩∂C2 7��>,0�qV� A � C1 q C2 �D��-Y�:qPa��-Y�:�� C �f_tP/X��:Y�&:"SÆb*�� A �f_h}�o-� C :f_��S� F , A :f_��S� α ⊂ F � F S8!�_qV F1 q F2, ∂−C −F tf_S{ F ′

1 ∪F ′
2, Ci �5

(F ′
i ∪Fi)× I �(��[ 1-�� 9:Y�&� �: 1-��:EV'P� (F ′

i ∪Fi)× 1�� i = 1, 2, A = α× I.B9 3.2 b%C�_Y�&:|s�f_tP/X��:Y�&:#�X��jÆZzB9 3.1 :ÆZ7��*N�
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§4 Z I ~ h m � 3 b ^ d N u � I ~ h m � o Q
 C1 q C2 ��_Y�&� Fi 7 Ci :f_��S�� i = 1, 2, f : F1 → F2 �f_.f�� M = C1 ∪f C2, � F1 q F2 � M �:e.I7 F , � M d-�0 C1 ∪F C2.
�+M M �f_Y�&:*���Æ��� Fi � ∂−Ci :f_S�� Fj = ∂+Cj ,

(i, j) = (1, 2) � (2, 1), � M = C1 ∪F C2 +�f_Y�&�_j 4.1 � Fi � ∂−Ci :f_S�� i = 1, 2, � M = C1 ∪F C2 �f_Y�&4o 4 C1 � C2 �f_hL:Y�&�� "STEv�C
 M = C1 ∪F C2 �f_Y�&�n Fi � ∂−Ci :f_S��
i = 1, 2, sY�&:T�� Fi � Ci ���-Y�:� i = 1, 2. s\% 2.4, F � M ���-Y�:�n F ��qV� F 4v����-Y�:�s\% 2.5, F hSy ∂−M :f_S��,I C1 � C2 �f_hL:Y�&�

F = ∂+C1 = ∂+C2 ��C1 ∪F C2 � M :f_ HeegaardS���!f�"O�l�?UD�� Heegaard S�:>B|�B� 4.1 
 V ∪S W � 3 9KQ M :f_3^7 g : Heegaard S�� α � V �f_
m�:�2y� ∂α ⊂ S, o-� S �f_�2y β, ∂β = ∂α, o α ∪ β �B V �f_}g�
 N = η(α) ∼= D × I � α � V �:f_
�F|�j� D �f_}g�
N ∩ S = D × {0, 1}. � V1 = V −N , W1 = W ∪N , S1 = V1 ∩W1. � V1 ∪S1

W1 � M :f_3^7 g + 1 : Heegaard S�� �7 V ∪S W :f+$<>B|�
 S q S′ � M �:�_ Heegaard qV�� S q S′ � M ��.v:�� Fp: Heegaard S��<
:�
 V ∪S W q V ′ ∪S′ W ′ � M :�_ HeegaardS��� V ′ ∪S′ W ′ z V ∪S W :tF+:$<>B|�<
:�� V ′ ∪S′ W ′ � V ∪S W :f_>B|�sBm~k�8� V1 ∪S1
W1 � V ∪S W :f+$<>B|4o 4 V1 ∪S1

W1 =

(V ∪S W )#(T ∪T T ′), j� T ∪T T ′ � S3 :3^7 1 : Heegaard S�� V ∪S W :xl�_.3^:>B|�<
:�CV:B9�Z� S3 :bB3^: Heegaard S��6f: (.vlmC).BW 4.1 [13] (Waldhausen B9) S3 :xl
3^: Heegaard S�D�j 0 3^:
Heegaard S�:>B|�B� 4.2 
 C �f_Y�&� S � C _�:f_hSy ∂+C :�qV�� S� C S!f_hL:Y�& V = (∂+C) × I qf_Y�& W ∼= C.  (S;V,W ) �
(C; ∂+C, ∂−C) :f_hL: Heegaard S��� (C; ∂+C, ∂−C) :f_ Heegaard S�
V ′ ∪S′ W ′ �jhL Heegaard S� (S;V,W ) :>B|�� V ′ ∪S′ W ′ � C :f_�#: Heegaard S��B� 4.3 
 C �f_Y�&� (S1, S2) � ∂C :f_S{��O
 S = ∂+C � S1
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 ) A � 43 %:f_S��C -	a96�^ S× 1 �f-z�H�:�2�qG J �:S*qGS�5 S × [0, 1] �� 2- ���vx� 9KQ:S_ 2- pV��S�r 3- ��)"�Fy x ∈ S, x /∈
⋃

J∈J J ,  α = x × I 7 C �f_��y�Fy S1 �:S_P S :S�
S′, s C �f_��y αS′ >� S q S′. I V0 = η(S1

⋃
S′∈S1\S

αS′) 7 S1

⋃
S′∈S1\S

αS′� C �:f_
�F|� W0 = C − V0, F0 = V0 ∩W0, �k� V0 q W0 D�Y�&�
V0 ∪F0

W0 � C :f_ Heegaard S��j� ∂−V = S1, ∂−W = S2.  V0 ∪F0
W0 7

(C;S1, S2) :f_hL: Heegaard S��� (C;S1, S2) :f_ Heegaard S� V ′ ∪S′ W ′�jhL Heegaard S�:>B|�� V ′ ∪S′ W ′ ��#:�CV:B9-��< [14].BW 4.2 (1) �&:S_ Heegaard S�D��#:�
(2) 
 S 7f_3^7 n :-BJ�qV� M = S × I, � (M ;S × 0, S × 1) q

(M ; ∂(M), ∅) :S_ Heegaard S�D��#:�CV:B9-��< [15].BW 4.3 
 C �f_Y�&�� (C; ∂+C, ∂−C) q (C; ∂C, ∅) :S_ Heegaard S�D��#:�CV:B9�B9 4.2 :f_2i�!�ZFY�& C :��:xfS{ (S1, S2),

(C;S1, S2) : Heegaard S�D��#:�BW 4.4 
 C �f_Y�&� (S1, S2) � ∂C :f_S{�� (C;S1, S2) :xlf_ Heegaard S�D.vy (C;S1, S2) :hL Heegaard S� V0 ∪F0
W0 :f_>B|�� (C;S1, S2) :xlf_ Heegaard S�D��#:�� 
 X ∪P Y � (C;S1, S2) :f_PhL Heegaard S�� S = ∂+C � S1 :f_S��� g(P ) = g(F0), �Ev P .vy F0. �VÆZ4 g(P ) > g(F0) �� X ∪P Y �>B|:�� c = c(P ) = 1

2 (χ(S2) − χ(S1)),  c 7 (C;S1, S2) :������F c j℄5Æ�sB9 4.2(2), (M ;S × 0, S × 1) :S_ Heegaard S�D��#:��O� c = 0�!=��
�OF c 6 k − 1 :Y�&!=� k > 1.
 X ∪P Y :����� c(P ) = k. C �PhL:Y�&�g S1 = ∂−X � C ��-Y�:�sB9 2.2, X ∪P Y � ∂- -�:��-� S � C �f_Y�}g D, α = D∩P7f*�2�qG�� D � C ��S8:�^ D n( C 96�_Y�& C ′ q C′′, ^ α n( P 96�_qV P ′ ⊂ C′ q P ′′ ⊂ C′′. ^ D :f_n2 D1 ⊂ ∂C′ 5 C′ ��f_ÆOp B1 96Y�& C1
∼= C′, P ′ )v℄37 C1 :f_ Heegaard qV P1. 7�=�^ D :Hf_n2 D2 ⊂ ∂C′′ 5 C′′ ��f_ÆOp B2 96Y�& C2

∼= C′′, P ′′ )v℄37 C2 :f_
HeegaardqV P2. 	� 0 < g(P1), g(P2) < g(P ), P1 q P2 ���tf_�PhL:��O
 P1 �PhL:�E� c(P1) < c(P ). sj℄�
� P1 �>B|:�,I X ∪P Y �



4 i J u 6V) ;UG A`Z�'}t8g`Z�';#T�
+� 365>B|:�� D � C ��PS8:�� α � F �d�PS8:�^ D n( C 96Y�& C ′,^ α n( P 96f_3^7 g(P ) − 1 ot�_��S�:qV F ′. ^ D :�_n2
D1, D2 ⊂ ∂C′ 5 C′ �a��f_ÆOp96Y�& C∗ ∼= C′. P ′ )v℄37 C∗ :f_
Heegaard qV P ∗, g(P ∗) = g(P ) − 1. n X ∪P Y � (C;S1, S2) :PhL: Heegaard S�� (C∗;P ∗) d�PhL:�oEvt c(P ∗) < c(P ). sj℄�
� (C∗;P ∗) �>B|:�,I X ∪P Y �>B|:�sB9 4.4 -9CV:B9�BW 4.5 
 C1 q C2 ��_Y�&� Fi = ∂+Ci, i = 1, 2, f : F1 → F2 �f_.f�M = C1∪f C2 = C1∪F C2. �M �f_Y�&oQ, ∂+M = ∂−Ci q ∂−M = ∂−Cj:"SÆb*�� F � M �.vy ∂+Ci :f_>B|qV� (i, j) = (1, 2) � (2, 1).� ÆbT�
 M �f_Y�&� ∂+M = ∂−Ci q ∂−M = ∂−Cj , (i, j) = (1, 2) �
(2, 1). � (M ;F ) � (M ; ∂−C1, ∂−C2) :f_ Heegaard S��sB9 4.4 �� F � M �.vy ∂+Ci :f_>B|qV�"ST��
 F � M �.vy ∂+Ci :f_ m +$<>B|:qV��O
 i = 1.�-� C1 � m _z�H�:
�}g D = {D1, · · · , Dm} q C2 � m _z�H�:
�}g E = {E1, · · · , Em}, �9 |Di ∩ Ei| = 1, 1 6 i 6 m, Di ∩ Ej = ∅, 1 6 i 6= j 6 m. 	a�^ D n( C1  9:KQ.fy ∂−C1 × I, ^ E n( C2  9:KQ7f_Y�&
C′. Ev M ∼= C′, � M �f_Y�&�: � T � v � x
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A Sufficient and Necessary Condition for a Surface Sum

of Two Compression Bodies to be a Compression Body

LIU He1 LEI Fengchun1 LI Fengling1

1School of Mathematical Sciences, Dalian University of Technology, Dalian

116024, Liaoning, China.

E-mail: 1033410708@qq.com; fclei@dlut.edu.cn; fenglingli@dlut.edu.cn

Abstract In the paper, the authors give a sufficient and necessary condition for an amalga-

mation of two compression bodies along a connected surface to be a compression body, and

a characteristic for the amalgamated surface to be ∂-incompressible in the amalgamation of

two 3-manifolds along a compact connected surface with non-empty boundary. They also

show that every Heegaard splitting of a compression body is standard.
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