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
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







∂tu+ (−∆)
α
2 u = ∇ · (u∇v), (x, t) ∈ R

n × (0,∞),

ε∂tv + (−∆)
β
2 v = u, (x, t) ∈ R

n × (0,∞),

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ R
n,<= α ∈ [1, 2], β ∈ (0, 2], ε > 0. 3�p	V�
j/" Chemin-Lerner /�twwK=OJ
�A� Fourier i!&jf, R)MKÆ^DY�: (1) G ε = 0 t, Q�Æ;�℄H` 1 < α 6 2 Dv'^" Besov wK=Oi!~Y
�U344�O,�~Y
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. =�rm: 	m, 2019, 49(12): 1–17] �M~Y
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§1 ����0Asofo<l<u#M%GRNo�U Keller-Segel &℄N233�:




∂tu+ (−∆)
α
2 u = ∇ · (u∇v), (x, t) ∈ R

n × (0,∞),

ε∂tv + (−∆)
β
2 v = u, (x, t) ∈ R

n × (0,∞),

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ R
n,

(1.1);< α ∈ [1, 2], β ∈ (0, 2], ε > 0, .1�� u � v o��yB�N�\���B�Imo�N%l<;N0\��, o�U Laplace �H (−∆)
α
2 NX��℄C Fourier �+~4:

(−∆)
α
2 u(x) = F−1(|ξ|αFu(ξ)).�1 2021 / 9 � 24 [�K, 2022 / 10 � 2 [�Kex|.
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368 	 m / o A : 43 nF 0 < α < 2 s, 5�us{��=�5o�H{�yo�U Laplace �H:

(−∆)
α
2 u(x) = σn,αP.V.

∫

Rn

u(x)− u(y)

|x− y|n+α
dy,;< σn,α |x|� n � α N
g%(�.FU, `P α = β = 2, $A" (1.1) �%-o<l<u#M%GRNdTN Keller-

Segel &℄NL%G_:




∂tu = ∆u+∇ · (u∇v), (x, t) ∈ Ω× (0,∞),

ε∂tv −∆v = u− v, (x, t) ∈ Ω× (0,∞),

∇u · ν = ∇v · ν = 0, (x, t) ∈ ∂Ω× (0,∞),

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,

(1.2);< Ω - R
n <NÆ\�"O�, ν �y ∂Ω eND/'eQ�. u&℄� Keller-Segel!0 [1] <�:�4, As��u#B�!;Imo�%l<;Q�C�'oNM%�k;GR. !su&℄(�u#�;1\�<?;��H��J�'oNIK�Q�N��<�&℄K�, M0 [2]. d��}azEN�lof, zÆ�a^A" (1.2) ZN+�=!b��73�Nof,�, *�5��jvWX�℄C:

n = 1 s, Osaki-Ygai !0 [3] </#
A" (1.2) NZ[|+�=!EÆ\N;

n = 2s, Jager-Luckhaus!0 [4]</#
^0oTN 1
|Ω|

∫
Ω u0(x)dx,A" (1.2)=!,vN+�-Z,bF 1

|Ω|

∫
Ω
u0(x)dx0o?s,=!eQZ!ÆHsJdo�7. Herrero-

Velázquez!0 [5–6]</#
=!mteQ^+N23 (u0, v0) �L ∫
Ω u0(x)dx > 8π, $Z (u, v) R!ÆHsJdo�7�E u !S��S7Æ Dirac-δ ℄=b. ��, Biler[7],

Gajewski-Zacharias[8] � Nagai-Senba-Yoshida[9] o�/#
F23�L ∫
Ω
u0(x)dx < 4πsmtÆ\ZN+�=!b�F23�L ∫

Ω
u0(x)dx < 8π seQZN+�=!b. av�, ^�D	 O� Ω ⊂ R

2, Horstman-Wang[10] � Senba-Suzuki[11] o�/#
F23�L�N ∫
Ω
u0(x)dx = m, ;< m ∈ {4kπ : k ∈ N} s, A" (1.2) Z!ÆHsu1(6Hsudo�7;

n > 3 s, Winkler !0 [12–13] </#
F23 u0 ∈ Lp(Ω), ∇v0 ∈ Lq(Ω), ;<
p > n

2 , q > n s, A" (1.2) ZN+�Æ\b, �/#
F Ω - R
n <NK�s, ^Y~TN;� m > 0, `23�L ∫

Ω u0(x)dx = m, $A" (1.2) NZ (u, v) !ÆHsu16Hsudo�7;

ε = 0 s, Karch !0 [14] <P�
A" (1.2) !�\ Besov vJ Ḃ
−2+n

p
p,∞ (Rn)(n2 <

p < n) <T233�N+�}Xb; ��, Iwabuchi !0 [15] </#
A" (1.2) !�\
Besov vJ Ḃ

−2+n
p

p,q (Rn) (1 6 p < ∞, 1 6 q 6 ∞) � Fourier-Herz vJ Ḃ−2
2 (Rn) <Nh }Xb�T233�N+�}Xb, �P�
�\ Besov vJ Ḃ−2

∞,q(R
n)(2 < q 6 ∞) eN�}Xb; N�, Iwabuchi–Nakamura !0 [16] </#
A" (1.2) ! Triebel–LizorkinvJ Ḟ−2

∞,2(R
n) = BMO−2 T233�ZN+�=!b.  X�0 [15] <N}XbX�,5�s1, L%N Keller-Segel A" (1.2) !vJ Ḃ

−2+n
p

p,∞ (Rn) (max{1, n2 } < p < ∞) �
Ḟ−2
∞,2(R

n) = BMO−2 |}XN, b!vJ Ḃ−2
∞,q(R

n) (2 < q 6 ∞) <|�}XN;�aNofX�{<$�8
K℄6y – zbA"NK�ZN=!bX�s#q0
[17–27].
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 369�vi , F ε = 0 E β = 2 s, A" (1.1) �%-℄CNo�U Keller-Segel A":




∂tu+ (−∆)
α
2 u = ∇ · (u∇v), (x, t) ∈ R

n × (0,∞),

−∆v = u, (x, t) ∈ R
n × (0,∞),

u(x, 0) = u0(x), x ∈ R
n.

(1.3)A" (1.3) � Escudero !0 [28] <�:�4, As"�
aa Lévy naN�4
KB��\��Nsvo�. � [28] s1, F n = 1, 1 < α 6 2 s, A" (1.3) =!,vN+�Z.UbF 0 < α < 1 s, Bournaveas–Calvez!0 [29] </#
F2wB�0\�zs, ZR!ÆHsJ4G=b. av�, F n > 2 s, A" (1.3) T233�NZ|+�=!N, b^�?233�Zs,-!ÆHsJdo�7. *�5��jvWÆ�ZN+�=!b��7NofX�℄C:F 1 < α < 2s, Biler-Karch!0 [30]/#
A" (1.3)!�\ LebesguevJ L
n
α (Rn)<ZNh =!b�T23^�ZN+�=!b. ��(/#
mÆ?2w;�N23^�N-ZR-!ÆHsJdo�7;F 1 < α < 2 s, Biler-Wu !0 [31] </#
A" (1.3) !�\ BesovvJ Ḃ1−α

2,q (R2)<T23^�ZN+�}Xb;F 1 < α 6 2 s, ^�Æ�v�/{℄mIbONA" (1.3), Zhai !0 [32] <P�
;!�\ Besov vJ<ZN=!b, ,vb�2Xb;F 0 < α 6 1 s, Sugiyama-Yamamoto-Kato !0 [33] </#
A" (1.3) !�\
Besov vJ Ḃ

−α+n
p

p,q (Rn) <ZNh =!b�T233�ZN+�=!b, ;< n > 3,

2 6 p < n, 1 6 q < 2;F 1 < α 6 2 s, �0NRvQ(!0 [34] <P�
A" (1.3) !�\ Besov vJ
Ḃ

−α+n
p

p,q (Rn) � Ḃ−α
∞,1(R

n) <T233�ZN+�=!b� Gevrey Z=b, ;< 1 6 p <

∞, 1 6 q 6 ∞. ��Q, ^��\G_ α = 1, �(/#
A" (1.3) !�\ Besov vJ
Ḃ

−1+n
p

p,1 (Rn) � Ḃ−1
∞,1(R

n) <T233�ZN+�=!b� Gevrey Z=b, ;< 1 6 p <

∞; F 1 < α = β 6 2 s, Wu-Zheng !0 [35] <P�
A" (1.3) !�\ Fourier-HerzvJ Ḃ2−2α
2 (Rn) <Nh }Xb�T233�N+�}Xb. ��(/#
F α = 2,

2 < q 6 ∞ s, A" (1.3) ! Fourier-Herz vJvJ Ḃ−2
q (Rn) � Besov vJ Ḃ−2

∞,q(R
n) <|�}XN;F 1 < α, β 6 2s,)%P!0 [36]<P�
A" (1.1)! BesovvJ Ḃ

2−α−β+n
p

p,q (Rn)×

Ḃ
2−α+n

p
p,q (Rn) <T233�N+�}Xb, ;< 1 6 p < 2n

2α+β−3 , 1 6 q 6 ∞;e�N oX�zd$�8
K℄No�U6y – zbA", �aNofX�s#q0 [37–42].�0Asofo�UM%&℄ (1.1) !�\ Besov vJ<N+�}Xb. -9, 5�{,�vCA" (1.1) ��LNl���b. ^Y~N λ > 0, �
uλ(x, t) = λα+β−2u(λx, λαt), vλ(x, t) = λα−2v(λx, λβ t). (1.4)|1` (u, v) |A" (1.1) �L23 (u0, v0) NZ, $ (uλ, vλ) }|A" (1.1) �L23

(uλ,0, vλ,0) NZ, ;<
uλ,0(x) = λα+β−2u0(λx), vλ,0(x) = λα−2v0(λx). (1.5)



370 	 m / o A : 43 n5�+ Banach vJ E ⊂ S ′(Rn) |A" (1.1) 23��N�\vJ|5g�!e�l��+ (1.5)C^�ÆN λ > 0|��N.|q/A" (1.1)N23 (u0, v0)�!N�\ BesovvJ- Ḃ
2−α−β+n

p
p,q (Rn)× Ḃ

2−α+n
p

p,q (Rn), ;< 1 6 p, q 6 ∞.C 5�{)��0NAs�Q. F ε = 0 s, A" (1.1) �%-℄C3< – %�U�No�U6y – zbi.M:




∂tu+ (−∆)
α
2 u = ∇ · (u∇v), (x, t) ∈ R

n × (0,∞),

(−∆)
β
2 v = u, (x, t) ∈ R

n × (0,∞),

u(x, 0) = u0(x), x ∈ R
n.

(1.6)^��:�\G_ 1 < α 6 2 ��\G_ α = 1, K�N5�Æ℄C}XbX�.av 1.1 � 1 < α 6 2, 0 < β 6 2. k u0 ∈ Ḃ
2−α−β+n

p
p,q (Rn), ;<





1 6 p 6 ∞, 1 6 q 6 ∞, ` 2 < α+ β 6 3;

1 6 p <
2n

α+ β − 3
, 1 6 q 6 ∞, ` 3 < α+ β 6 4.

(i) =!-(� η > 0, vL^Y~N ‖u0‖
Ḃ

2−α−β+n
p

p,q

6 η, A" (1.6) =!,vN+�Z u, �L
u ∈ L∞(0,∞; Ḃ

2−α−β+n
p

p,q (Rn)) ∩ L1(0,∞; Ḃ
2−β+n

p
p,q (Rn)). (1.7)��Q, F 1 6 p, q < ∞ s, u ∈ C([0,∞), Ḃ

2−α−β+n
p

p,q (Rn)).

(ii) F 1 6 p, q < ∞ s, =!-� T > 0, vLA" (1.6) =!,vNh Z u, �L
u ∈ C([0,T ),Ḃ

2−α−β+n
p

p,q (Rn)) ∩ L∞(0,T ;Ḃ
2−α−β+n

p
p,q (Rn)) ∩ L1(0,T ;Ḃ

2−β+n
p

p,q (Rn)). (1.8)av 1.2 k α = 1, 1 6 β 6 2, 1 6 p 6 ∞, $=!-(� η > 0, vL^Y~N
u0 ∈ Ḃ

1−β+n
p

p,1 (Rn), �L ‖u0‖
Ḃ

1−β+n
p

p,1

6 η, A" (1.6) =!,vN+�Z u, �L
u ∈ L∞(0,∞; Ḃ

1−β+n
p

p,1 (Rn)) ∩ L1(0,∞; Ḃ
2−β+n

p

p,1 (Rn)). (1.9)��Q, F 1 6 p < ∞ s, u ∈ C([0,∞), Ḃ
1−β+n

p

p,1 (Rn)).) 1.1 X� 1.1 $�
)%P!0 [36] <ZN=!bX�. m�{�, 5�R0
[36] <^23-$b�s5b5� (

2α + β > 3, p ∈
[
1, 2n

2α+β−3

)) waJ�
Ng* (F
2 < α+ β 6 3 s 1 6 p 6 ∞, F 3 < α+ β 6 4 s 1 6 p < 2n

α+β−3

)
. �E, 5�!0 [42] <^�s�N
K℄o�U6y - zbA"P�
~
NX�.) 1.2 X� 1.2 R0 [34] <NZN+�=!bX�$�8 β 6= 2 NG_.F ε > 0 s, xli.��LNl���b�o�U�bi.��LNIb��, 5�D~JF α 6= β s, u � v �!NZvJ!aa
Ib��s��54, �96eÆV0PZN+�=!bNÆ�X�. EF α = β s, A" (1.1) �G-℄C3< – 3<U�
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



∂tu+ (−∆)
α
2 u = ∇ · (u∇v), (x, t) ∈ R

n × (0,∞),

ε∂tv + (−∆)
α
2 v = u, (x, t) ∈ R

n × (0,∞),

u(x, 0) = u0(x), x ∈ R
n.

(1.10)�- ε Nm�P3���N�LNAsX�,�{�rv�b, 5�Hk ε = 1. ^��:�\G_ 1 < α 6 2 ��\G_ α = 1, K�N5�Æ℄C}XbX�.av 1.3 k 1 < α 6 2, u0 ∈ Ḃ
2−2α+n

p
p,q (Rn), v0 ∈ Ḃ

2−α+n
p

p,q (Rn), ;<




1 6 p 6 ∞, 1 6 q 6 ∞, ` 1 < α 6
3

2
;

1 6 p <
2n

2α− 3
, 1 6 q 6 ∞, ` 3

2
< α 6 2.$=!-(� η > 0, vL^Y~N23 (u0, v0) `�L

‖u0‖
Ḃ

2−2α+n
p

p,q

+ ‖v0‖
Ḃ

2−α+n
p

p,q

6 η,A" (1.10) =!,vN+�Z (u, v), �L



u ∈ L∞(0,∞; Ḃ

2−2α+n
p

p,q (Rn)) ∩ L1(0,∞; Ḃ
2−α+n

p
p,q (Rn)),

v ∈ L∞(0,∞; Ḃ
2−α+n

p
p,q (Rn)) ∩ L1(0,∞; Ḃ

2+n
p

p,q (Rn)).
(1.11)��Q, F 1 6 p, q < ∞ s, u ∈ C([0,∞), Ḃ

2−2α+n
p

p,q (Rn)), v ∈ C([0,∞), Ḃ
2−α+ n

p
p,q (Rn)).av 1.4 k α = 1, 1 6 p 6 ∞. $=!-(� η > 0, vL^Y~N23 (u0, v0) `�L

‖u0‖
Ḃ

n
p
p,1

+ ‖v0‖
Ḃ

1+n
p

p,1

6 η,A" (1.10) =!,vN+�Z (u, v), vL



u ∈ L∞(0,∞; Ḃ

n
p

p,1(R
n)) ∩ L1(0,∞; Ḃ

1+n
p

p,1 (Rn)),

v ∈ L∞(0,∞; Ḃ
1+n

p

p,1 (Rn)) ∩ L1(0,∞; Ḃ
2+n

p

p,1 (Rn)).
(1.12)��Q, F 1 6 p < ∞ s, u ∈ C([0,∞), Ḃ

n
p

p,1(R
n)), v ∈ C([0,∞), Ḃ

1+n
p

p,1 (Rn)).) 1.3 X� 1.3 wa
0 [36] <Nh }XbX�. *�5���
�!�0 [36]<NVB>C, /#
T233�ZN+�=!b. �E*?VBie(s��J�\G_ α = 1, MX� 1.4.) 1.4 -LD?M, 5�!X� 1.3 <7)�
A" (1.10) T233�N+�}Xb, uCe, A" (1.10) ?233�Nh }Xbu|,�N.N�, D~J!A" (1.10) <, �� v �LNi.|x|� u NIbi., <b5�9),�QU^23 v0 NTb�NsLZ,�/ZN+�=!b. uCe, 2�e�	%, ! α, p, q �LvXN���NC, 5�sLC ZN+�=!bX�.



372 	 m / o A : 43 nav 1.5 k 1 < α 6 2, u0 ∈ Ḃ
2−2α+n

p

p,1 (Rn), v0 ∈ Ḃ
2−α+n

p

p,1 (Rn), ;<




2 6 p < ∞, ` 1 < α 6
3

2
;

2 6 p <
2n

2α− 3
, ` 3

2
< α 6 2.$=!�}-(� c0, C0, vL℄�23 (u0, v0) �L

C0‖u0‖
Ḃ

2−2α+n
p

p,1

exp{C0‖v0‖
Ḃ

2−α+n
p

p,1

} 6 c0, (1.13)$A" (1.10) =!,vN+�Z (u, v) �L (1.11), ;< q = 1.) 1.5 �N (1.13)�#, 5�6g^ ‖v0‖
Ḃ

2−α+n
p

p,1

�Tb�NsL, 7s ‖u0‖
Ḃ

2−2α+n
p

p,10oTv2�L�N (1.13), �,�/^�ZN+�=!b. *�#!A" (1.10) ZN=!bo=<, u Æ v ?F��sNQ�.) 1.6 X� 1.5N/#ie�,��J�\G_ α = 1,As��|�� ‖T∇vu‖
Ḃ

1+n
p

p,q

6

C‖v‖
Ḃ

2+n
p

p,q

‖u‖
Ḃ

n
p
p,q

9s� ,�. �9nLYNieRX� 1.5 NX�$�8�\G_
α = 1 u|5�R{sq�N�s3�.�0X�℄C:R
W,5��� Littlewood-Paley
a:oZ��~4>: BesovvJNX�,�)���0K�NvW>: BesovvJN�sb;.RaW,5��� Fourierh %>C, 7� ε = 0 NG_, �o�P�
:�\G_ 1 < α 6 2 ��\G_ α = 1CmIbO!^�ZvJ<N
Ib��, U��� Banach �ZSX�(,X� 1.1 �X� 1.2 N/#. R�W, 5�^ ε > 0 NG_, ��v~��NVB>C{(,X� 1.3�X� 1.4 N/#, R:W, 5�xli.�ÆNB�X�, �_��NGR��{S5 v^mIbO�'oN�N, <b(,X� 1.5 N/#. 
8S0, C �y-Nv9(�, q� X . Y �y�Px X 6 CY .

§2 �V"�5��E^i Fourier �+. � S(Rn) �y Schwartz ÆS��vJ, �� S ′(Rn) �y;&8^2vJ, = Schwartz *&o�vJ. ^�Y~N f ∈ S(Rn), ; Fourier �+
F(f) X�-

F(f)(ξ) :=

∫

Rn

e−2πix·ξf(x)dx, ∀ ξ ∈ R
n.e� Fourier �+� S(Rn) JImE|HeN, ; Fourier .�+��x F−1 = F ~4.^��v�NG_ f ∈ S ′(Rn), ; Fourier �+s��EN^2ie{X�, =

〈F(f), g〉 := 〈f,F(g)〉, ∀ f ∈ S ′(Rn), g ∈ S(Rn).
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§2.1 Littlewood-Paley vzi Besov skC 5�^i R
n eN Littlewood-Paley ��. � C :=

{
ξ ∈ R

n, 3
4 6 |ξ| 6 8

3

}
, $=!�"eQ�� ϕ �L: suppϕ ⊂ C, 0 6 ϕ 6 1 E

∑

j∈Z

ϕ(2−jξ) = 1, ∀ξ ∈ R
n\{0}.2�e� ϕ N�#, � h(x) = F−1ϕ(ξ). $^Y~N f ∈ S ′(Rn), 5�X�>:
a:oZ�H ∆j � Sj ℄C:

∆jf := 2nj
∫

Rn

h(2jy)f(x− y)dy, (2.1)

Sjf :=
∑

k6j−1

∆kf. (2.2)_xe{p, ∆j �y#�J' {|ξ| ∼ 2j} N#��H, Sj �y#�JK {|ξ| . 2j} N#��H. k S ′
h(R

n) |��LC b;No����,: f ∈ S ′(Rn) E�L
lim

j→−∞
Sjf = 0.$^�Y~N f ∈ S ′

h(R
n), 5�Æ℄CN>: Littlewood-Paley oZ:

f =
∑

j∈Z

∆jf.��N, e�>:
a:oZ�L℄CN--Tb;:

∆i∆jf ≡ 0 ` |i − j| > 2; ∆i(Sj−1f∆jg) ≡ 0 ` |i− j| > 5.C 5�~4>: Besov vJNX� (M [43]).a� 2.1 k s ∈ R, 1 6 p, r 6 ∞. ^� f ∈ S ′(Rn), �
‖f‖Ḃs

p,r
:=





(∑

j∈Z

2jsr‖∆jf‖
r
Lp

) 1
r

, 1 6 r < ∞,

sup
j∈Z

2js‖∆jf‖Lp , r = ∞.$>: Besov vJ Ḃs
p,r(R

n) sX�-:

(i) F s < n
p

(1 s = n
p
, r = 1

) s, 5�X�
Ḃs

p,r(R
n) := {f ∈ S ′

h(R
n) : ‖f‖Ḃs

p,r
< ∞}.

(ii) F k ∈ N, n
p
+ k 6 s < n

p
+ k + 1

(1 s = n
p
+ k + 1, r = 1

)
, $5�X� Ḃs

p,r(R
n)-�L℄C�NNo����,NvJ: f ∈ S ′(Rn) EF |β| = k s, Æ ∂βf ∈ Ḃs−k

p,r (Rn).a� 2.2 k 0 < T 6 ∞, s ∈ R, 1 6 p, r, ρ 6 ∞. �
‖f‖Lρ

T (Ḃs
p,r)

:=
(∑

j∈Z

2jsr
( ∫ T

0

‖∆jf(·, t)‖
ρ
Lpdt

) r
ρ
) 1

r

,

‖f‖Lρ

T
(Ḃs

p,r)
:=

( ∫ T

0

(∑

j∈Z

2jsr‖∆jf(·, t)‖
r
Lp

) ρ
r

dt
) 1

ρ

.



374 	 m / o A : 43 n5�X� Chemin-Lerner.�svvJ Lρ(0, T ; Ḃs
p,r(R

n))�v�NvJ Lρ(0, T ; Ḃs
p,r(R

n))-vJ C([0, T ];S(Rn)) o�!e�g� ‖ · ‖Lρ
T (Ḃs

p,r)
� ‖ · ‖Lρ

T (Ḃs
p,r)
CN(	%vJ. *�F ρ = ∞ 1 r = ∞ se�g�gPK^�N6Jg�Nd-. -L%B�, F T = ∞s, 5�� ‖f‖Lρ

t (Ḃ
s
p,q)
{�y ‖f‖Lρ

∞(Ḃs
p,q)

.

§2.2 '��v5�E{)�vW�0�g>: Besov vJNb;, �aNX�sM0 [43].�v 2.1 >: Besov vJÆ℄Cb; (M [43]):

(1) ` |s| < n
p
, 1 6 p, r < ∞, 1 s = n

p
, r = 1 s, C∞

0 (Rn) ! Ḃs
p,r(R

n) <|1�N.

(2) =!v9(� C, vL
C−1‖f‖Ḃs

p,r
6 ‖∇f‖Ḃs−1

p,r
6 C‖f‖Ḃs

p,r
. (2.3)

(3) k σ ∈ R. $�H (−∆)
σ
2 |� Besov vJ Ḃs

p,r(R
n) �J Ḃs−σ

p,r (Rn) N!��j.

(4) k 1 6 p1 6 p2 6 ∞, 1 6 r1 6 r2 6 ∞, $Æ℄CN	jB_�A: Ḃs
p1,r1

(Rn) →֒

Ḃ
s−n( 1

p1
− 1

p2
)

p2,r2 (Rn).

(5) k s1, s2 ∈ R, s1 < s2, ϑ ∈ (0, 1), $=!(� C, vL
‖f‖

Ḃ
s1ϑ+s2(1−ϑ)
p,r

6 C‖f‖ϑ
Ḃ

s1
p,r

‖f‖1−ϑ

Ḃ
s2
p,r

. (2.4)�E, ^Y~N 0 < T 6 ∞, 1 6 ρ, ρ1, ρ2 6 ∞ vL 1
ρ
= 1

ρ1
+ 1

ρ2
, 5�Æ

‖f‖
Lρ

T
(Ḃ

s1ϑ+s2(1−ϑ)
p,r )

6 C‖f‖ϑ
L

ρ1
T

(Ḃ
s1
p,r)

‖f‖1−ϑ

L
ρ2
T (Ḃ

s2
p,r)

. (2.5)

(6) k s ∈ R, 1 6 p, r 6 ∞, f ∈ S ′
h(R

n). $ f ∈ Ḃs
p,r(R

n) FE`F=! {dj,r}j∈Z, vL dj,r > 0, ‖dj,r‖lr = 1, E
‖∆jf‖Lp . dj,r2

−js‖f‖Ḃs
p,r

, ∀j ∈ Z.

(7) � Minkowski �Px|1:



‖f‖Lρ

T (Ḃs
p,r)

6 ‖f‖Lρ

T (Ḃs
p,r)

, ρ 6 r,

‖f‖Lρ

T
(Ḃs

p,r)
6 ‖f‖Lρ

T
(Ḃs

p,r)
, r 6 ρ.

(2.6)�9, F ρ = r s, 5�Æ Lρ(0, T ; Ḃs
p,r(R

n)) ∼= Lρ(0, T ; Ḃs
p,r(R

n)).5�-d(�J℄CN Bernstein �Px (M [43]).�v 2.2 k B � C o�| R
n <NK�'. $=!-(� C, vL^Y~N-u�

λ, mt+� k �Y~�L�N 1 6 a 6 b 6 ∞ Nu�^ (a, b), 5�Æ
suppF(f) ⊂ λB ⇒ sup

|α|=k

‖Λαf‖Lb 6 Ck+1λk+n( 1
a
− 1

b
)‖f‖La, (2.7)

suppF(f) ⊂ λC ⇒ C−1−kλk‖f‖La 6 sup
|α|=k

‖Λαf‖La 6 C1+kλk‖f‖La. (2.8)-/#X� 1.5, 5�(gs℄Co�U Laplace �H (−∆)
α
2 ! Lp vJ<NC\��, ;/#sM0 [44–45].
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 375�v 2.3 k α ∈ [0, 2], p ∈ [2,∞). $^Y~N f ∈ Lp, =!`x|� n � p N-(� κ, vL ∫

Rn

(−∆)
α
2 ∆jf |∆jf |

p−2∆jfdx > κ2αj‖∆jf‖
p
Lp . (2.9)!�WN�5�Ls^ivC-7�m�"��-5b�_N>: Bony l5oZ

(M [46]). ^�Y~�}*&���� f � g, 5�X� f � g Nl5 Tfg ℄C:

Tfg :=
∑

j∈Z

Sj−1f∆jg =
∑

j∈Z

∑

k6j−2

∆kf∆jg.<b_xe, ^� f � g N-5, 5�Æ℄CN Bony l5oZ:

fg = Tfg + Tgf +R(f, g), (2.10)*��O R(f, g) Æ℄C�y:

R(f, g) :=
∑

j∈Z

∑

|j−j′|61

∆jf∆̃jg, ∆̃j := ∆j−1 +∆j +∆j+1.

§3 ε = 0 _��
§3.1 \xp�� 1 < α 6 2^�:�\G_, 5�z^�s�N
K℄o�U6y - zbA"P�
~
X�
1.1 N}XX�, m�BWIM0 [42].

§3.2 xp�� α = 15��E{,��\G_ α = 1 CIbo�Ui.! BesovvJxICNIb��,;/#sM0 [47].}� 3.1 k s ∈ R, 1 6 p, q 6 ∞, 0 < T 6 ∞. `23 u0 ∈ Ḃs
p,q(R

n), f ∈

L1
T (Ḃ

s
p,q(R

n)). $^℄CNo�UIbi.N233�:



∂tu+ (−∆)

1
2u = f(x, t), x ∈ R

n, t > 0,

u(x, 0) = u0(x), x ∈ R
n,

(3.1)=!,vNZ u, �L
u ∈ L∞(0, T ; Ḃs

p,q(R
n)) ∩ L1(0, T ; Ḃs+1

p,q (Rn)),E=!`x|� n N(� C > 0, vL
‖u‖L∞

T (Ḃs
p,q)

+ ‖u‖L1
T (Ḃs+1

p,q ) 6 C(‖u0‖Ḃs
p,q

+ ‖f‖L1
T (Ḃs

p,q)
). (3.2)av�, ` 1 6 p, q < ∞, $ u ∈ C([0, T ), Ḃs

p,q(R
n)).;:, 5�{P�A" (1.6) !>: Besov vJ<��LN
Ib��.�v 3.1 k 1 6 β 6 2, 1 6 p 6 ∞, 0 < T 6 ∞. $5�Æ℄C��:

‖u∇(−∆)−
β
2 v‖

L1
T (Ḃ

2−β+n
p

p,1 )
. ‖u‖

L∞

T (Ḃ
1−β+n

p
p,1 )

‖v‖
L1

T (Ḃ
2−β+n

p
p,1 )
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+ ‖u‖

L1
T (Ḃ

2−β+n
p

p,1 )
‖v‖

L∞

T (Ḃ
1−β+n

p
p,1 )

. (3.3) 5��� Bony l5oZ (2.10) {�� (3.3) xN�℄O:

u∇(−∆)−
β
2 v = Tu∇(−∆)−

β
2 v + T

∇(−∆)−
β
2 v

u+R(u,∇(−∆)−
β
2 v). (3.4)^� (3.4) �℄N�}l5O, � (2.7) � (2.8) sL

‖∆j(Tu∇(−∆)−
β
2 v)‖L1

T
(Lp)

.
∑

|j′−j|64

‖Sj′−1u‖L∞

T
(L∞)‖∆j′∇(−∆)−

β
2 v‖L1

T
(Lp)

.
∑

|j′−j|64

∑

k6j′−2

2
kn
p ‖∆ku‖L∞

T (Lp)2
j′(1−β)‖∆j′v‖L1

T
(Lp)

.
∑

|j′−j|64

2j
′(−1−n

p
)

∑

k6j′−2

2k(β−1)2k(1−β+n
p
)‖∆ku‖L∞

T (Lp)2
j′(2−β+n

p
)‖∆j′v‖L1

T (Lp)

. dj2
j(β−2−n

p
)‖u‖

L∞

T
(Ḃ

1−β+n
p

p,1 )
‖v‖

L1
T
(Ḃ

2−β+n
p

p,1 )
; (3.5)

‖∆j(T
∇(−∆)−

β
2 v

u)‖L1
T
(Lp)

.
∑

|j′−j|64

‖Sj′−1∇(−∆)−
β
2 v‖L∞

T
(L∞)‖∆j′u‖L1

T
(Lp)

.
∑

|j′−j|64

∑

k6j′−2

2k(1−β+n
p
)‖∆kv‖L∞

T
(Lp)‖∆j′u‖L1

T
(Lp)

.
∑

|j′−j|64

2j
′(β−2−n

p
)

∑

k6j′−2

2k(1−β+n
p
)‖∆kv‖L∞

T
(Lp)2

j′(2−β+n
p
)‖∆j′u‖L1

T
(Lp)

. dj2
j(β−2−n

p
)‖v‖

L∞

T
(Ḃ

1−β+n
p

p,1 )
‖u‖

L1
T
(Ḃ

2−β+n
p

p,1 )
, (3.6)*� (dj)j∈Z ∈ l1 �L dj > 0 � ∑

j∈Z

dj = 1. -7� (3.4) �℄N�O, 5�o�?G_{q�: F 1 6 p < 2 s, � p′ -;�T5�, = 2 < p′ 6 ∞, 1
p
+ 1

p′
= 1, $� (2.7) sL

‖∆jR(u,∇(−∆)−
β
2 v)‖L1

T
(Lp)

. 2j(n−
n
p
)

∑

j′>j−2

‖∆j′u‖L∞

T (Lp′)‖∆̃j′∇(−∆)−
β
2 v‖L1

T (Lp)

. 2j(n−
n
p
)

∑

j′>j−2

2
j′(1−β+n

p
− n

p′
)
‖∆j′u‖L∞

T (Lp)‖∆̃j′v‖L1
T (Lp)

. 2j(n−
n
p
)

∑

j′>j−2

2(β−2−n)j′2j
′(1−β+n

p
)‖∆j′u‖L∞

T (Lp)2
j′(2−β+n

p
)‖∆̃j′v‖L1

T (Lp)

. dj2
j(β−2−n

p
)‖u‖

L∞

T
(Ḃ

1−β+n
p

p,1 )
‖v‖

L1
T
(Ḃ

2−β+n
p

p,1 )
; (3.7)bF p > 2 s, Æ

‖∆jR(u,∇(−∆)−
β
2 v)‖L1

T
(Lp)

. 2
jn
p

∑

j′>j−2

‖∆j′u‖L∞

T (Lp)‖∆̃j′∇(−∆)−
β
2 v‖L1

T
(Lp)
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. 2
jn
p

∑

j′>j−2

2j
′(β−2− 2n

p
)2j

′(1−β+n
p
)‖∆j′u‖L∞

T
(Lp)2

j′(2−β+n
p
)‖∆̃j′v‖L1

T
(Lp)

. dj2
j(β−2−n

p
)‖u‖

L∞

T
(Ḃ

1−β+n
p

p,1 )
‖v‖

L1
T
(Ḃ

2−β+n
p

p,1 )
. (3.8)X�e��� (3.5)–(3.8), ��X� 2.2, 5�=L (3.3). �� 3.1 /�.-/#X� 1.2, 5�kPZvJ- Yt := L∞(0,∞; Ḃ

1−β+n
p

p,1 (Rn)) ∩ L1(0,∞;

Ḃ
2−β+n

p

p,1 (Rn)) �r�℄Cg�:

‖u‖Yt
:= ‖u‖

L∞

t (Ḃ
1−β+n

p
p,1 )

+ ‖u‖
L1

t(Ḃ
2−β+n

p
p,1 )

.��� 3.1 s1
‖∇ · (u∇(−∆)−

β
2 u)‖

L1
t(Ḃ

1−β+n
p

p,1 )
. ‖u∇(−∆)−

β
2 u‖

L1
t(Ḃ

2−β+n
p

p,1 )
. ‖u‖2Yt

. (3.9)X�%� 3.1 <NIb��, =!�}-(� C0 � C1, 5�Æ
‖u‖Yt

6 C0‖u0‖
Ḃ

1−β+n
p

p,1

+ C1‖u‖
2
Yt
.<b� Banach�ZSX� (M [48]) �%� 3.1, 5�=LA" (1.6) T233�ZN+�=!b, ,vb�-$b. X� 1.2 /�.

§4 ε > 0 _��
§4.1 \xp�� 1 < α 6 25�R�� Banach�ZSX�X��!NVB>C{/#X� 1.3. -9, 5�E{h�o�U�bi.233�! Besov vJxICZN=!b, LB/#sM0 [38].}� 4.1 k s ∈ R, 1 6 p, q, ρ1 6 ∞, 0 < T 6 ∞. `23 u0 ∈ Ḃs

p,q(R
n), f ∈

Lρ1(0, T ; Ḃ
s+ α

ρ1
−α

p,q (Rn)). $^℄CNo�U�bi.N233�:



∂tu+ (−∆)

α
2 u = f(x, t), x ∈ R

n, t > 0,

u(x, 0) = u0(x), x ∈ R
n,

(4.1)=!,vNZ u, �L
u ∈ ∩

ρ16ρ6∞
Lρ(0, T ; Ḃ

s+α
ρ

p,q (Rn)),E=!`x|� n N-(� C, vL^Y~N ρ1 6 ρ 6 ∞, Æ
‖u‖

Lρ

T
(Ḃ

s+α
ρ

p,q )
6 C(‖u0‖Ḃs

p,q
+ ‖f‖

L
ρ1
T (Ḃ

s+ α
ρ1

−α

p,q )
). (4.2)av�, ` 1 6 p, q < ∞, $ u ∈ C([0, T ), Ḃs

p,q(R
n)).5�(gs�J℄CA" (1.6) !>: Besov vJ��LN
Ib��, m�BWIM0 [42].



378 	 m / o A : 43 n�v 4.1 k 1 < α 6 2, 0 < T 6 ∞, E



1 6 p 6 ∞, 1 6 q 6 ∞ ` 1 < α 6
3

2
,

1 6 p <
2n

2α− 3
, 1 6 q 6 ∞ ` 3

2
< α 6 2.$5�Æ℄C��:

‖u∇(−∆)−
α
2 v‖

L1
T
(Ḃ

3−2α+n
p

p,q )

. ‖u‖θ1
L∞

T
(Ḃ

2−2α+n
p

p,q )
‖u‖1−θ1

L1
T
(Ḃ

2−α+n
p

p,q )
‖v‖θ2

L∞

T
(Ḃ

2−2α+n
p

p,q )
‖v‖1−θ2

L1
T
(Ḃ

2−α+n
p

p,q )

+ ‖u‖θ2
L∞

T (Ḃ
2−2α+n

p
p,q )

‖u‖1−θ2

L1
T (Ḃ

2−α+n
p

p,q )
‖v‖θ1

L∞

T (Ḃ
2−2α+n

p
p,q )

‖v‖1−θ1

L1
T (Ḃ

2−α+n
p

p,q )
, (4.3);< 1

α
< θ1 6 1, θ2 = 1− θ1 |�}~XN(�.5�o{C:�{/#X� 1.3.`�Y �#

Zi�.kPZvJ℄C:





X̃1,t := L∞(0,∞; Ḃ
2−2α+n

p
p,q (Rn)) ∩ L1(0,∞; Ḃ

2−α+n
p

p,q (Rn));

X̃2,t := L∞(0,∞; Ḃ
2−α+n

p
p,q (Rn)) ∩ L1(0,∞; Ḃ

2+n
p

p,q (Rn));

X̃t := X̃1,t × X̃2,t,;eo�r�℄Cg�:




‖u‖
X̃1,t

:= ‖u‖
L∞

t (Ḃ
2−2α+n

p
p,q )

+ ‖u‖
L1

t(Ḃ
2−α+n

p
p,q )

;

‖v‖
X̃2,t

:= ‖v‖
L∞

t (Ḃ
2−α+n

p
p,q )

+ ‖v‖
L1

t (Ḃ
2+n

p
p,q )

;

‖(u, v)‖
X̃t

:= ‖u‖
X̃1,t

+ ‖v‖
X̃2,t

.� u(0) := e−t(−∆)
α
2 u0, v

(0) := e−t(−∆)
α
2 v0, = u(0) � v(0) o�|23- u0 � v0 Ni.

(4.1) �^�N>:i.NZ (f = 0). 5��#Zi� (u(k+1), v(k+1)) ℄C:




∂tu
(k+1) + (−∆)

α
2 u(k+1) = ∇ · (u(k)∇v(k)),

∂tv
(k+1) + (−∆)

α
2 v(k+1) = u(k+1),

u(k+1)(x, 0) = u0(x), v(k+1)(x, 0) = v0(x).

(4.4)�%� 4.1 |1 u(0) ∈ X̃1,t, v
(0) ∈ X̃2,t. ���lÆ)e��� 4.1(P α = β) sL^Y~N k ∈ N, ` u(k) ∈ X̃1,t, v
(k) ∈ X̃2,t, $ ∇ · (u(k)∇v(k)) ∈ L1(0,∞; Ḃ

2−2α+n
p

p,q (Rn)), <b u(k+1) ∈ X̃1,t.  ��%� 4.1 s1` u(k+1) ∈ X̃1,t, $ v(k+1) ∈ X̃2,t, E=!v9(�
C > 0, vL

‖u(k+1)‖
X̃1,t

6 C(‖u0‖
Ḃ

2−2α+n
p

p,q

+ ‖u(k)‖
X̃1,t

‖v(k)‖
X̃2,t

), (4.5)

‖v(k+1)‖
X̃2,t

6 C(‖v0‖
Ḃ

2−α+n
p

p,q

+ ‖u(k+1)‖
X̃1,t

). (4.6)<b^Y~N k ∈ N, (u(k), v(k)) ∈ X̃t.
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Y T233�Zi�Nv9e\.Hk=!-(� C̃(;m�35���TX), vL
‖(u(k), v(k))‖

X̃t
6 C̃. (4.7)$� (4.5)–(4.6) s1

‖(u(k+1), v(k+1))‖
X̃t

6 (C + C2)(‖u0‖
Ḃ

2−2α+n
p

p,q

+ ‖v0‖
Ḃ

2−α+n
p

p,q

+ ‖u(k)‖
X̃1,t

‖v(k)‖
X̃2,t

)

6 Ĉ(‖u0‖
Ḃ

2−2α+n
p

p,q

+ ‖v0‖
Ḃ

2−α+n
p

p,q

+ C̃2), (4.8);< Ĉ := C + C2. av�, �
C̃ :=

1−

√
1− 4Ĉ2

(
‖u0‖

Ḃ
2−2α+n

p
p,q

+ ‖v0‖
Ḃ

2−α+n
p

p,q

)

2Ĉ
,�E�23 ‖u0‖

Ḃ
2−2α+n

p
p,q

+ ‖v0‖
Ḃ

2−α+n
p

p,q

0oTvL�L℄C�N:

Ĉ
(
‖u0‖

Ḃ
2−2α+n

p
p,q

+ ‖v0‖
Ḃ

2−α+n
p

p,q

+ C̃2
)
6 C̃,$��lÆ)esL, Zi� (u(k), v(k)) !ZvJ X̃t <|v9Æe\ C̃ N.`�Y Zi�N�
b.C 5�{/#`230oT, $uCeZi� (u(k), v(k))|ZvJ X̃t eN Cauchy�. -9q�Zi�K�ON& (u(k+1) − u(k), v(k+1) − v(k)), |1;�L℄Ci.M:





∂t(u
(k+1) − u(k)) + (−∆)

α
2 (u(k+1) − u(k)) = ∇ · ((u(k) − u(k−1))∇v(k))

+∇ · (u(k−1)∇(v(k) − v(k−1))),

∂t(v
(k+1) − v(k)) + (−∆)

α
2 (v(k+1) − v(k)) = u(k+1) − u(k),

(u(k+1) − u(k))(x, 0) = 0, (v(k+1) − v(k))(x, 0) = 0.

(4.9)$~
��� 4.1 N/#, X�%� 3.1 s/L
‖u(k+1) − u(k)‖

X̃1,t
6 C(‖(u(k) − u(k−1))∇v(k)‖

L1
t (Ḃ

3−2α+n
p

p,q )

+ ‖u(k−1)∇(v(k) − v(k−1))‖
L1

t (Ḃ
3−2α+n

p
p,q )

)

6 C(‖u(k) − u(k−1)‖
X̃1,t

‖v(k)‖
X̃2,t

+ ‖u(k−1)‖
X̃1,t

‖v(k) − v(k−1)‖
X̃2,t

)

6 2CC̃‖(u(k) − u(k−1), v(k) − v(k−1))‖
X̃t

; (4.10)

‖v(k+1) − v(k)‖
X̃1,t

6 C‖u(k+1) − u(k)‖
L1

t (Ḃ
2−α+n

p
p,q )

6 2C2C̃‖(u(k) − u(k−1), v(k) − v(k−1))‖
X̃t

. (4.11)<b, � (4.10)–(4.11) sL
‖(u(k+1) − u(k), v(k+1) − v(k))‖

X̃t
6 2(C + C2)C̃‖(u(k) − u(k−1), v(k) − v(k−1))‖

X̃t
. (4.12)FU,℄�5�P C̃ 0oTvL C̃ < 1

2(C+C2) (7g5�P23 ‖u0‖
Ḃ

2−2α+n
p

p,q

+‖v0‖
Ḃ

2−α+n
p

p,q0oT, *}�s{uGN), $i� (u(k), v(k)) | X̃t <N Cauchy �, <b! X̃t <=!



380 	 m / o A : 43 n8H (u, v), 9=-A" (1.10) NZ.`�Y ZN-$b.D~J (u, v) ∈ X̃t, ��� 4.1 s1A" (1.10) <N�℄O�L
u ∈ L1(0,∞; Ḃ

2−α+n
p

p,q (Rn)), ∇ · (u∇v) ∈ L1(0,∞; Ḃ
2−2α+n

p
p,q (Rn)).�%� 4.1 s1F 1 6 p, q < ∞ s,

u ∈ C([0,∞), Ḃ
2−2α+ n

p
p,q (Rn)), v ∈ C([0,∞), Ḃ

2−α+n
p

p,q (Rn)).`
Y ZN,vb.Hk (u1, v1) � (u2, v2) |A" (1.10) mÆK!23 (u0, v0) N�}Z. $|1��N&�L℄Ci.:




∂t(u1 − u2) + (−∆)
α
2 (u1 − u2) = ∇ · ((u1 − u2)∇v1) +∇ · (u2∇(v1 − v2)),

∂t(v1 − v2) + (−∆)
α
2 (v1 − v2) = u1 − u2,

(u1 − u2)(x, 0) = 0, (v1 − v2)(x, 0) = 0.~
� (4.12), 5�s/L
‖(u1 − u2, v1 − v2)‖X̃t

6 2(C + C2)C̃‖(u1 − u2, v1 − v2)‖X̃t
. (4.13)�-5�zdHk 2(C +C2)C̃ < 1, <b� (4.13) =L u1 = u2, v1 = v2, =A" (1.10)NZ (u, v) |,vN. 89, 5�(,
X� 1.3 N/#.

§4.2 xp�� α = 12�5�A ��ie��LX�, 5�Lsh�vCX� 1.4 N/#. �EkP
(u, v) �!NZvJ- Ỹt := Ỹ1,t × Ỹ2,t, ;<



Ỹ1,t := L∞(0,∞; Ḃ

n
p

p,1(R
n)) ∩ L1(0,∞; Ḃ

1+n
p

p,1 (Rn));

Ỹ2,t := L∞(0,∞; Ḃ
1+n

p

p,1 (Rn)) ∩ L1(0,∞; Ḃ
2+n

p

p,1 (Rn)),Eo�r�℄Cg�:




‖u‖
Ỹ1,t

:= ‖u‖
L∞

t (Ḃ
n
p
p,1)

+ ‖u‖
L1

t(Ḃ
1+n

p
p,1 )

;

‖v‖
Ỹ2,t

:= ‖v‖
L∞

t (Ḃ
1+n

p
p,1 )

+ ‖v‖
L1

t(Ḃ
2+n

p
p,1 )

;

‖(u, v)‖
Ỹt

:= ‖u‖
Ỹ1,t

+ ‖v‖
Ỹ2,t

.;:�%� 3.1 s1` u ∈ Ỹ1,t, $ v ∈ Ỹ2,t. �E~
��� 4.1 N/#s/L:

∇ · (u∇v) ∈ L1(0,∞; Ḃ
n
p

p,1(R
n)).<b5�s��:�\G_<VBies/L:F23 (u0, v0)Ng� ‖u0‖

Ḃ

n
p
p,1

+‖v0‖
Ḃ

1+n
p

p,10oTs, VBA" (4.4) =!Zi� (u(k), v(k)) | Ỹt <v9Æ\N Cauchy �, ;8H=-A" (1.10) NZ. ZN-$b�,vb~
s/, X� 1.4 /�.
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§5 bw 1.5 _!|!X� 1.5N�NHkC,�D 3s1^Y~N u0 ∈ Ḃ
2−2α+ n

p

p,1 (Rn), v0 ∈ Ḃ
2−α+ n

p

p,1 (Rn),=! T > 0 vLA" (1.10) ! [0, T ) e=!,vNh Z (u, v), �L



u ∈ C([0, T ), Ḃ

2−2α+n
p

p,1 (Rn)) ∩ L∞(0, T ; Ḃ
2−2α+n

p

p,1 (Rn)) ∩ L1(0, T ; Ḃ
2−α+n

p

p,1 (Rn)),

v ∈ C([0, T ), Ḃ
2−α+n

p

p,1 (Rn)) ∩ L∞(0, T ; Ḃ
2−α+n

p

p,1 (Rn)) ∩ L1(0, T ; Ḃ
2+n

p

p,1 (Rn)).� T ∗ -9h Z (u, v) NN?=!sJ, $s/#X� 1.5, 7g/#!�N (1.13) C,Æ T ∗ = ∞.5��E{$I v N��. � σ > 0. X�
Tσ := sup

{
t ∈ [0, T ∗) : ‖u‖

L∞

t (Ḃ
2−2α+n

p
p,1 )

+
κ

2
‖u‖

L1
t(Ḃ

2−α+n
p

p,1 )
6 σ

}
, (5.1);< κ -�� 2.3 <N-(�. ^A" (1.10) <NR
}i.�℄!sQ�
a:�H

∆j ,  R�LxH� |∆jv|
p−2∆jv P L2 +5, 5�Æ

1

p

d

dt
‖∆jv‖

p
Lp +

∫

Rn

(−∆)
α
2 ∆jv|∆jv|

p−2∆jvdx =

∫

Rn

∆ju|∆jv|
p−2∆jvdx. (5.2)^�exO℄R
O, ��� 2.3 sL∫

Rn

(−∆)
α
2 ∆jv|∆jv|

p−2∆jvdx > κ2αj‖∆jv‖
p
Lp .RexA_ (5.2), ��� Hölder �PxsL

d

dt
‖∆jv‖Lp + κ2αj‖∆jv‖Lp 6 ‖∆ju‖Lp . (5.3)^Y~N 0 < t < Tσ,R (5.3)�℄!s!OJ [0, t]e5o,U�R�LxH-{ 2j(2−α+ n

p
)�P l1 g�, Æ

‖v‖
L∞

t (Ḃ
2−α+n

p
p,1 )

+ κ‖v‖
L1

t(Ḃ
2+n

p
p,1 )

6 ‖v0‖
Ḃ

2−α+n
p

p,1

+ ‖u‖
L1

t(Ḃ
2−α+n

p
p,1 )

6 ‖v0‖
Ḃ

2−α+n
p

p,1

+
2σ

κ
. (5.4);:5�{$I u N��. -9�_℄CGR Chemin-Lerner ℄g�: ^ f(t) ∈

L1
loc(0,+∞), f(t) > 0, <Y~N s ∈ R, p, ρ, r ∈ [1,∞], X�

‖u‖Lρ

t,f
(Ḃs

p,r)
:=

{∑

j∈Z

2jsr
( ∫ t

0

f(τ)‖∆ju(τ)‖
ρ
Lpdτ

) r
ρ
} 1

r

.` ρ = ∞ 1 r = ∞, exg�<PK�NN?&g�. D~J (1.10) <NR
}i.�� u |Ibi., 5�NAsMe|���FNGR�� f(t) {?�Rv}i.�℄mIbO< v �A{NNy*. -9, ^Y~N λ > 0, P
f(t) = ‖v(·, t)‖

Ḃ
2+ d

p
p,1

, uλ,f(x, t) := u(x, t) exp
(
− λ

∫ t

0

f(τ)dτ
)
.|1 uλ,f �L℄Ci.:

∂tuλ,f + λf(t)uλ,f + (−∆)
α
2 uλ,f = ∇ · (uλ,f∇v). (5.5)
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a:�H ∆j , U�R�LX�� |∆juλ,f |
p−2∆juλ,f P

L2 +5, sL
1

p

d

dt
‖∆juλ,f‖

p
Lp + λf(t)‖∆juλ,f‖

p
Lp +

∫

Rn

(−∆)
α
2 ∆juλ,f |∆juλ,f |

p−2∆juλ,fdx

=

∫

Rn

∆j∇ · (uλ,f∇v)|∆juλ,f |
p−2∆juλ,fdx.~
� (5.4) N$I, 5�Æ

‖uλ,f‖
L∞

t (Ḃ
2−2α+n

p
p,1 )

+ λ‖uλ,f‖
L1

t,f
(Ḃ

2−2α+n
p

p,1 )
+ κ‖uλ,f‖

L1
t(Ḃ

2−α+n
p

p,1 )

6 ‖u0‖
Ḃ

2−2α+n
p

p,1

+ ‖uλ,f∇v‖
L1

t (Ḃ
3−2α+n

p
p,1 )

. (5.6)D~J
‖uλ,f∇v‖

L1
t (Ḃ

3−2α+n
p

p,1 )
=

∫ t

0

‖uλ,f∇v(τ)‖
Ḃ

3−2α+ n
p

p,1

dτ.5�s��~
��� 4.1 N/# (�q�sJ��, α = β) {��ex�℄ON
5��, �s1=!v9(� C̃ > 0, vL
‖uλ,f∇v‖

Ḃ
3−2α+n

p
p,1

6 C̃
(
‖v‖

Ḃ
2+n

p
p,1

‖uλ,f‖
Ḃ

2−2α+n
p

p,1

+ ‖v‖
Ḃ

1+n
p

p,1

‖uλ,f‖
Ḃ

3−2α+n
p

p,1

)
. ��$3�Px (2.4) � Young �PxsL

‖uλ,f∇v‖
Ḃ

3−2α+n
p

p,1

6 C̃
(
‖v‖

Ḃ
2+n

p
p,1

‖uλ,f‖
Ḃ

2−2α+n
p

p,1

+ ‖v‖
1
α

Ḃ
2−α+n

p
p,1

‖v‖
1− 1

α

Ḃ
2+n

p
p,1

‖uλ,f‖
1
α

Ḃ
2−α+n

p
p,1

‖uλ,f‖
1− 1

α

Ḃ
2−2α+n

p
p,1

)

6 C̃(δ)‖v‖
Ḃ

2+n
p

p,1

‖uλ,f‖
Ḃ

2−2α+n
p

p,1

+ δ‖v‖
Ḃ

2−α+n
p

p,1

‖uλ,f‖
Ḃ

2−α+n
p

p,1

.� (5.4) sL
‖uλ,f∇v‖

L1
t (Ḃ

3−2α+n
p

p,1 )

6 C̃(δ)‖uλ,f‖
L1

t,f
(Ḃ

2−2α+n
p

p,1 )
+ δ‖v‖

L∞

t (Ḃ
2−α+n

p
p,1 )

‖uλ,f‖
L1

t(Ḃ
2−α+n

p
p,1 )

6 C̃(δ)‖uλ,f‖
L1

t,f
(Ḃ

2−2α+n
p

p,1 )
+ δ

(
‖v0‖

Ḃ
2−α+n

p
p,1

+
2σ

κ

)
‖uλ,f‖

L1
t (Ḃ

2−α+n
p

p,1 )
. (5.7)R (5.7) B_ (5.6), Æ

‖uλ,f‖
L∞

t (Ḃ
2−2α+n

p
p,1 )

+ (λ− C̃(δ))‖uλ,f‖
L1

t,f
(Ḃ

2−2α+n
p

p,1 )
+ κ‖uλ,f‖

L1
t(Ḃ

2−α+n
p

p,1 )

6 ‖u0‖
Ḃ

2−2α+n
p

p,1

+ δ
(
‖v0‖

Ḃ
2−α+n

p
p,1

+
2σ

κ

)
‖uλ,f‖

L1
t (Ḃ

2−α+n
p

p,1 )
. (5.8)5�EP δ 0oTvL δ

(
‖v0‖

Ḃ
2−α+n

p
p,1

+ 2σ
κ

)
< κ

2 , U� P λ 0o?vL λ > C̃(δ)(�kP λ = 2C̃(δ)), $
‖uλ,f‖

L∞

t (Ḃ
2−2α+n

p
p,1 )

+ C̃(δ)‖uλ,f‖
L1

t,f
(Ḃ

2−2α+n
p

p,1 )
+

κ

2
‖uλ,f‖

L1
t(Ḃ

2−α+n
p

p,1 )
6 ‖u0‖

Ḃ
2−2α+n

p
p,1

.
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‖u‖

L∞

t (Ḃ
2−2α+n

p
p,1 )

+
κ

2
‖u‖

L1
t(Ḃ

2−α+n
p

p,1 )

6 ‖u0‖
Ḃ

2−2α+n
p

p,1

exp
{
2C̃(δ)

∫ t

0

‖v(τ)‖
Ḃ

2+ n
p

p,1

dτ
}

6 ‖u0‖
Ḃ

2−2α+n
p

p,1

exp
{
2C̃(δ)

(
‖v0‖

Ḃ
2−α+n

p
p,1

+
2σ

κ

)}
. (5.9)N�`!�N (1.13) <P C0 0o?b c0 0oT, $� (5.9) sL^�Y~N 0 < t < Tσ,

‖u‖
L∞

t (Ḃ
2−2α+n

p
p,1 )

+
κ

2
‖u‖

L1
t(Ḃ

2−α+n
p

p,1 )
6

σ

2
. (5.10)*}|� (5.1) < Tσ N8?b|�`N, <b T ∗ = ∞. 5�(,
X� 1.5 N/#.$� yXn{W^�02{NB9n�, !sQ(^�9}q�y>ZNyX!Z � r � � � Æ
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Abstract In this paper, the authors are concerned with the Cauchy problem of the following

fractional chemotaxis model:



∂tu+ (−∆)
α
2 u = ∇ · (u∇v), (x, t) ∈ R

n × (0,∞),

ε∂tv + (−∆)
β
2 v = u, (x, t) ∈ R

n × (0,∞),

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ R
n,

where α ∈ [1, 2], β ∈ (0, 2], ε > 0. Based on the linear estimates of the fractional dissipative

equation in Chemin-Lerner mixed time-space spaces and the Fourier localization argument,

they give the following results: (1) In the case of ε = 0, the authors establish the local well-

posedness and global well-posedness with small initial data for the subcritical chemotaxis

model (1 < α 6 2), which improves the regularity and integrability indices of the well-

posedness results in [Chen, H., Lv, W. B., and Wu. S. H., Existence for a class of chemotaxis

model with fractional diffusion in Besov spaces, Sci. Sin. Math., 2019, 49(12):1–17 (in

Chinese)] to more extensive range. Moreover, the authors also establish the global existence

of solutions with small initial data for the critical chemotaxis model (α = 1); (2) In the

case of ε > 0, by using a special iteration argument, the authors establish the global well-

posedness of this chemotaxis model with small initial data in Besov spaces for the subcritical

case (α ∈ (1, 2]) and the critical case (α = 1), respectively. Furthermore, by using certain

algebraical structure of equations, the authors prove the global existence of solutions without

smallness assumption imposed on initial data v0.
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